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[ CALCULUS ]

A. Definition:

Function is defined as a rule or a manner or a mapping or a correspondence f which maps each & every element of a set A

with a unique element of set B. It is denoted by

:f:A->BorA —f> B

B. Domain, Co-domain and Range: If a function f is defined f : A — B set A is called the domain of function f and set B is called
the co-domain of function f. The set of the f-images of the elements of A is called the Range of function f.

C. Important Type of Functions:

(1) Trigonometric Functions:

Function Domain Range
sinx xeR yel-11]
CcosX xeR yel[-11
tanx xeR—{(2n+1)%} yeR
cotx x € R—{nn} yeR
secx XER—(2n+1)§ y & (—o0,- 1w [1o)
COSec X x e R-{nn} y € (=0~ ulx)

(2) Polynomial Function:
f(x) = apgx™+a;x" T +a,x" %2+ +a,

Domainx € R
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(3) Algebraic Function: A function is called an algebraic function if it can be constructed using algebraic operations.
Function which are not algebraic are called as transcendental function.

(4) Rational function:

f(x) = % both are polynomial and h(x) # 0.

(5) Logarithmic Function:

f(x) = log,x (Wherex > 0,a> 0,a # 1)

(aJ0<ax1 (b)a>1
f(x) = log,x f(x) = log,x
f(x) Tf(x)
(1, 0) . x
T \ - ((1, 0
Domain x € (0,0)

RangeyeR

(6) Exponential Functions: f(x) = a*{a > 0,a # 1}
(aJ0<ax1 (b)a>1

A

(1’0) -_—

(1,0

v

Domainx € R; Range y € (0, )
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(7) Absolute value function: (Modulus function)

X ; x20, Df:xeR
y=Ixk=q__ . R
-X; x<0, Ri:yeR™ U {0}

(8) Signum Function:

yl
14—
1 ;x>0 o
y=sgn(x)= {0 ;x=0< > X
-1; x<0 4

Df:xe R;Rs:iye{-1,0,1}
(9) Greatest integer function (Step-up function):

) el
y=1x)=[x= { Integer less th:n'x', Oth:rwse
Properties :
(a) [X] < x < [+1
(b) [x + m] = [X]+m, mel

0 , xel
-1, xel

(€ b+ 4= {
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(10) Fractional part function:

Domain , x € R
y=f) = {X}’{ Range , y€[0,1]

Properties:

(a) Fractional part of any integer is zero.

(b) {x+n}={x}nel

© @+a={0 " XS A

(11) Equal or identical Functions:
‘t" & ‘g’ are said to be identical if :

(a) Df = Dg
(b) Rf = Rg
(c) f(x) = g(x)V corresponding x €

(their common domain)
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(D) Classification of function: .
(1) One-One Function:

A functionf: A — Bis

A B
Said to be one-one if 1 \ > I X
2 — y
\
different elements of ‘A’ \3 > z

have different ‘f’ images in ‘B’.
(2) Many-One Function:

A functionf: A — Bis

said to be many one if —

two or more elements
of ‘A’ have the same ‘f’ image in ‘B’.

(3) Onto Function: If the function f : A — B is such that each element in ‘B’ is the f-image of at least one element of ‘A’ then
‘" is onto.

A B A 8

e——

ylor

N

v v
1
x

w
o
v
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(4) Into function: If f : A — B is such that there

Exists atleast one element A B

. . . . 1 > X
in co-domain which is not 1

2 > y

. . e ] - z

the image of any element in v - W

domain, then f(x) is into.
(5) Composite Function:

If we havef: A — B & g: B — C be two function then gof: A — Cis defined by go f (x) = g(f(x))VX € Aitis called

composite function of ‘f' & ‘g’.

f
X —>! f(x) (:) g(x) —> 9(f(x))

(6) Identity function: A function f: A — Ais defined by f (x) = xVx € A is called the identity function of ‘A’.

(7) Constant Function: A function f: A — B is said to be a constant function if every element of set A has the same f-image in
set ‘B’.

(8) Homogeneous Function: A function is said to be homogeneous w.r.t. any set of variables when each of its term is of the

same degree w.r.t those variables. e.g. f(x,y) = 5x% + 3xy — 2y?
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(9) Even function: If a function f(x) is defined in symmetrical interval (—a, a) & if

e.g. f(x) = x4, f(x) = |x|.

f(—x) = f(x)

then f(x) is called even function.

(10) Odd function: If a function f(x) is defined in symmetrical interval (—a, a) & iff(—x) = —f(x)|then f(x) is odd function. e.g.

f(x) = x3,sinx

(11) Periodic Function: A function f(x) is called periodic if there exists a positive number "T'(T > 0) is called the period of

function such that f(x + T) = f(x)Vx within the domain of ‘f'.

In a periodic function if constant be added, subtracted, multiplied or dividend then its period doesn’t change.

(12) Inverse Function: If f : A — B be a one-one onto (bijection) then the mapping f~: B — A which associates each element

b € A such that f(a) = b is called the inverse function of ‘f'.
Properties of inverse function:
(a) Inverse of bijection is also a bijective function.
(b) Inverse of a bijection is unique.
(" Ht=f

(d) If F & ‘g’ are two bijection such that (gof) exists then (gof) ™! = f~log™?!

(e) If f: A — Biis a bijection than f~1: B — A is an inverse function of f, then &

Where [, = Identify function on set A

Ig = Identify function on set B

fOf_l = IB
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Principle ‘
SNo.| Function Domain value range |
(PVR) 1
1, =sinx -1,1 Lz
y =sin™ X x el ] Y e [ 505
2. y = cos™! x x e [-1, 1] y € [0, n]
3. =tan!x x eR [—E, E)
y € y € 2 2
4, | y=cot!x xeR y € (0, n)
5. y=seclx | xe(-o-1JU[l,®) | yel0,n]- {g}
6. |y=cosec!x |x e (-0, -1]U[1,») YE[—%E]—{UU

B. Properties of Inverse Trigonometric Functions:
(1) Property —I:

(a) y = sin(sin™1x) = x; {Dy: X€E [—1,1]}

Ryt yE [-1,1]
D,: x€[-1,1]
— _1 == ’ y ’
(b) y = cos(cos™%) = x {Ry= ye [—1,11}
B e Dy: x ER
(c) y = tan(tan™'x) = x; {Ry; y € R}
. 1o _ _ (Dy: xER
(d) y = cot(cot™x) = x; {Ry: y € R}
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Dy: x € (—oo, —-1]u[1, 00)}

(e)y = sec(sec™) =x {Ry: y € (=00, ~1] U [1,0)

Ry: y € (—00,—1]U[1,)

Dy: x € (—%,—1]U [1,00)}
v

(f)y = cosec(cosec™x) = x; {

—n—%, XE€][-3n/2,—1/2]
(g) y = sin~(sinx) = X, X € [-1/2,1/2]
m—X, X € [1/2,31/2]
—X, X € [—, 0]

(h)y = cos *(cosx) = X, x € [0, ]
2T —X, X€[m 21|

m+x, x€|[-3n/2,—1/2]
()y=tan"'tanx =< x X € [-m/2,1/2]
X—T,  X€[n/2,3n/2]
(j) cot™1(cotx) = x
x € (0,m)

(k) sec™*(secx) = x

x € (0, 1) —g
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(1) cosec™*(cosecx) = x
xe(-2.2)- {0}
(2) Property —II:
(a) (i) cosec™'x = sin™?! G), x| =1
(i) sin~'x = cosec™?! G);x €[-1, 1]
x| <1

(b) (i) sec™x = cos™ G), x|
);

.. 1
(ii) cos™'x = sec™ (X

(iii) cot™1x =

(3 5 x>0

m+ tan™ (1) ; x<0

(3) Property —III:

sin"1(—x) = —sin"!x,x € [-1,1]
(a) tan"!(—x) = —tan"x,x € R
cosec™1(—x) = —cosec™1x, |x| > |

0s™1(—x) =m—cos™'x,x € [-1,1]
(b) cot™!(—x) = m—cot™!x,x €R
ec !(—x) = m—sec Ix, |x| > |
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(4) Property —1V:

(@) sin~x+cosTlx = g; x| <1
(b) tan"'x+ cot™lx = g; x €R

() sec™'x+ cosec™lx = g; x| =1
(5) Property —V:

(a) tan1x + tan™ly

tan™?! (f:fy);x >0,y>0,xy<1

(
:{ n+tan_1(%);x>0,y>0,xy>1
\

—m+tan~?! (%);ifx <0,y<0,xy>1

tan™?! (ﬂ);x> 0,y>0,xy >—1

1-xy

(
:{ 1T+tan_1(1x_;)z;);x>0,y< 0,xy < —1
\

—m+tan~?! (%);ifx <0,y>0,xy>-1

Rankers JEE | Rankers JEE Advanced | Rankers NTSE and Foundation | Rankers Offline Coaching | Rankers Consulting Services
YouTube — Rankers JEE



(c) sin~x + sin~ly

(s {x\/l y2+\/1—x}X2—1,yS1
:{ 1T+tan_1 y)x>0y<0xy< -1
\-

T[+tan1( )1fx<0y>0xy> -1

(d) sin™!'x —sin~1y

fsin‘l{x\/l—y2 +\/1—x2},x2 -1,y<1
= 1'[+tan1(1 y)x>0y<0xy< -1

—T + tan™? (1_—Xy);ifx <0,y>0xy>-1

(e) cos™1x + cos~ly

(s {x\/l— 2+\/1—x2}x> -lLy<1
{I 1t+tan_1 1 y)X>Oy<0xy< -1
-

1't+tan1( )1fx<0y>0xy> -1
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(f) cos™1x — cos~ 1y

(s' ‘1{x\/1—y2 +\/1—X2},X2 -1L,y<1

4 T+ tan™! y);x>0,y<0,xy<—1
| i

—T + tan~ 1(1 ) ifx<0,y>0,xy>-1

A. Indeterminate form: Sometimes we come across with some function which do not have definite value corresponding to

some particular value of the variable for e.g.
00 =22, 12) = =2 = (9)
& (%) can’t be determined hence it is indeterminate form.
Some more indeterminate forms are:

0 X 0,0°,1%,00 — 00, =, 000

B. Limit of a function: Let y = f(x) be a function of ‘x’. Let us suppose that value of ‘y’ is indeterminate for x = a. So now in
this case we will consider the values of function at these points which are very near to ‘a’. If these values tend to a define

unigue number ‘¢’ as x tends to ‘a’ (either form left or right) then ‘¢’ will be limit of f(x) at

x =a,i.e.limf(x) = ¢
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C. Left hand limit:
To find LHS of f(x) at x = a, we go as follows:
(1) Write Xll)r?_ f(x) (x — a~ because we are approaching ‘a’ from LHS)
(2) Replace x by (a - h) & limit (x — a*)by (h— 0) to get }lli_r>r(1) f(a—h)
(3) Solve Li_r)r(l) f(a—h)

D. Right hand limit:
To find RHL of f(x) at x = a, we go as follows:
(1) Write Xllgll_ f(x) (x — a~ because we are approaching ‘a’ from LHS)
(2) Replace x by (a + h) & limit (x — a*)by (h— 0) to get }lli_r}(l) f(a+h)
(3) Solve 11112% f(a+ h)

E. Fundamental theorems on limit:

If lim f(x) exists & equal to ‘¢’ & if lim g(x) exists & equal to ‘m’ then:
X—C X—C

(1) }(i_r)rg(f(x) +g(x)) = }(1_r)rg f(x) + }(1_12 gx)=¢+m

(2) im(f(x) — g(x)) = lim f(x) — limg(x) = £ —m
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(3) Liiré(f(x) g(x) = Lliré f(x) + }(133 g(x) =4.m.

lim f(x)
(@)1im =2 =2 = L (1 )

x-cg()  limgG)
(5) lim kf(x) = k lim f(x)
X—C X—C
F. Various strategies to evaluate limits:

Algebraic Methods:

(1) Factorization: If f(x) is of the form % & of indeterminate form then this form is removed by factorizing g(x) & f(x) &

cancel the common factors, then put the value of ‘x’.

(2) Rationalization method: In this method we rationalize the factor containing the square root & simplify & then we put

the value of x’.

(3) Binomial Expansion:

- 2 _ _ 3
(1+x)"=1+nx+ “(“2,1)" + o 1)3('“ LS

Remark: (a) ‘|x|” must be less then ‘1’

(b) No. of terms in this expansion is infinity
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G. Use of standard theorem:
Theorem-1: Sandwich/Squeeze Play theorem:
If states that squeezing a function into two simpler function. If f, g, h are 3 function such that
f(x) < g(x) < h(x)Vxin some interval containing at point

x = c &if limf(x) =limh(x) =L
X—C X—C

ya
. h(x
e == sl e
7 | T
then limg(x)=L ¢ o X
X—C —x -a a
v
-y
Theorem-1: Limit of trigonometric functions:
-1
(1)1m——1m——11mSln X = lim Xl =1
X X—0 SInx x-0 X x-0 sin~1x
t tan~?!
(z)hmﬂ_hmi_h T = lim——=1
-0 X x—0 tanx x—0 X X—)() tan™'x

(3) If lim f(x) = 0, then Q_N—,‘ () 2

1—-cosx _ 1

e.g. lim
& x-0 X
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H. Some important expansions:
2
(1) a¥* =1+ x(¥na) + %({’na)z +..... (a>0)

X  x?
(Z)eX=1++E+;+ .....

3

x? X x4
(3)In(1+x)—x—?+?—:+....

5 7

x°  x
—+...
7!

3
(4)sinx=x—%+;—

4 X6

X2 x
(S)COSX=1_§+Z_E+

x3  2x5
(6)tan =X+ _?+E+“”

Theorem-3: Limit of exponential function:

lim (aX—l) =fna

x-0 X

X—0

1
If base is ‘e’ then lim (%) = lor lim (ax;fl) =1
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Theorem-4: 1*° forms:

. r 1\*
)1(1_r)1(1)(1 +x)x = e = lim (1+X)

X—00

Also remember, limM =1

X—0 X

l. Generalized formula for 1% form:

If we have lim[f(x)]8® & limf(x) —» 1
x-0 X—a

& limg(x) = oo then lim(f(x))g(x) will be 1® form & it will be equal to ‘e®’ where £ = lim(f(x) — 1) g(x)
X—a X—a X—a

. . e s . xB-ant _
Theorem-5: Binomial limits: lim = na"!

xXx—a X—a

Remark: ONE SIDED LIMIT: We always talk in the domain of the function i.e., if lirréﬁ is asked then we will find only RHL.
X—

And this is called one sided limit.

J. Some special limits:

eX—-1-x 1

(0 lim === 3
(2) li x—sinx _ 1
Xl—r>r(l) x3
. X—tanx 1
Bl
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. eX—e™X_2x 1
(4) lim—o— =2
A. Mathematical definition of continuity:

A function f(x) is said to be continuous at x = a iff, }(l_rg f(x) exists means xllgl— f(x)
= )}Lr;L f(x) =f(a) i.e. )}L‘;‘- f(x) = )}L‘;L f(x) = f(a)
B. Continuity in an interval:
(1) A function f(x) is said to be continuous in (a, b) if it is continuous at each & every point ‘c’ € (a, b).
(2) A function f(x) is said to be continuous in [a, b] if
(a) f(x) is continuous is (a, b).
(b) f(x) is right continuous at x = b,
i.e. Xl_i)rgl_ f(x) = f(b) = a finite quantity
C. Types of discontinuity:

(1) Removable type discontinuity:

This type of discontinuity occurs when lim f(x) exists but is either not equals to f(a) or f(a) is not defined. Its sub parts are
X—a

(a) Missing point discontinuity: Limit exist but the value of the function is not defined.

(b) Isolated point discontinuity: Limit exist but is not equal to the value of function at that point

Rankers JEE | Rankers JEE Advanced | Rankers NTSE and Foundation | Rankers Offline Coaching | Rankers Consulting Services
YouTube — Rankers JEE



(2) Irremovable type discontinuity: It occurs only when lim f(x) does not exists. It is of 3 types
X—a

(a) Finite type: RHL # LHL

(b) Infinite type: one or both of LHL & RHL does not exist

(c) Oscillatory type: value of the limit is finite but not a unique value

D. Theorems of Continuity:

Theorem-1: If ‘¥ & ‘g’ are continuous at x = a, then f £ g, f.g will also be continuous at x =a and é will also be continuous at x =
a, provided g(a)# 0

Theorem-2: If ‘f" is continuous at x = a & ‘g’ is discontinuous at x = a then f + g must be discontinuous at x = a

Theorem-3: If f(x) & g(x) are discontinuous at x = a then the function f.g is not necessary be discontinuous at x = a.

Theorem-4: Intermediate value theorem:

If “f” is continuous on [a, b] & f(a) # f(b) then for any value c € (f(a),f(b)) there exists at least one number x, € (a, b) such

that f(xq) =c
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Alternatively: If f(x) is continuous in [a, b] and f(a) & f(b) have opposite signs then the equation f(x) = 0 has at least one root

in (a, b).

™\ /
i f(b) A
. a / 3> € = ’1/ \X, *a/gb >
X4 b J f(a) \/
! f(a)

E. Differentiability: Differentiability at x = a geometrically means that a unique tangent with finite slope can be drawn at x = a.

(1) Left Hand Derivative (LHD):

LHD of f(x) at x = a is given by:

@) _ i f(a+h)-f(a) .
f llllll’(l) — (h>0)

(2) Right Hand Derivative (RHD):

RHD of f(x) at x = a is given by:

£/@) = Jjm @@ . 5 )

h-0 -h
B ARHD
B' A
LHD -
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F. Some special points:
(1) If ‘f is differentiable at x = a then it is also continuous at x = a but vice-versa is not true.
(2) If ‘f" is discontinuous at x = a then it will be non-differentiable at x = a.
G. Differentiability over an interval:
(1) A function f(x) is said to lie, differentiable over (a, b) if it is differentiable at each & every point of (a, b)
(2) A function f(x) is said to be differentiable over [a, b] if
(a) It is differentiable in (a, b)
(b) It is right differentiable at x = a.
(c) It is left differentiable at x = b.
I. Theorems of differentiability:
Theorem-1: If ‘f' & ‘g’ are two differentiable functions then:
f+ g — Differentiable atx=a
f.g — Differentiable atx=a
f/g - Differentiable at x = a, provided g(a)#0

Theorem-2: If ‘f’ is differentiable but ‘g’ is not differentiable at x = a then f & g must be non-differentiable at x = a
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Theorem-3: If ‘f’ & ‘g’ are non-differentiable then nothing definite can be said about: f+ g&f. g
Theorem-4: If ‘f’ is differentiable at x = a & f(a) = 0 & g(x) will be differentiable at x = a.

A. Derivative by first principle:

dy _ . Ay . ' T f(x+Ax)—f(x)
dx Al)lqr_r}o ax © e.f(x) = Al)lqr_r}o Ax
Y w.r.t. x.

Remark: If y = f(x) then the symbol Dy, %,yl,y’, f'(x) all denotes differentiation of y w.r.t. x.

s=39=2

, (denotes differentiation w.r.t. time)
dt dt

B. Differentiation of some standard functions:

a = 4 — D1
(W)L @=a (2) 2 x") = nx"

d X) — X d X) — 51X
(3)&(e)—e (4)&(a)—alogea;a>0

d d
(5) - (logex) == (6) 3 (l0ga) = 17—

d . d .
(7)&(smx) = COSX (8)£(cosx) = —sinx
(9) % (tanx) = sec?x (10) % (cotx) = —cosec? x
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(11) %(secx) = secxtanx (12) %(cosec X) = —cosecx cotx

i L1 _ 1 d _
(13) = (sin™'x) = Newo (14) o (cos™x) = —m
_ d —14) — _
(15) (tan 1x) = 1+X2 (16) = (cot™x) = e
(17) < ( ) = x| >1
o (sec” Ix » I\/— X

4 )
(18) = (cosec™'x) = N x| > 1

C. Fundamental rules for differentiation:

Rule: 1 (PRODUCT RULE) If f(x) and g(x) are two differentiable functions then f(x).g(x) is also differentiable such that

[F(9-g(0] = () +-{8(0} + - ()} 8()

Remark: If three functions are involved like f(x), g(x) & h(x) then

da g(gh)’ +g(fh)’ +h(fg)’
(f xgxh)= >

or < (fxgxh)=g(gh) +g(fh) +h(fg)

Rule: 2 (QUOTIENT RULE): If f(x) and g(x) are two differentiable functions and g(x)+ 0 then g( ) |s also differentiable such that

d { ) )= 800 {f00}~F(0 (8(0)
dx (g() (8C0y
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Rule: 3 (CHAIN RULE) If y = f(u) and u = g(x) are two differentiable functions then

dy _dy du

dx = du dx
D. Logarithmic Differentiation: To find the derivative of

(1) A function which is the product or quotient of several factor.

(2) A function of the form [f(x)]g(x) where f & g are differentiable. If is found to convenient that first take log of the function

and then differentiate.

y= [f0IE® = logy = g(loglf(x)]

— i _% = % g(x) .log[f(x)]

= & {10750, (L [g00 log )]}

E. Parametric Differentiation: To find d—z in case of parametric functions. We first obtain the relationship between x and y by

eliminating the parameter t and then we

Differentiate it with respect to x.

B _ ﬂ __dy/dt
If x = f(t) & y = g(t) then -~ = dx/dt

wheret — parameter
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F. Differentiation of a function w.r.t. another function: To find the derivative of f(x) w.r.t. g(x), we first differentiate both

w.r.t.x and then divide the derivative of f(x) w.r.t. x by the derivative of g(x) w.r.t.x.

Lety = f(x) & z = g(x) be two function of x

d
dy _ & _ diffof fGw.rtx _ f1(x)

dz % - diff.of g(x)w.r.tx - g/(x)
X

G. Differentiation of implicit functions ¢ (x,y) = 0: To find % in the case of implicit equation. We differentiate each term

. . ..o d . . d
w.r.t.x regarding y as a function of x and then collect all the term containing d—z together on one side to find d_Z'

H. Differentiation of Inverse Functions:

1

If f(x) and g(y) are inverse functions of each other and is defined by y = f(x) & x = g(y) If ‘(x)# 0 then g'(y) = o

. . dx 1
This result can also be written as— =
dy dy/dx

I. LHospital Rule (Statement): If f(x) & g(x) are two functions such that
(1) limf(x) = 0& limg(x) =0
X—a X—a
(2) f(x) & g(x) are differentiable atx=a

i.e.limf(x) =f(a) =0, limg(x) =g(da) =0
X—a X—a
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, , . _ . @ _ 5 fr(x) _T frr(x) _
(3) f'(x) & g’(x) are continuous at x = a then }(1_12 oo = lm TS =lim s

till the indeterminate form vanishes.
J. Differentiation by trigonometrical substitutions:

Some times before differentiation, we reduce the given function in a simple form using suitable trigonometrical or algebraic

transformation.

Function Substitution
(1) Va2 — x2 x=asinBoracosf
(2) Vx2 — a2 x=atanBoracoth
(3) Vx2 — a2 X = asecO oracosec9
(4) ax X = acos 26

a+x

2 _y2
(5) % x? = a?% cos 20
(6) Vax — x2 X =asin? 0
(7 = X =atan®0

a+x
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(8) ﬁ X =asin?0

(9)/(x—a)(x—b) X = asec’0 — b tan?0
(10) /(x—a)(b—x) X = a cos%0 + b sin?0

K. Differentiation of infinite series:

(1) Ify=\]f(x)+\/f(x)+m then%:%

_ £(x) [0 dy _ y2f1(x)
(2) Ify = f(x) then % = TGOl yloglGd]
_ dy _ yhi(
(3)Ify = f(X)J'ﬁJrL 1 then P
oo, 1

L. n™® Derivatives of some standard functions:
ar . n.:. (nm
(l)ﬁ sin(ax+b) = a sm(7+ax+b)

dn _ .n nm
(Z)Q cos(ax+b)=a cos(2 +ax+b)

(3) < (ax+b)™ = —— a"(ax + b)™ ", where m > n
dxn (m-n)!
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dan _ (=" (n-1)!a"
(4) o (log(ax + b)) o —
(s)d_n (eaX) = gleax

dxn

d"@) _ 4 n
(6) 2 — 2x(log a)

(7) ;Tr; (eaXsin(bx + c)) = r"e*sin(bx + c + no)
Wherer= Va2 +b2 ; ¢ = tan‘lg

(8) 4 e?*cos(bx + c) = r"e**cos(bx + ¢ + nd)

dxn

A. Integration of a function: Is defined as anti-derivative that is reverse process or phenomena of differentiation. If

= [f(x) + c] = f(x)

w.r.t. x

1\
I f(x) dx = f(x) + c— Constant of integration

. L—> Integral/Primitive/Antiderivative
T Integrand of f(x)

sign of integration

B. Some Standard Integrals:

N _xntl B n _ (ax+b)n*?

(1) [x dx=—+cn=*-1 (2) f(ax +b) dx——a(nﬂ) +c
1 _ dx _ fn|ax+b]|

(3) f;dx = ¢n|x| + ¢ (4) [ - . T
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aX
(5)faXdX—E+c
(7) [eXdx =X+ ¢
(9) [ cosxdx =sinx+c

(11) [ cosec? xdx = —cot x+

(13) [ cosec x cotxdx = —cosecx + ¢

(15) [ -2

1 _1X
—~—=—tan"'Z+c
a‘+x a a

(17)f\/_— sin” +c
—LsectX4¢
a

(19) f |x|\/x2— a

(21) [ cotx dx = #n|sinx| + ¢

aPx+q

(6) [aPX*ddx =

p £na
(8) [sinxdx = —cosx+ ¢
(10) [sec?xdx=tan x+c

(12) [ secxtanxdx = secx + ¢

=tan x4 c

(14) [ -2

1+2

(16) f\/% =sin"1x+c

(18 )f|Xl\/_—sec Xx+c
(20) [ tan x dx = #n|sec x| + ¢ = —#n|cos x| + ¢

(22) [ secxdx = ¢n(seex -+ tan) +c = én fran (§ +5) + o

(23) [ cosec x dx = #n(cosec x — cotx) + ¢ = #n (tan g) +c

—fn(x+\/m)+c

—fn(x+\/x2—a )+c
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2

(26) [Va? — x%dx = grz — X2 +a7 Sin—1§+ c
2

(27) [ VX2 +a%dx = ZVaZ + X2 + = fn(x+ VX% +a%) +
2

(28) [ Vx? —a%dx = gx/xz —a? —a? fn(x+Vx? —a?) +c

(29) [ e®*cos bx dx = ——(acos bx + b sinbx) + ¢

(a 2+b2)
(30) | e@*sin bx dx = asinbx — b cosbx) + ¢
(a2+b?) bz)
a+x
(31)_[32 X2——3£’n;+c
L bl I
2a X+a

C. Integration by substitution: (change of variables)
[fld®]d'Pdx = [f(t) dt
{Putp(x) =t = ¢'®dx = dt}

Integrand Form Substitution

(1) Va2 — x2% or X =asin 0 oracos0

22—x2
1
2 _ 42 =
(2) Vx? —a‘or = Xx=atan®
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(3) Vx? — a? or ——=; X =asecH
-a
() | = or [XX X =atan? 8
a+x X
(5) | = or |= X = asin? 0
a—x X

(6) fi or =2 X =asec’0
X—a X

(7) /ﬂor arx X =acos20
X—a a+x

orix—a)B—x)(B>a) X = o cos?0 + [ sin?8
D. Integration by parts:

(1) If u and v are two functions of x then

fu.vdx=ufvdx—f(%z).f(vdx)) dx
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(2) [ eX[f(x) + ()] dx = e*f(x) + ¢
(3) [If(x) +x f(x)] dx = xf(x) + ¢
E. Integration using partial fraction:

Rule: 1 (When denominator has non-repeated linear factors)

px+q A B C
(x-a)(x-b)2 ~ (x-a) + (x-b) + (x—c)

X
=%
)

: 2 (When denominator contain repeated linear factors)

px+q _ A B + C
(x-a)(x-b)2 ~ (x-a) (x-b)  (x-b)?

Rule: 3 (When denominator contain repeated Quad. factors)

px2+q A Bx+C

(x+a)(x2+bx+c) ~ (xa) = (x2+bx+c)

X
=%
)

: 4 (When denominator contain repeated Quad. factors)

px%+q _ A Bx+C Dx+E
(x+a)(x2+bx+c)2 ~ (x+a) = (x2+bx+c) = (x2+bx+c)2

F. Integration of irrational function:

dx
Type-1: f Wﬁ

Substitution px + q = t2
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dx
Type-2: f (ax2+bx+0),/px+q

Substitution px + q = t2

Type-3: [ ———=____
yp " (ax+b)/px2+qx+r
Substitutionax +b =1/t

G. Integration of trigonometric functions:

dx f dx

Type-1: [

- or
a+b sin2x a+b cos2x

r f dx
a sin?x+b cos2x+c

or [ . S—
(asin x+b cos x)2

Multiply & divide by sec? x & put tan x =t

Type-2: Of the form | dx ) dx

. or
a+bsinx a+bcosx

or [ dx
a+bcosx+csinx

2tan®
2

by using sinx = —=2—~
y & 1+tan2(§) !

1—tan2(§)

X
cosx = —= & puttan-=1t
1+tan2(§) p 2
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Type-3: Of the form [ 23RXxtbcosxtc

£ sinx+m cosx+n

. d .
Numerator = A Denominator+ B ™ Denominator+ E

d .
—Denominator dx
I=A[1.dx+B[& ——  dx4+E [——
Denominator ¢sinx+mcosx+n
Type-4: Of the form | x4 or [ 1
yp ' x*+kx2+1 x*+kx2+1

To solve divide Numerator & denominator by x?
A. Definition: If % fx)] =0ox) = fabd)(x)dx = f(b) — f(a)

(1) If fab f(x)dx = 0 & f(x) is continuous is (a, b). Then equation f(x) = 0 must have atleast one root in (a, b) but converse

is not true.
2 [ 109d(g) = [, 10 ¢/ ) dx
(3) If g be the inverse of f & f(a) = ¢, f(b) =b
Then | = fab f(x)dx + fcd g(y)dy = bd — ac
(4) fon/zsinxdx =f(;T/2cosxdx=1

1'[/2 2 _ 1'[/2 2 _m
(5) f, " “sin® xdx = ["" cos® xdx = 7
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1'[/2 .3 _ 1'[/2 3 _2
(6) ;" “sin® xdx = [ cos® xdx = 3

1'[/2 4 _ 1'[/2 4 _ 3_‘]'[
(7) ;" sin*xdx = [[" cos* xdx =
B. Properties of definite integral:

Property-1: Change of variable
[P fCodx = [ f(Ddt
Property-2: Change of limit
b a
J, fedx = — [ f(x)dx
Property-3: fab f(x)dx = fac f(x)dx + fcb f(x)dx

0; If f(x)is an odd function

a
Property-4: [, f(x)dx = {2 foa f(x)dx; If f(x)is an even function

Property-5: fab f(x)dx = fab f(a+ b —x)dx

In particular foa f(x)dx = foa f(a — x)dx

0;Iff(2a — x) = —f(x)

2a
Property-6: |, f(:)dx = {2 J2600dx If f(2a — x) = ()
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Property-7: fonT f(x)dx = nfOT f(x)dx
Where T — period of f(x);n € N

C. Leibnitz Rule:

1 fede = fhGO. () — 0018 ()

f(t) must be function of “t” only
D. Some important formula:
/2 . _ (T2 _ T
(1) f, " logsinxdx = [ logcosxdx = — (E) log2.
(2) Wall’s formula (Reduction formula):

(a)foﬁ/zsinnxdx=fon/zcos“xdx

_ (n-1) (n-3)

- (n—z)"""E'l(n is odd)
_ (n—-1) (n-3) 1 m, .
= > X3 (nis even)

/2 . m n _ [(m-1)(m-3)...(1 or 2)][(n-1)(n—3)...(1 or 2)]
(b) fo sin™ x cos™ x dx = [(m+n)(m+n-2)....... (1or2)]

K

m/2 bothm & n are even

here K =
where {1 otherwise
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A. Tangent: Limiting case of secantas B — A
(1) Any tangent can cut the curve itself

the curve itself

(2) A curve can have infinite
Number of point of tangency.

(3) If curve has y = 0 as its tangent and inverse of that function
exist then x = 0 will be tangent of its inverse function.

(4) Equation of Tangent:

=f
dy A e
m,=|— =tan¢ P
dx (x1, 1) b

~
[V =y1 =X %) ()

L

B. Normal: Normal is line 12" to tangent passing through point of tangency.

Equation of normal:

[dx} N
m,=— |- T
N dy (X4, ¥1)

P(x,.y)

[y=y1=mu(x=%1)] .n(2)
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C. Some important things to remember:
(1) P point must lie on the curve to apply above formulas (1) & (2)
dy
(2) If (dx)
= Tangent is parallel to x-axis (Horizontal tangent)

(3) If (ﬂ)

dx

=0
(x1y1)

d
— wor =0
(x1,y1) dx (xX1y1)

= Tangent is parallel to y-axis (Vertical tangent)
(4) If Tangent at P(x4,y4) is

equally inclined to the

coordinate axis then 45° 1359

&)
(5) If tangent at P(x4,y;) cuts equal intercept on the coordinate

axis the (ﬂ)
dx

=41

(x1y1)

oy
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(6) If initial ordinate is the y-intercept of the tangent drawn at the point (x4,y;) to the curve y = f(x)

OT = initial ordinate T P(xuy.)
Y_Y1=MT(X—X1)putX=0 y=f(X)
ol N

OT:y =y, —mrXq

(7) Equation of Tangent at point P(x;,y;) to any second degree general curve ax? + by? + 2hxy + 2yx + 2fy +c =0

may be obtained by replacing (provided P lies on the curve)
X2 o xyy? oYy 2Xx o x+x52y >y +yg
2Xy = Xy +X1y;Cc—>cC

(8) If the curve passes through the origin then the equation of the tangent at origin may be directly written by equating the

lowest degree term to zero. Ex : Curve x? + y? + 2gx + 2fy = 0
Tangent 2gx + 2fy = 0orgx+fy =0
(9) Some line could be the tangent as well as normal to a given curve at the given point.
D. Some common parametric co-ordinates:
Curve suggested co-ordinates

(1) x? + y% = a2 (Circle) X=acosB;y=asin0

2

2
(2)2_24.%: 1 (Ellipse) x =acos0;y =bsin 0
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(3) x2 — y? = a%(React. Hyp.)x = asec©;y = atan 0
(4) x?/3 + y2/3 = a?/3 x = acos®6;y = asin’0

(5)\/§+\/§ =+va x=acos*8;y=asin*0

Xn
) o

(6 +Z_“=1 X = a cos?/" B;y = asin®™ @

(7) y? = 4ax (parabola) x = at?;y = 2at
(8)y? =x3 x=t%y=1t3
E. Angle of Intersection of two curves:

The angle of intersection of two curves at their point of intersection P is defined as the angle between the two tangents to

the curves at P. Angle will always be acute.

m, m
dx (x1,y1) dx (x1,¥1) P(x y)
1nJ1
_ y,=g(x)
m m
tan @ = |#
1+mm,

y=F(x)

= If m1—>00then9=|mL
2

F. Isogonal curves: Two curves are set to be isogonal if angle of intersection is same

wherever they intersect. Ex : sin x & cos x

Rankers JEE | Rankers JEE Advanced | Rankers NTSE and Foundation | Rankers Offline Coaching | Rankers Consulting Services
YouTube — Rankers JEE



G. Orthogonal curves: Two curves are set to be orthogonal if they intersect at 90° wherever they intersect.

dy1
dx

dy,
o C] 5
p dxlp

Ys

Yz

H. Vertical Tangent: y = f(x) is set to have a vertical tangent at x = a if both LHD and RHD at x = a is either approaching to +

oo or —oo, but not both.

I. Length of tangent, normal, sub-tangent, sub-normal to the curve at point P(x4,y;):

Ly = %m ,m — slope of tangent at point P(x4,y;)
Ly = |y1V1 + m2|

o=

Lsn = lyym|

J. Shortest distance between two non-intersecting curve: Shortest distance b/w two non-intersecting curve is always along

their common normal (wherever they cut) f(x)

PQ will be shortest distance.
Q

/g_(rN
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A. Monotonic Function: Functions are said to be monotonic if they are either increasing or decreasing in their entire domain.
Ex:f(x) =e* 1

B. Non-monotonic function: Functions which are increasing as well as decreasing in their domain are said to be non-

monotonic.
C. Monotonicity of a function at a point:
A function is said to be monotonic increasing at x = a
If f(a+h) > f(a) & f(a —h) < f(a) for small (+ve)h
A function is said to be monotonic decreasing at
x =alff(a+h) < f(a) &f(a—h) > f(a)
for small (+ve)h

D. Monotonicity of a function in an interval:
(1) Function f(x) is said to be increasing in an interval (a, b) if% >0orf'(x)>0
(2) Function f(x) is said to be decreasing is an interval (a, b) if% <0orf'(x) <0

= we can talk of monotonicity of f(x) at x = a only when x = a lies in the domain of function without any consideration of

continuous & differentiable of f(x) at x = a.
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(3) Non-Decreasing function:

For every x4,X, € domain D, x; > X, ——/

a b
Value of f(x) never decreases with an increase in value of x

And f(x;) = f(x,)

(4) Non-Increasing function:

For every X4,X, € domain D,x; > X,

And f(x;) < f(x,)

B .

Value of f(x) never increase with an increase in value of x
= If f is increasing for x > a and x < a then f(x) also said to be increasing at x = a provided f(x) is continuous at x = a.
= If the function is monotonic at x = a. If can’t have extremum points at x = a and vic-versa
(5) Stationary Point: Point in is the domain of f(x) where ' (x) is equals to zero.
(6) Critical Point: Points in the domain of f(x) where ' (x) is equal to zero or f’ (x) fails to exist. Due to any reason.
E. Greatest & lowest value of a function:
(1) If a constant function y = f(x) is strictly increasing is [a, b] then

Lowest value = f(a), Greatest value = f(b)
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(2) If y = f(x) is strictly decreasing in [a, b] then
Lowest value = f(b), Greatest value = f(a)

F. Rolle’s Theorem: Let f(x) be a function of x satisfying following conditions.

(1) f(x) is continuous in [a, b]

(2) f(x) is differentiable in (a, b)

(3) f(a) = f(b)

Then there exist atleast one point x = ¢ belongs to (a, b) such that f'(c) =0
G. Lagrange’s Mean Value theorem (LMVT):

Let f(x) be a function at x satisfying the following.

(1) f(x) is continuous in [a, b]

(2) f(x) is differentiable in (a, b)

f(b)—f(a)
b

(3) There exist atleast one c € (a, b) such that f' (c) = —

A. Local Maxima: A function f(x) is said to have a local maxima at x = a if f(a) is greater than every other value assumed by f(x)

f(a) > f(a+ h)

in the immediate neighborhood of x = a & f(a) > f(a — h)

} Then x = a has a local maxima
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B. Local minima: A function f(x) is said to have a local minima at x = b if f(b) is smaller than every other value assumed by f(x)

f(b) < f(b + h)

is the immediate neighborhood of x = b & £(b) < f(b — h)

} x = b has a local minima.

= Maxima and minima of a AY

continuous function (which is not constant)

occurs alternatively that is between any two

HH HE o
a-ha ath b bm 2~
conjugate maxima there exist a minima.

C. Fermat’s Theorem: If f has local maxima or minima at x = a and f'(a)
exist then f’ (a) must be equal to zero.
D. Single derivative test:

(1) For local maxima:

Forxe(a—h,a)%>0 A Yoo

& xe(a,a+h)%<0

x=a+h x=a X=a-h

=0

. d
= x = a has local maxima & =X
dxlx=a
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(2) For local minima:

forxe(b,b+h)%<0 \\/

H 4
H dx
. gt

& xe(b,b+h)%>o 2.0 :
x=b-h x=b x=b+h

=0
x=b

L d
= X = b has local minima &d—z

Remarks:

(a) If f'(a) = 0 and f'(x) changes its sign from +ve to —ve while crossing over the point x = a from left to right implies x = a has

local maxima.

(b) If f'(b) = 0 and f'(x) changes its sign form —ve to +ve while crossing over the point x = b form left to right implies x = b has

local minima

(c) If f'(c) = 0 and f'(x) doesn’t change it sign while crossing over the point x = ¢ from left to right then f(x) is neither local

maxima nor local minima.

E. Double derivative test:

(1)Iff‘(@A) = 0&f“(a) < 0 = x = ahaslocal maxima
(2)Iff‘(b) = 0&f“(b) > 0 = x = b haslocal minima
(3)Iff‘(c) = 0&f“(c) = 0 = Then no comments
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F. Geometrical Problems:
(1) Volume of a cuboid = £bh
(2) Surface area of a cuboid = 2(£b + bh + h¥).
(3) Volume of a prism = area of the base x height.
(4) Lateral surface of a prism
= perimeter of the base x height.
(5) Total surface of a prism
= lateral surface +2 area of the base

Remark: lateral surfaces of a prism are all rectangles.
(6) Volume of a pyramid = % area of the base x height.
(7) Curved surface of a pyramid

= % (perimeter of the base) x slant height.
Remark: slant surfaces of a pyramid are triangles.

(8) Volume of a cone = %nrzh.
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(9) Curved surface of a cylinder = 2 mrh.

(10) Total surface of a cylinder = 2m rh + 2 mr?

(11) Volume of a sphere = % ir3.

(12) Surface area of a sphere = 4 mir?
(13) Area of a circular sector = %rze

(when 6 is in radians)

G. Point of inflection: A point where the graph of function is continuous and has the tangent line and where the concavity

changes is called point of inflection.
(1) At the point of inflection either y”’ = 0 and changes sign or y” fails to exist
(2) At the point of inflection the tangent crosses its curve at that point
(3) A function can’t have point of inflection & point of extremum at the same point

Iff'(x) >0 =  concave upwards
&f"(x) <0 = concave downwards

(4)

H. Different graphs of cubic polynomials:

f(x) =ax® +bx?*+cx+d (a>0)
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(1) If curve is monotonic= f'(x = 0or <0V xeR)
(2) If curve is non-monotonic
(a) Only one real root &

two imaginary roots

f(x1).f(x3) > 0

(b) Two coincidence

& one distinct roots VARRED Xo

(). fx) = 0 X, x, /

(c) All three distinct

Real roots /—\ x, |

£(xy). f(x,) < 0 [

A. Methods of finding Area;
(1) By taking vertical strips:
Case-1 If y = f(x) lies

Completely below the

A= fab ydx = fab f(x)dx
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Case-2 If y = f(x) lies

X=a x=b
Completely below the
: b — X
X —axis A = |fa y dx| x50

Case-3 If y = f(x) cuts the x-axis

atx=c€ (a,b)

A= |fac f(x)dx| + fcb f(x) dx

(2) By taking horizontal strips:

x=f(y)
y=b}
b
A= d e e d
Jy xdy T )

=a
Y y

(3) Area enclosed between two curves:

Case-1 By taking vertical strips

A= f;lz(YZ —y)dx

= [ 00 — g0 dx
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Case-1 By taking Horizontal strips
A= [0 —x)dy = [[f(y) - g@)]dy
(4) Standard Areas:

(a) Area contained in y? = 4ax & x? = 4by (a,b >> 0)

16ab
3

A= S

8a?
3m3

(b)y? =4ax &y =mx ;A =

(c) Area enclosed by y? = 4ax

D A
and its ordinates x = 2a
A=2% 22 =2 (aBCD)

C 8=

B. Shifting of origin: Area remains unchanged even if the coordinate axis are shifted.

b
f(x)d
C. Average value of function: Yavg = L b(_x; :

A. An equation that involves independent, dependent variables and the derivatives of dependent variable is called a

differential equation
¢y gy _
Ex -5 +Ki+Mx+Ny=0
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B. Order & Degree of differential equation:
Order: The order of D.E. is the order of the highest differential coefficient occurring in the equation.

Degree: Degree of the highest order derivative occurring in the equation after it has been expressed in a form, free from

radicals and fractions.
C. Formation of differential equation;
(1) Differentiate the given equation with respect to the independent variables as many times as the number of arbitrary
Constants
(2) Eliminate the arbitrary constant and the eliminate is the required D.E.
= order of the D.E. is exactly equal to the number of independent arbitrary constant appearing in a given family.

D. Solving differential equation:

Elementary type of 1% Order & 1% Degree D.E

|
¥ v v
Variable Separable Homogenous Linear D.E.
(1) Variable separable:

Type-1: Of the form f(x)dx+ g(y) dy = 0

To solve directly integrate

Jfdx + [gly)dy = c
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Type-2: Of the form % =f(ax+by+c),b+#0

Butax+by+c=t

Type-3: Of the form d—z = axtbuyte,

d a,x+byy+c,

b
Ifa,b, —a,b,# 0or 2 % 2
ap bz

Substitute: X =x+handY=y+k

Such that f(h,k) =0

Ifa,bz _a2b1 == O()l%ﬂ:;tﬁ
ap bz

Substitute: a,x + b,y = Z
Type-4: Transformation to polar coordinates:
(a)x =rcosB;y =rsin0
x2+y?= r2;§= tan
xdx +y dy = rdr;xdy — ydx = r? d@

{when question as appearens of x? + y?}
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(b)x =rsecB;y=rtanb
Z_y2=r2 ;% =sin0

xdx —ydy = rdr;xdy — ydx = r? sec8 de

{when question as appearens of x? — y?}

E. Homogeneous differential equation:

) dy _ f&xy)
(1) An equation of the form ax — 8(xy)

(where f(x,y)& @ (x,y) are homogeneous functions of same degree)
To solve puty = ux or x = uy

(2) Equation reducible to the form
du
utx—= F(u)
(3) Separate the variables and integrate

(4) Replaceu = y

X

F. Linear differential equation: A diff. equation is said to be linear if the dependent variable and all its differential coefficient

occur in degree one only and are never multiply together.

General Appearance of LDE
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dny dn—ly dn—Zy dy .
pntaigay targas T tan-ig tany = 0(x)
Where ag,a;, az.ceeeeen. ap & @ is the function of x’ only, if ag(x) # 0 then order of D.E. will be ‘n” and is always of 1*
degree.

G. Linear differential equation of first order:
% + Py = Q where P & Q are function of ‘x’ (independent variable)
To solve calculate

Integrating factor: (I.F.) = e/ Pdx
Solution: y(I.F.) = [Q(I.F.)dx + ¢

H. Equation reducible to linear differential equation (Bernoulli’s equation):
dy _ n
Oftheform&+ Py=Qy
To solve divide by y™ and substitute y1™" = t then % +(1-n)Pt=Q(1—n)

Now solve as 15torder LDE

I. Some important exact differentials:

(1) xdy + ydx = d(xy) @) 22==d(%)

X
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3) xdy—zydx —d (_ f) (4) xdy+ydx _ d(xy) _ d(#n Xy)

y y Xy Xy

dx+dy xdy-ydx _
(5) Sy d[#n (x +y)] (6) vy d[#¢n (y/x)]
(1) 25 = 2 en(e + )] (®) 7 = d(tan™ y/%)

(9) xdy+ydx —d (_ i)

x2y?2 Xy
J. Isogonal & orthogonal trajectories:
A family of curve @ (x,y,a) = 0........ (i)
a — arbitrary constant
A curve making a fixed angle
o with curves family (i) is

called isogonal trajectories

. . s
of given curve and if a = >

then its called orthogonal

trajectories.
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%« JEE FORMULA NOTES
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[ TRIGONOMETRY ]

A. Three very important identities:
(1) sin?8 + cos?0 =1
(2) 1 + tan?0 = sec?0
(3) 1 + cot?@ = cosec?8

B. Trigonometric ratios of compound angle:
(1) sin(A + B) = sinAcosB + cos AsinB
(2) sin(A — B) = sinAcosB — cosAsinB
(3) cos(A+ B) = cosAcosB —sinAsinB
(4) cos(A — B) = cosAcosB + sinAsinB

C. Two very important identities:
(1) sin(A + B).sin(A — B) = sin?A — sin?B = cos?B = cos?A
(2) cos(A + B).cos(A — B) = cos?A — sin®B = cos?B = sin?A
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D. Identities for converting product to sum:
(1) 2sinA cos B = sin(A + B) + sin(A — B)
(2) 2 cosAsinB = sin(A + B) — sin(A — B)
(3) 2cosAcosB = cos(A + B) + cos(A — B)
(4) 2sinAsinB = cos(A — B) — cos(A + B)

E. Identities for converting sum to product:

(1)sinC + sinD = 2 sin (C:—D) cos (C;—D)

(2) sinC —sinD = 2 cos (C:—D) sin (C;—D)

(3) cosC + cosD = 2 cos (GTD) cos (C;—D)

(4) cosC — cosD = —2 sin (%) sin (%)

or
2 €2)an (59
F. Values of tan(A + B) & cot(A + B):
(1)tan(A + B) = ==
(2)tan(A - B) = %
@)tan (§+4) = o
@) tan (5 - 4) = S22
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cotA.cotB—-1
(5) cot(A + B) = o
cotA.cotB+1
(6) cot(A—B) =~ en
__ tan(A+B)+tanC
(7) COt(A +B+ C) - 1—-tan(A+B)tanC
fi‘:i;\tfaﬁ“anc __ YtanA-ItanA

= tanA+tanB -
(== 1-) tanA.tanB
1 (1—tanAtanB)-H:anC Z

G. Trigonometric ratios of multiple and sub-multiple angles:

2 tanA
1+tan2A

(1) sin 2A = 2 sinA cosA =

(2) cos 2A = cos?A — sin®A = 1 — 2 sin®A

1-tan?A
1+tan2A

=2cos’A—1=
(3) sin3A = 3sinA — 4 sin3A
(4) cos 3A = 4cos3A — 3cos A

3tan A—tan3A

(5)tan 3A = TRy

(6) cos 5A = 16 cos®A — 20 cos3A + 5 cos A
(7) sin 5A = 16 sin®A — 20 sin®A + 5sin A
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H. Important deduction:
1+cos2A 2cos?A
(1) sin2ZA ~ 2sinAcosA
— in2
()2 coszA _ _2SIA_ _ tanA p can be used to compute tan 7.5° or tan 22.5°

sin2A ~ 2sinAcosA
1-cos2A _ 2sin?A

= cotA)

_ 2
(3) 1+cos2A  2cos2A tan”A
I. Useful to remember:
. . - 5
(1) sin— = sin 15° = Y6z _ c0s 75° = cos—=
12 4 12
. .5 6+v2
(2) sin 75° = 51n£ = \/—:\/— = cos% = cos 15°

(3) sin 15° = sin— =2 —+/3 = cot75° = cotZ
12 12
(4) tan 75° = tani—: =2+4++/3 =cotl15° = cotlﬂ—2

(5) cot 7.5° = tan 82.5° = 3(V3 +V2) (V2 + 1)

= (V2+V3+V4 ++6)
(6) sin 18° = %
(7) cos 36° = cos= = sin 54° = sin3—n = V541
5 10 4

J.  Trigonometric identities in a triangle:

If A+ B+ C=m,then
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(1) sin 2A 4 sin 2B + sin2C = 4sin Asin Bsin C

(2) Y cosA =1 + 4IIsinA/2

(3) sin?A + sin?B + sin?C = 2 + 2 cos A cos B cos C
(4) Y tan A = ITtanA

(5) Y. cotA.cotB =1

(6) Ztan%tang =1

(7)Y cot% = Hcot%

K. Inequalities:

(1) In any AABC cot?A + cot?B + cot?C > 1

(2) In any AABC cosA + cosB cosC < %

(3) In any AABC1 < cosA + cosB + cosC <

N w

L. Summation of Trigonometric functions:

. np ~
(1) sin a + sin(a + B) + -+ + sin(a + (n — 1)B) = 2 sin (0( + (@ DB)
sing 2
sinf (n-1p
(2) cos a + cos(a + B) + -+ + cos(a + (n — 1)B) = —F%-. cos (a + T)
sin-
2
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M. Maximum & Minimum values of trigonometric functions:
(1) Min. value of a?tan?6 + b?cot?0 is vab

(2) Max and Min. value of acos® + bsin® are Va2 + b? and — Va? + b?
(3) If f(8) = acos(a + 0) + bcos( + O)where a, b, a and  are known quantities then

—y/a% + b? + 2ab cos(a — B) < f(8) < \/a% + b2 + 2abcos(a — B)
(4)Ifo, B e (0, g) and o + 3 = o (constant) then the maximum values of

the expression cosa cosf3, cosa + cosf, sina + sinf and sina sinf occurs when o = 3 = 0/2
(5)Ifa, B e (0, g) and o + 3 = o (constant) then the minimum values of

the expression seca + secf, tana + tanf3, coseca + cosecf3 occurs when o = § = 0/2

N. Graphs of six trigonometric functions:
(a)y =sinx,x € Ry € [-1,1]

y=sinx

y = COS X
______ 1—-———'—— -
‘.—_\ 'utZ%\ 3“’2/?\ =X
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(2n+1)m

(c)y =tanx,xeR — ,nel;yeR

A y=tanx

/)

1
I
1
1
1
37t| ,
|
I
1
1

i
2

(d)y =cotx,xeR—nmnel;yeR

NN

3
2

Ty = cotx

- T

(e)y = cosecx,xe R—nm,nel;y € (—oo,—1] U [1, )

AY = cosec X
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(fly =secx,xe R— (2n+ 1)1t/2,nel;y € (—o0,—1] U [1, )

?y:secx
O \.1.2_ _____
- I
ey EIY 0 [niz 32
_"7-\_‘-_—:1—-ﬁ__

General solution: (6 is unknown & a is known angle)

(1) sin = sina > 0 =nn+ (—1)"a;nel,ae —g,g]

(2) cos® =cosa=0=2nmt+ o;nel,ae[0,m]

(3)tan6 =tana =0 =nm+a;nel,ae [—g,g]

(4) sin?0 =sina=0=nn+a;nel,ae [—g,g]
(5) cos?0 = cos?a=0=nm+ao;nel,ae0,m]

(6)tan?0 =tana=>0 =nn+a;nel,ae [—g,g]

a b c
i . _— = — A
A. Sine Rule: In AABC, oA =SB = sinc
If a, b, c are in A.P. then b
Sin=A, sinB, sinC are also in A.P.
B a C
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B. Cosine Rule: AABC

b2+c2—a? c?+a%-b?
(1) COSA = T (2) cosB = T
a2+b2—c?
(3) cosC = T

Remarks: Cosine Rule is useful if
(a) Two sides & included angle are given in AABC

(b) If all the three sides are given (when sides are relatively small)

C. Projection Rule: A
(1)a=bcosC+ccosB . b
(2)b=ccosA+acosC

B D a C
(3)c=acosB+bcosA e —

(4)a+b+c=(@+b)cosC+ (b+c)cosA+ (c+a)cosB

D. Tangent Rule (Napier’s Analogy):
(1) tan (A_B) = 2P ot (E)

2 a+b 2
@an (59) = eor ()
yan () = 52eor (9

Remark: Tangent rule is useful if two sides and included angle is given, (even if sides are large)
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E. Area of the triangle:
1 2A
(1)A=Ea.P1=> P1=;

1 2A
(Z)AZEbPZ = PZ ZF

1 2A
(3)A=EC'P3 = P3 :T

(P; is perpendicular distance of BC from A and so on)

Remark: If sides are inan A.P. = P;,P,,P;in H.P.

1 . 1 . 1 .
A= Eab sinC = Ebc sinA = Sca sinB

F. Sine, Cosine and Tangent of half angle of AABC

Semi perimeter of AABC s = atbtc

(1) Siné = w SinE = W Sing — (s—a)(s—b)
2 be T2 ca ' 2 ab
A_ [t B_ e ¢ [0
(2)cos = |—— ,coso= |=——, cost= [——
A c A

A A B
(3) tan; T s(s-a) 'tanE ~ s(s=b) ,tan; " s(s=0)

where Area of Triangle A = \/s(s —a)(s—b)(s—0)
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G. Circle connected with triangles:

(1) Circumcircle & Circumradius (R):

a b [
sinA _ sinB  sinC ZR
abc
& A=—
4R

(2) Incircle & Inradius (r):

Appc = AjaB + Aigc + Arca A

where S= __a+g+c

A
(a)r==-=> A=rs
s nd A is area of triangle
A
(b)r = (s — a)tan;

=(s— b)tang =(s— c)tang

. A. B . C
(c) r = 4R sin=sin—sin-
2777272

(3) Excircle and Exradius (ry, 1y, 13):

AABC = A1;AB + AT;AC— A1;BC

A
(a)r; = Goa)’
A
2= %0
A
=60

A B C
(b)r, = stan_,r, =stan- ,rz3 =stan;
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. A B C
(c)r; = 4R sin = cos - cos - ;
2 2 2
. B C A
r, = 4R sin — cos = cos —;
2 2 2
B

r; = 4R sin € cos2cos 2 ;
2 2 2
H. Orthocentre (H) & pedal triangle:
(Applicable only for acute angled triangle)

Pedal triangle is formed by joining the feet of perpendiculars of AABC from vertices

(1) Distance of orthocenter (H) :

(a) From vertex

AH = 2Rcos A
BH = 2R cos B
CH = 2R cosC

(b) From sides
KH = 2R cosBcosC
LH = 2RcosCcosA
MH = 2R cos A cosB
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(2) Side length of pedal triangle:
ML = a’ = Rsin2A
MK = b’ = Rsin 2B
KL = ¢’ = Rsin2C

(3) Angles of pedal A KLM:
K=A"=180°-2A
L =B'=180°—2B
M =C'=180°—-2C

(4) Sine rule in pedal triangle:

ar br c/
= 2R’

sin2A ~ sin2B  sin2C

SR=2R >R =3
V. Imp. Note:- Orthocentre of AABC is the Incentre of It’s pedal AKLM
(5) Excentre & Excentric A I11,15:
[,1,15 are excentres
(a) Orthocentre of A I; 1,15
is the incentre of A ABC &
(b) A ABC is pedal triangle of
AL L,
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I. Length of angle bisector:

AABD + AADC = AABC

AD P 2bc cos?
1T pic
2ca cosg
BE = ‘gz =
c+a
CF P 2ab cosg
3T atb

J. Length of median:

b= NI F 2T =22

2
ty = NITTF 2T
{’C=%v2a2+2b2—c2 B

&3 + 4+ 22 =2 (a2 + b% + c?)
K. M-N Theorem:

(1) (m + n)cotd = m cota — n cotP c b

(2) (m 4+ n)cotd = n cotB — m cotC
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L. Ambiguous case of Solution of Triangle: A unique triangle exists if
(1) Three sides are given (b + ¢ > a) etc.
(2) Two sides and one included angle are given.
(3) One side and two angles are given
If two sides b & c and angle B opposite to the side b are given then

(i) —b = c sin B, B acute angle => only one triangle possible

CSinB

CSinB

(iii) C Sin B < b < B = acute angle => two values of angle C

b CsinB
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(iv) C < b and B = acute angle => only one triangle

CSinB
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[ ALGEBRA ]

2X = N N>0
A. Logarithm: log. N = x} a>0
Ea a#1l

(1) Unity has been excluded from the base of logarithm.

(2) al°8aN = N is an identity forall N>0,a>0&a # 1

(3)logy N =1
(4)log;n N = -1
(5)log,1=0

(6) When ever the number & the bases are on the same side of unity then logarithm of that number on that base is (+ ve)
however if the number & the base are located on different side of unity then logarithm of that number on that base is
-ve.

B. Principle properties of logarithm: If m, n are arbitrary +ve no. where a >0 & a #1 & x is any real number then

(1) log,(mn) = log,m + log,n

(2) log,(m/n) = log,m — log,n

(3) log,(m/n) = log,m — log,n

logca 1

(4) Base changing theorem: log,a = Togch logpa = oD ;logpa.log.b .logqc =logya

(5) alogbc — Clogba
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C. Common and natural logarithm: log(N is referred as a common logarithm and log.N is called as natural logarithm of N
to be base Napierian and is popularly written as £n N. Note that e is an irrational quantity lying between 2.7 to 2.8 Note
that ef™* = x,

D. Characteristic & Mantissa: The common logarithm of a number consists of two parts, integral and fractional, of which the
integral part may be zero or an integer (+ ve or —ve) and the fractional part a decimal, less than one and always positive.
The integral part is called the characteristic and the decimal part is called the mantissa. It should be noted that, if the
characteristic of the logarithm of N is p then number of significant digit in N = p + 1 if p is the non negative characteristic of
log N. Number of zeros after decimal before a significant figure startisp—1

A. Quadratic Polynomial:

y = ax? + bx + c,wherea # 0 and a,b,ceR

a — leading coefficient

¢ — constant term / Absolute term

(1) Ifa=0andb # 0, theny = bx + cis called linear polynomial

(2) If c =0, theny = bx s called linear polynomial

B. Six different graphs of quadratic polynomial: W \ / \ ,

Condition: a > 0 and Condition: a > 0 and

y can be +ve, —ve or zero

3)
Y=ax?+bx+c )
D= b2
dac w Gondmon a >0 and Condition a and ‘

y can be +ve, -ve of zero

_

(5) (6)

Condiion: a<0 and  Condition: a<0 and
D=0 D<0
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C. Quadratic Equation:
ax’ +bx+c=0,a#0,ab,ceR
(1) Roots of quadratic equation:

__ —b+vb2-4ac

2a

X

where b? — 4ac = D - Discriminant

(2) Nature of roots:

(a) If D > 0, roots are real and distinct

(b) If D = 0, roots are real and equal / coincident

(c) If D < 0, roots are complex conjugate

(d) condition for real rootsis D = 0

(e)

(i) If coefficients of quadratic equation are rational and D is perfect square, the roots are also rational and distinctvided
coeff. are rational)

(ii) If D is not a perfect square, then roots are irrational

(iii) Irrational roots always occur in pairs (provided coeff. are rational)
a=p+./q, B=p—.a

(iv) Complex roots always occur in conjugate pairs (real coeff.)

a=a+ib,f =a—ib,wherei =v-1

(3) If ax? + bx + ¢ = 0 then sum of the roots a + B = _?b , product of roots = g
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Important note for quadratic equation:
ax? +bx+c=0
(i) Exactly one root of Quadratic equation is zeroifc = 0,b # 0
(ii) Both roots of Q.E. are zeroifc=0,b =0and a# 0
(iii) If one root of Q.E. isco thena=0andb # 0
(iv) If both roots of Q.E. are at oo,thena =0,b=0and c # 0
(v)Ifa= b=c =0,the Q.E. becomes an identity or if Q.E. is satisfied by more than 2 real values of x then it becomes an
identity (i.e. it is satisfied by all real values of x).
(4) Conditions of common root:

(a) a;x? + byx + ¢; = 0 and a,x? + b,yx + ¢, = 0 have a common root a, then

2

[od o4 _ 1

bjcz—bacy a2€1—a1C3 a;by—azby

. b
(b) If both roots of above equations are common then ? = b—1 = Z—l
2 2 2

D. Maximum-Minimum value of quadratic polynomial:

Maximum/Minimum value occurs at the vertex of the parabola as shown

. b
x — coordinate of vertex = — 7

. D
y — coordinate of vertex = —— (x, y)
4a L— Vertex
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(1) Condition to resolve a general 2 degree equation in 2 variables in two linear factors:

ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 is a general 2 degree curve then the conditions is

a h g
h b f
g f c

abc + 2fgh — af?2 —bg? — ch? = 0 or =0

(2) Theory of equations:

(a) If a, B, y are roots of a cubic equation ax® + bx? + cx + d = 0 then

a+B+y=Ya=—2

(ii) B + By +ya = Y aB ==

(iii) . B.y = Ma = — 2

a
(b) If o, B, v, 8 are roots of Bi — quadratic equation ax* + bx> + cx? + dx + e = 0, then

Ma+p+y+6=—1 (i) T o =<

(i) ¥ afy = = (iv) . B.y.6 = Mo ==

(c) These formulas can be extended further for higher degree equations also.

Location of roots:
Note:- Conditions are written, only for leading coefficient of quad. equation positive (i.e. a > 0).

(1) Both roots of quad equation are greater than a specified number ‘d’ Necessary and sufficient conditions are

(a)D=0 .\. {
(b);—:> d d
() f(d) > 0 E {

d
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(2) Roots lie on either side of a fixed number ‘d’.

Necessary and sufficient condition:
d
(a)f(d) <0

(3) Exactly one root lies in interval (d, e), conditions are:

(a) f(d).f(e) <0
<0 e d
d e

Remark: Check values for end points also if given interval [d, €], then for f(d) = 0 or f(e) = 0 or f(e) = 0, no other roots
should liein (d, e)

(4) Both roots are confined between d and e (d < e) necessary and sufficient conditions are:
(aD>0 (b)d<;—:<e \ /
(c)f(d) >0 (d) f(e) >0 d e 4 &
(5) One root of quadratic is less than ‘d’” and other is greater than ‘e’ (d < e) Necessary and sufficient conditions are:
(a)f(d) <0
(b)f(e) < 0 \de/
A sequence is a set of terms which may be algebraic, real numbers, written according to definite rule and the series thus

formed is called a progression

eg 0,1,7,26 . (Ruleisn® — 1), neN
1,4,7,10 e,
2,4,6,8 .. etc
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Remark: Minimum number of terms in a sequence should be 3.

Common Sequences

v v v v v
AP G.P. H.P. A.G.P. Miscellaneous

A. Arithmetic Progression (AP): Difference between any two consecutive terms is constant.
If first term = a, common difference = d
Then the standard appearance of an AP is
A, (a+d), (a+2d),(a+3d).......
(1) Generaltermof an AP: T, =a+ (n— 1)d
Ifd > 0 = Increasing AP
If d < 0 = Decreasing AP
If d > 0 = constant AP i. e. all the terms remain same
(2) Sum of n terms of an AP:
Sh =§[2a+ (n—1)d]orS, =§[a+{’]
Where £ = a+ (n — 1)d; £ — Last term of given AP

If S, — Sum of n term |}=>T g _g
Sp—1 — Sumof (n — 1) term | nTon on-l

(a)

(b) Ifa,b,carein AP = 2b=a+c
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(3) Insert n AM’s between two given numbersa & b
A,, b forman AP

If A, Az Asg, ...
Total no. ofterms=n+ 2, =b &d = b-a
n+1

A1=a+d,Az=a+2d...An=a+nd0rAn=a+“(E;:)

at+b
)

(a) X*_; A, = nAwhere A =
Single AM betweena & b

(b) In between two numbers

sumofm’AM’ _ m
sumofn’AM’ ~ n

(4) Supposition of terms in A.P.:
(a) If no. of terms are odd
Threeterms:a—d,a,a+d
Five terms:a — 2d,a—d,a,a+ d,a + 2d
(b) If no. of terms are even
Fourterms:a—3d,a—d,a+d,a+3d
Sixterms:a—5d,a—3d,a—d,a+d,a+3d,a+5d

(c)Ifaj,a,,a3,as, e are in AP
by, by, b, by, . are in AP
Thena; + by,a, + by,az + bs.......arein AP
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B. Some standard results:
(1) Xr=1(a; £by) =Xr—ar £ Xr-1 by
(2) Xr=1Kay =kXr-gar
(3)Xr-1k =nk  wherek — constant

(4) Sum of first n natural number =Y, n = @

(5) Sum of first n odd natural number = ¥(2n — 1) = n?

(6) Sum of first n even natural number = ),(2n) = n(n + 1)

(7) Sum of the cubes of first n natural number = ¥ n? = w
2
(8) Sum of the cubes of first n natural number = ¥ n3 = n(n+t) |
2

C. Geometric Progression (GP):
Ratio of any two consecutive terms is constant
If first term = a, common ratio=r
General form of a GP g, ar, ar?, ........

n-1

(1) General term of a G.P.: T}, = ar

(2) Sum of n terms of a G.P.:

n_q
n = L) wherer # 1
r-1
S, = na wherer =1

(3) Sum of an infinite G.P.:

Seo = ﬁ where |r| < 1

Remark: If a, b, c are in GP = b? = ac
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(4) Insert n GM’s between two given positive numbers
If G4, G, Gs3......G,, are n ‘GM’s betweena and b
then a, G4, Gy, Gs......Gy, b forms a G.P.

1

Remark: GM is only defined for positive real numbers. r = (E)HJr1

1
(a) G; = ar, G, = ar?........ G, =ar"orG,=a (g)““

(b) [I™-; G, = ()™ where G =+ab;
Single GM betweena &b
(5) Supposition of Terms in GP:
(a) If no. of terms are odd,
Three terms:% ,a,ar

. a a
Five terms: = , -, a,ar, ar?

(b) If no. of terms are even
Four terms: preferably assume as a, ar, ar?,ar?
a a 3 . . .. . .
Remark: If we assume four terms as: Sopant then in this case common ratio is positive but common ratio can be
negative also.
(c) Ifa;,ay,a;3....... GP

by, by, bs....... GP

Then a;bq,a,b,,a3bs....... Are also in G.P.
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D. Arithmetic — Geometric Progression (AGP):
If ever term of a series is multiplication of a consecutive term of an AP and GP then that series is called AGP
AP and GP then that series is called AGP
a,(a+dr,(a+2d)r?...
T,=[a+ (n—1)d]r*?

Remark: There is no such formula for calculating sum of AGP

E. Harmonic Progression (HP): A sequence is said to be in H.P. if the reciprocals of its terms are in A.P.

. 1 1 1 .
If a;,a,,a;z...... Are in H.P. then 5o e arein AP

1 dz az

1 1 1
Astandard HP. > - ,— ,—,
a "a+d "a+2d

Remark: There is no general formula for finding the sum of n terms of HP

. 11 1 .
(1) Ifa, b, carein HP then; )5 o7 arein AP
— 21,1 =2
b a C a+c

(2) Insert n. H.M’s between two given numbers a & b: If H;, H,...... H,, are n HM’s between a and b then a, H{, H,

b are in HP

n 1 _ n(a+b) _n

i=1H; ~ 2ab H'

Where H is single HM betweena & b

Rankers JEE | Rankers JEE Advanced | Rankers NTSE and Foundation | Rankers Offline Coaching | Rankers Consulting Services
YouTube — Rankers JEE



F. Relation between A.M., G.M. & H.M. of two positive real numbers a & b:
Two numbers a and bthenA — A.M.; G — G.M.;
H— HM. = G*=AH
Remark: For any given n positive real numbers a;,a;, az............ ap

RMS = AM = GM = HM where

2 2 2 2
a’+a3+as+--+a
RMS (root mean square)= /%

. . a;+az+az+-+a
AM (arithmetic mean)= %

GM (geometric mean)= (a;a,as ... a,)*/™

. n
HM (harmonic mean)= ———— <
_+_ —_—

aj'az a3 an

A. Fundamental Principle of counting:

If an event can occur in ‘m’ different ways, following which another event can occur in ‘n’ different ways, then total
number of ways of simultaneous occurrence of both events in definite order is = m x n (can be extended to any no. of
events)
B. What’s Permutation & Combination?
(1) Permutation:
Arrangement of things taken some or all at a time.

Order of occurrence of events is important.
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(2) Combination:
Collection or selection of things taken some or all at a time.

Order of occurrence of events in not important

Remark: All GOD made things in general are treated to be different and all man made things are to be spelled whether like

or different

C. Factorial:
(1) n! = n = product of first'n’natural numbers

=n!=1x2X..... X n

D=1
n

@) (-1t =

(3) Factorial of negative numbers is not defined.

D. Useful Theorems:

T-1: Number of permutations of ‘n’ distinct things taken r’ at atime (0 <r < n)

n!
(n-r)!

"or=p(n, r) =
T-2: Numbers of combinations/selections of ‘n’ distinct things taken ‘r’ at atime (0 <r < n)

"cr=c(n, r)= (E) =

r

n!

r!(n-r)!
Remark: Derived Identities

(1) "cr + "crg = ",

(2) "cr ="cnr
(3)If"ex="c,=>x=yorx+y=0
(4)"pr=r!."c
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(5) (2n)! = 2™.n![1.3.5....(2n — 1)]

E. Formation of groups:

(1) Number of ways of dividing (m+n) different things in two groups having ‘m’ and ‘n’

. (m+n)!
Things are: T (m # n)
_ __ (2n)!
(a) If m = n, then number of groups = ——
2n’ things are to be equally distributed among 2 persons then, no. of ways = L x 2!
(b) If 2n th be equally distributed 2 h f s
(2) Similarly by (m + n + p) different things can be divided into 3 unequal groups is %:;ﬁ))!
(a) If all groups are equal then number of ways = (S;);'
‘3n’ things are to be equally distributed among 3 persons then, number of ways = ~ x 3!
(b) If 3n’ th be equally distributed 3 h ber of S

Remark: This can be extended to any number of groups.
F. Permutation of alike objects: Number of permutation of ‘n’ things taken all at a time out of which
(1) ‘p’ are similar and of one kind

(2) ‘g’ are similar and of second kind

n!
p!q!1!1l.....
—_—

(3) and rest ‘r’ are all different =
r- times
Remark: Be careful if you encounter the following language used in problems
— Number of other ways
— Number of ways of rearranging
— If as many more words as possible
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G. Circular permutation:

(1) Number of circular permutations of ‘n’ different things taken ‘r’ at a time = "¢, (r — 1)!

- l§
(2) If clockwise & Anti —clockwise arrangements are considered as same then, "¢, -t
_ I
(3) Number of circular permutations of ‘n’ things out of which ‘p’ are alike and rest are different = (n-1)
H. Total number of combinations:
(1) Number of ways of selecting at least one thing out of ‘n’ different things is ="c1 + "c; + ........... +"c,=2"-1

(2) Number of ways of selecting at least one thing out of (p + q + r + -+ ) things in which p are alike of one kind, g of
secondkind & soonis=[(p+ 1)(q+ D(r+1)..]—-1

I.  Number of ways in which N can be resolved as as a product of 2 divisors:
(1) N = p2.pP........ p & g are prime

% (a+ 1)(b+ 1) ...if'N'is not a perfect square

(a+1)(b+1)..+1
2

if'N' is a perfect square
(2) Number of ways in which ‘N’ can be resolved as a product of 2 divisors which are relatively prime = 2771,
where n — number of primes involved in prime factorization of N.
J.  Maximizing "c, : "¢ is maximum for
n . .
r=-, if nis even

n-1
r=—
2

n+1 .. .
or —— ,if nis odd
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K. Rearrangement: Number of ways in which ‘n’ letters can be placed in ‘n’ directed envelopes so that no letter goes into its

own envelope is

1 1 1 1
= i[5 -5+t D
L. Distribution of alike objects:
(1) Number of ways of distributing ‘n’ identical things to ‘p’ persons where each person can receive one, none or more
things is = "*P~1C,_,
(2) Number of ways of distributing ‘n’ identical things to ‘p’ persons where each person should receive at least one object

i« —n-1
is="""Cp_q

M. Grid Problem:

n-rows  Number of ways of reaching B,

J
A _——
m-coloumns
. . (m+n)!
starting from point A are =
m!n!

A. Binomial Theorem:
X+ y)" = " Cox"+1C x" Ly+1C,xM 2y 2 + - 41C, YR L (1)
Wherex,ye R&neN,
general term of (x + y)"is (r + 1) ™ term
Tray HCEMTYT, (x o+ )" = TR Gy
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B. Highlights of (x + y)™:
(1) No. of terms in the expansion are (n + 1).
No. of terms in the expansion of (x; + X, + -+ + x; )™ are "*1Cy_;
(2) Sum of the indices of ‘X’ & ‘y’ in each term in the exp. of (x + y)"is n
(3) Binomial coeff. of the terms in equation (1) from the beginning and end are equal.
"Co="Cys, "C1 ="Cn-1, "Cr ="Cnr
(4) Replace x from 1 and y from x in equation (1)
(1+x)"=Cy+Cyx+Cyx? + -+ Cpx"...(2)
General term is T1 = "Ce X', (1 +X)" =X {_o ¢, X"
Replace x from (-x) in equation (2)
(1—=x)"=Cy—Cyx+ Cpx? — C3x3 + -+ + Cp(—x)"
General term is T, ; = C.(—x)", (1 —x)" = ¥_onc, (—x)"X

nc

ro_ n-r+1

(5)

Nep_q

_ (n+1) _ (n+Dn
- (r+1) Cr — (r+Dr

(G)H + 1Cr+1

n—=lc._,

C. Middle term: In the expansions of (x + y)"

Case-l If n is even then middle term is T(E+1)
2

Case-ll If n is odd the two middle terms are

T+l 7/n+3
) *' )
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D. Properties of binomial coefficients:
In the exp. of (1 + x)"
(1)Co+C; +Cy+ -+ C, =2"
(2)Co+Cy+Cy++-+Cy +Cq+ Cs+=2""1

(3) C3 +C2 + CZ +....4+CE =2n ¢, = &

nin!
(4) CoCy + C1Cp + CpCa+ -+ Cpg Cp =" Gy =2" Cpyg
(5)1.C; + 2.C, + 3C3 +......+n.C, = n. 2771
Remark: (2n)! = 2™.n! (1.3.5........ (2n—-1))
E. Numerically greatest term in the expansion (x + n)"

If Tr41 is numerically greatest term

n+1 n+1

Treq 21=>|§|T—1Srs|§|j
y y

Tr+1

= >1&

r r+2

Remark: If|n|L+11 is an integer then equality hold.

y
F. VeryImportant:
If(A+VB) =1+fLneN0<f<1
= (A-VB)" =fIfA-VB > 1

~0<f'<1=f+f"=1=lisoddinteger
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G. Binomial theorem for negative or fractional indices

n(n-1)(n-2) X3

” + .- 00

1@ +x)"=1+nx+ n(r;l)xz +

valid only when |x| <1

n(n-1)(n-2)..(n-r+1) <

generalterm T, ; = -

(201 —-x)""=1+nx+ n(r;rl)xz + n(n+13)!(n+3)X3 + - 00
Remark: sum important expression
(@(1+x)T=1—-x+x%—x3+.... o0

B A1-x1T=1+x+x>+x3+........ o0

()(14+x)2=1-2x+3x%>—4x3 +.....0

(d) (1 —x)"2 =1+ 2x+ 3x% +4x> +........ 00
(3) Approximation:- If x is so small then second & higher degree of x may be neglected.

(4) coeffof X’ intheexp (1 —x)™™, neN is

n(n+1)(n+2)..(n+r-1) n+r-1c  _n+r-1
Tl - r— n-1

H. Exponential & logarithmic series:
2 3
(1)eX=1 +x+%+%+ 00

3

2 4
(2)log(1+x)=X—X7+X?—XT+~-oowhere—1<x<1

A. Definitions:
(1) Trial and Event: an experiment is called a trial if it results in anyone of the possible outcomes and all the possible

out comes are called events. i.e. Tossing of a fair coin is a trial and turning up head or tail are events.
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(2) Exhaustive Events: Total possible outcomes of an experiment are called its exhaustive events.

i.e. Throwing of a die has 6 exhaustive cases because any one of six digits 1, 2, 3, 4, 5, 6 may come upward.

(3) Favorable Events: Those outcomes of a trial in which a given event may happen are called favorable cases for that
event. i.e. If a dice is thrown then favorable case for gettinglor2or3 or4or5or6, is 1.

(4) Equally likely Events: Two or more events are said to be equally likely even if they have same number of favorable

cases. i.e. In throwing of a dice, getting 1 or 2 or 3 or 4 or 5 or 6 are six equally likely events.

(5) Mutually Exclusive or Disjoint Events: Two or more events are said to be mutually exclusive, if the occurrence of one
prevents or precludes the occurrence of the others. In other word they can not occur together. i.e. In throwing of a
dice, getting 1 or 2 or 3 or 4 or 5 or 6 are six mutually exclusive events.

(6) Simple and Compound Events: If in any experiment only one event can happen at a time then it is called a simple
event. If two or more events happen together then they constitute a compound event.

i.e. if we draw a card from a well shuffled pack of cards, then getting a queen of spade is a simple event and if two
coins A and B are tossed to gather then getting ‘H’ from A and ‘T’ from B is a compound event.

(7) Independent and Dependent Events: Two or more events are said to be independent if happening of one does not
affect other events. On the other hand if happening of one event affects (partially or totally) other event, then they are
said to be a depending events.

Remark: Generally students find themselves in problem to distinguish between independent and mutually exclusive

events and get confused.

These events have the following differences

(a) Independent events are always taken from different experiment, while mutually exclusive events are from only one
experiment.

(b) Independent events can happen together but in mutually exclusive events one event may happen at one time.
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(c) Independent events are represented by the word “and” but mutually exclusive events are represented by the word
“or”.
(8) Sample Space: The set of all possible outcomes of a trial is called its sample, space. It is generally denoted by S and
each outcomes of the trial is said to be a point of sample of S.
i.e (a) If a dice is thrown once, then its, sample space S = {1, 2,3,4,5, 6}
(b) If two coins are tossed together then its sample space S = {HT, TH, HH, TT}
B. Mathematical definition of Probability :

Let there are n exhaustive, mutually exclusive and equally likely cases for an events A and m of those are favorable to it,

then probability of happening of the event A is

No.of favorable cases to A

P(A) =2 =

n  No of exhaustive cases to A

Further, if A denotes negative of a A i.e. event that A doesn’t happen, then for above cases m, n; we shall have

P(K):“;m=1—§=1—P(A)

~ P(A)+P(A) =1&always0 <P(A) <1

C. 0Odds for an event:

If an event A happens in m number of cases and if total number of exhaustive cases are n then we can say that the

probability of event A,

n—m

P(A)=%andP(K}=1—%=

n

PA _ m/n _ m
P(A) - (n—-m)/n " n-m

~ odds in favour of A =

P(A) _ (n-m)/n _ n-m
P(A) - m/n T m

-~ odds in against of A =
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D. Addition theorem of Probability:

(1) When events are independent:
If A and B are mutually exclusive events then
n(AnB)=0=P(ANB)=0
~P(AUB) =P(A) + P(B)

(2) When events are not mutually exclusive:
If A & B are two events which are not mutually exclusive then
P(AUB) =P(A)+P(B)—P(ANB) =0
or P(A+B) =P(A) + P(B) — P(AB)

E. Multiplication theorem of Probability:
(1) When events are independent:
p (g) = P(A) and P (g) = P(B), then
P(A N B) = P(A).P(B) or P(AB) = P(A).P(B)
(2) When events are not independent:
P(A).P(B)if P(A) # O or
P(A)P(A/B) if P(B) # 0 or
P(A)P(B/A) if P(A) # O or

P(B). P(A/B) if (B) % 0
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F. Probability of at least one of the n independent Events: If p;, p,, P3, ... Py are the probabilities of n independent events
A1,A, Ag, ... Ay, then the probability of happening of at least one of these event is
1-[1-pDA—=PF)..(1—py)]
P(A;+ A, + A;+ ..+ A,) =1—-P(A)P(A,)P(A3) ...P(A,)

G. Conditional Probability: If A and B are dependent events. Then the probability of B when A has happened is called

conditional probability of B with respect to A and it

is denoted by P(B/A). It may be seen that P (E) = PP(&B))

H. Binomial distribution for repeated trials:

Let an experiment is repeated n times and probability of happening of any event called success is p and not happening the

event called failure is ¢ = 1 — p then by binomial theorem
Q+p"=q"+"C:q"'p+..+"C:q""p'+..+p"
Now probability of
(1) Occurrence of the event exactly r times = "C, g""p"
(2) Occurrence of the event at least r time

— ncr qn—r pl‘ + ...+ pn
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(3) Occurrence of the event at the most r times
=q"+"Ciq"! p+...+"C,q""p
I. Some important results:
(1) Let A and B be two events, then
(a) P(A) +P(A) =1

(b)P(A+B)=1—-P(AB)

P(AB)
P(B)

() P(A/B) =
(d) P(A + B) = P(AB) + P(AB) + P(AB)
()AcB = P(A) < P(B)
(f) P(AB) = P(B) — P(AB)
(g) P(AB) < P(A)P(B) < P(A + B) < P(A) + P(B)
(h) P(AB) = P(A) + P(B) — P(A + B)
(i) P(Exactly one event) = P(AB) + P(AB)
() P((A+B) = 1 —P(AB)

= P(A) + P(B) — 2P(AB) = P(A + B) — P(AB)
(k) P (neither AnorB) = P(AB) = 1 — P(A + B)
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(2) Number of exhaustive cases of tossing n coins simultaneously (or of tossing a coin n times) = 2"
(3) Number of exhaustive cases of throwing n dice simultaneously (or throwing one dice n times) = 6"
(4) Playing cards

(a) Total: 52 (26 red, 26 black)

(b) Four suits: Heart, Diamond, Spade, Club-13 card each

(c) Court Cards: 12 (4 Kings, 4 queens, 4 jacks)

(d) Honour Cards: 16 (4 aces, 4 kings, 4 queens, 4 jacks)

(5) Probability regarding n letters and their envelops if n letters corresponding to n envelopes are placed in the envelopes

at random, then

(a) Probability that all letters are in right envelopes = %

(b) Probability that all letters are not in right envelopes = 1 —%

(c) Probability that no letter is in right envelopes = [% — % + % — e+ (=" %] n!

(d) Probability that exactly r letters are in right envelopes

A1 oy |
T2 3!+4! +(=D (n—r)!]n'
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A. Order of matrix: A matrix which has m rows and n columns is called a matrix of order m x n.
B. Type of matrices:
(1) Row Matrix: If in a matrix, there is only one row, then its is called a Row Matrix.

ThusAA = [aij] " is a Row Matrixifm =1

mx

(2) Column Matrix: If in a matrix there is only one column, then it is called a Column Matrix.

Thus A = [aif]mxn is a Column Matrixifn =1

(3) Square Matrix: If number of rows and number of column in a matrix are equal, then it is called a square matrix.
Thus A = [aij]mxn is a Square Matrix if m =n

(4) Trace of Matrix: The sum of diagonal elements of a square Matrix. ‘A’ is called the Trace of Matrix A which is denoted by
tr A.
trA=3%" a;j=a;;+a;+-+ap,

(5) Singleton Matrix: If in a matrix there is only one element then it is called Singleton Matrix.

(6) Null or Zero Matrix: If in a matrix all the elements are zero then it is called a zero matrix and it is generally denoted by 0.

Thus A = [aij] N is a zero Matrix if a;; = 0 for all i and j.

mxX

(7) Diagonal matrix: If all elements except the principle diagonal in a square matrix are zero, it is called a Diagonal Matrix.
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(8) Scalar Matrix: If all the elements of the diagonal of a diagonal matrix are equal, it is called a Scalar Matrix.

(9) Unit Matrix: If all the elements of principal diagonal in a diagonal matrix are 1, then it is called Unit matrix. A unit Matrix

of order n is denoted by I,,.

(10) Triangular Matrix: A square matrix [aij] is said to be triangular matrix if each element above or below the principal

diagonal is zero it is of two types.
(a) Upper triangular Matrix: A square matrix [aij] is called the Upper Triangular Matrix, if a;; = 0 when i > j.
(b) Lower Triangular Matrix: A square matrix [aij] is called the Lower Triangular Matrix, if a;; = 0 when i < j.
(11) Singular Matrix: Matrix A is said to be Singular Matrix if its determinant A = 0, otherwise non-singular matrix i.e..
C. Addition and Subtraction of Matrices:

If A [a- ] and [b- ] are two matrices of the same order then their sum A + B is a matrix whose each element is the
Ulmxn Ulmxn

sum A + B is a matrix whose each element is the sum of corresponding element and their difference A-B is a matrix, whose
each element is the difference of corresponding element, and their difference A-B is a matrix whose each element is the

difference of corresponding element.
D. Properties of scaler multiplication:
If A, B are Matrices of the same order and A, u are any two scalers then
(1)A(A+B) =14+ B
(2) A+ WA =24+ uA
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(3) A — 4) = (ApA) — u(14)
(4) (-24) = —(14) = A(-4)
(5) tr(kA) = k tr (A)

F. Multiplication of matrices: If A and B be any two matrices, then their product AB will be defined only when number of

column in A is equal to the number of rows in B. If A = [aij]mxnand B = [aij]mxp then their product AB=C = [cl-j], will

be matrix of order m x p, where (AB);; = C;; = Y71 ayby;
G. Properties of matrix multiplication: If A, B and C are three matrices such that their product is defined, then
(1) AB # BA (Generally not commutative)
(2) (AB)C = A (BC) (Associate Law)
(3)IA=A=Al
( Iis identity matrix for matrix multiplication)
(4) A(B+C)=AB+AC (Distributive Law)
(5)IfAB=AC#B=C
(Cancellation Law is not applicable)
(6) fAB=0

(It does not mean that A =0 or B =0, again product of two non-zero matrix may be zero matrix)
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(7) tr (AB) =tr (BA)

H. Positive integral powers of a matrix: The positive integral powers of a matrix
A are defined only when A is a square matrix
Alsothen A2 = A.AA3 = A.A.A.= A’A
Also for any positive integers m, n
(1) AMA™ = Am+n
(2) (™" = Amn = (A
B =11
(4) A° = I, where A is a square matrices of order n.

I. Transpose of matrix:

If order of Ais m x n, then order of AT is n x m.
Properties of Transpose:

(1) (AN =4

20(AtB)"=4"+B"

(3) (AB)T = BTAT

(@) (kAT = k(AT
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(5) (A14,A5 ... Ay 1 AT = AT AT _, .. ATATAT
61T =1
(7) tr (A) = tr (47)
J. Symmetric matrix: A square matrix A = [Al-]-] is called Symmetric Matrix if a;; = a;; foralli, j or AT =4
K. Skew — symmetric matrix: A square matrix A = [aij] is called skew — symmetric matrix if a;; = —a;; forall i, j

Every square matrix A can unequally be expressed as sum of a symmetric and Skew
. . It T 1 T
Symmetric Matrix i.e. A= [E A+ A )] + [E (A-A )]

L. Adjoint of a matrix: If A = [aij] be a square matrix and F;; be the cofactor of a [aij] then Adj. A = [Fij]T
M. Inverse of a matrix: If A & B two matrices such that AB = I = BA then B is called the inverse of A and it is denoted by
A" thus A~ = B & AB = I = BA to find inverse matrix of a given matrix A we use following formula

adj A
4|

A"l = Thus A~ exists & |A| # 0

N. Some special cases of matrices:
(1) Orthogonal Matrix: A square matrix A is called Orthogonal if AAT =1 = ATA
(2) Idempotent Matrix: A square matrix A is called an Idempotent Matrix if A> = A
(3) Involutory Matrix: A square matrix A is called an involutory Matrix if A2 =T orA™1 = A

iipotent Matrix: A square matrix A is called a Nilpotent Matrix if there existap € such that =
(4) Nilp Matrix: A sq ix A is called a Nilp Matrix if th istap e N such that AP =0
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0. Minor and Cofactor:

ai; Q12 Q13
IfA= |Gz1 Q2 Aaz3|then Minorof aq; is
az1 dzz dass
Ay, QAj3 L. a1 dzz
My, = | ,Similarly My, = | |
as, ass aszi; dss

The cofactor of an element q;; is denoted by F;; & is equal to (1)) M;j where M is a Minor of element a;;

a11 Q12 Q13

IfA= [Q21 Qazz Aaz3|then
az1 Q3 dszz
Az Q3
Fiy = (1) My, = My, = | |
11 ( ) 11 11 a32 a23
az1 Q3
Fi, = (D)2 M, = —M =—| |
12 ) 12 12 az; Qss

Remarks:
(1) The sum of products of the element of any row with their corresponding cofactor is equal to the value of determinant
i.e.A= ay1F1 +a,F, + a43F;3
(2) The sum of the product of element of any row with corresponding cofactor of another row is equal to zero
i.e.aq1F1 + a2F +a43F,3 =0
(3) If order of a determinant (A) is ‘n’ then the value of the determinant formed by replacing even element by its cofactor is
AL
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P. Multiplication of two determinants:

a; by
Multiplication of determinants of two matrices of order 3 x 3 is defined as follows |a, by ¢,
as bz c3

a1+ bty +cit5 aymy+bym,+cymy  ang +bin, +cyng
a1+ byty, +c,f5 aym; +b,m, +co,ms  ang + byn, +cong
azfq + b3ty + c3f3 azmq +bym, +c3ms  aszng + ban, + c3my

?y my mny
t; m; mn,
3 mg mng

X

Q. Differentiation of determinants:

fitx)  g1(x)

Let ALY ={r ) g20)

| ,where f,(x), f,(x), g1 (x)

And g, (x) are functions of x. Then

fix) g/ (x)
f2(0) g2’ (x)

_ i) g/ ()
f2(0) g2 (%)

A'(x)
Thus, to differentiate a determinant, we differentiate one row (or column) at a time, keeping others unchanged.
R. Symmetric determinant: A determinant is called skew symmetric determinant if for its every element a;; = a;; V i, j
S. Skew symmetric determinant: A determinant is called skew symmetric determinant if for its every element a;; = —a;; V i, j
T. Crammer’s rule: Consider three linear simultaneous equationinx, y, z
aix+byy+cz=d; ...(i)
ax + b,y +cz=d, ...(i0)

azx + byy +c3z =d3 ....(iii)
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_Mhoy b A
Case-l If A+ O thenx = A Y=L 2=

-~ The system is consistent and has unique solutions
Case-ll If A= 0 and
(a) If at least one of Ay, A,, A3 is not zero then the system of equation is inconsistent i.e. has no solution.

(b)Ifdy =d, =d; = 0o0rA;.A,.A; are all zero then the system of equation is consistent and have infinitely many

solutions.
A. Real number system:
(1) Natural Numbers (N): N = {1,2,3, ...}
(2) Whole Number (W): W = {0,1,2, ...} = {N} + {0}
(3) Integers (Zor1): ZorI ={..—3,-2,-1,0,1,2,3, ...}
(4) Rational Numbers (Q): The number which are in the form of p/q (where p, g€ I.q # 0)

(5) Irrational Numbers: The numbers which are not rational i.e. which can not be expressed in p/q form or whose decimal

part is non terminating non repeating but which may represent magnitude of physical quantities
e.g.\2,53,m e .. etc.

(6) Real Numbers (R): The set of Rational and Irrational Number is called asset of Real Numbersie. NcW cZcQ cR
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B. Imaginary Numbers:
x = +v/—1 is imaginary and vV—1 = i(iota)
Remark: If a, b are positive real numbers then
V=axv-b = —Jab

C. Integral powers of iota:

i=vV—1soi’?=-1;i3=—iandi*=1

Hence i*°+1 =i ;A2 = —1

l'4-TL+3 = — ;i4n or l'4-TL+4- =1

. lm — l'4-TL+T — (i4)n l-r — (1)11 L-r — l-r

D. Complex numbers: A number of the form z = x 4+ iy where x,y € R and i = v—1 is called a complex number where x is

called as real part and y is called imaginary part of complex number and they are expressed as Re(z) = x,Im (z) =y
— [r2 2 . = -0 = -1Y
|z| = x?+y? ;amp (z) = arg(z) =0 = tan -

(1) Polar representation:

X =7rcosd,y =rsind &r =/x? +y? = |z|
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(2) Exponential form:

z =re'? (where e = cos 0 +isind

(3) Vector representation:
P (x,y) then the vector representation is z = opP
E. Properties of conjugate complex number:
Let z = a + ib be a complex number. Then the conjugate of z is denoted by Z and is equal to a — ib Thus,
z=a+ib > zZ=a—-1ib
M@=z—-2 =z
(2) z+ Z = 2a = 2 Re (z) = purely real
(3) z— Zz = 2ib = 2i Im (z) = purely imaginary
(4) zz = a? + b? = |z|*> = {Re(2)}? + {Im(2)}?
(5)z+Z=00rz=—7z = z=0or zispurely imaginary
(6) z=—Z = zis purely real.
F. Properties of modulus of a complex Number:
(1) zz = |z|?

2)z1=2

T z2
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(3) |z1 £ 251* = 21| + | 221 £ 2Re(2, ;)

(8) |21 + 2,|* + |21 — 2,1* = 2[|211* + | 2,1?]
G. Properties of argument and modulus of a complex Number:

If z, z; and z, are complex numbers, then

(1) arg (any real positive number) = 0

(2) arg (any real negative number) =1

(3)arg(z—2z) = +m/2

(4) arg(z,.2,) = arg (z1) + arg(z,)

(5) arg(z, z;) = arg (z;) — arg(z,)

6)arg (2) = arg (z1) - arg(z)

(7)arg (2) = —arg(z) = arg(1/z)

(8)arg(—z) =arg(z) tm

(9) arg(z") =narg (2)

(10) arg(z) + arg(z) =0
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(11) |21 + 2,1% = |21|? + |221* + 2|21 ||z | cos (6, — 6),
where 6, = arg(z,)and 6, = arg(z,)

(12) |2y = 2;|* = |11 + |22|* = 2121 |2;]cos(6; — 65),
where 6, = arg(z,)and 6, = arg(z,)

(13) |21 + 2| + |21 — 2,|* = 2(||* + |2,]?)

(14) |z, + 23| = |z, — 23| & arg(z,) —arg(z;) = w/2

(15) |z, + 23| = |z1] + |z;| & arg(z,) — arg(z;)

(16) |z + 23| = |12 + |,|? & E—: is purely imaginary.
If |z1] <1,]z,] <1, then

(17) 121 = 21 < (211 = 122 + (arg(z1) — arg ()’

(18) 12, + 2* = (121 + |.)? — (arg(z)) — arg (z)”

H. Square roots of a complex number:

The squarerootofz =a +ib is

va+i =i[ /m%+i /lle_a] for b > 0and
J_r[ B /lZIT_a]forb<0
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I. Triangle inequalities:
(1) |z £ 25| < [z4] + |22] (2) |z £ 22| = |z4] + ||
J. Some important points:
(1) If ABC is an equilateral triangle having vertices z;, z,, z3 then zZ2 + z% + 22 = 7,2z, + 2,23 + 237,
1 1 1

or + + =0
21—22 Z2—23 23=7Z1

(2) If 1, z5, z3, z4 are vertices of parallelogram then z;+2z3; = z, + z,

(3) If z1, 5, z3 are the affixes of the points A, B, and C in the Argand plane, then

(a) 2BAC = arg (23_21)

Z2—21

- |z3—274| ..
b) =4 = B4 (cosa+isina
( )22—21 |z3—24] ( )

where ¢ = 2BAC.
K. Equation of a circle: The equation of a circle whose centre is at point having affix z, and radius Ris |z — zy| =R
L. De-moivere’s theorem:
Statement: (i) If n € Z (the set of integers), then (cos 8 + i sin6)™ = cosnb + i sinnd

(i) If n € Q (the set of rational numbers) then cos n@ + i sin né is one of the values of (cos 8 + i sin6)™.
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M. Roots of a complex number: Letz = a + ib be a complex number, and let r(cos® + isin 0) be the polar form of z. Theny

De Moivere’s theorem r1/» {cos (g) + isin (g)} is one of the values of z/™,

(1) Roots of unity:
n-1

nth roots of unity are :a° = 1, o, a?, a3, ... a0

i2m/n

2T . . 2T
wherea = e =COS?+ISIH?.

(2) Properties of nth roots of unity:

(a) nth roots of unity form a G.P with common ratio e' 2™/,

(b) Sum of nth roots of unity is always zero.

(c) Sum of pth powers of nth roots of unity is zero, if p is not z multiple of n.

(d) Sum of pth powers of nth roots of unity is n, if p is a multiple of n.

(e) Product of nth roots of unity is (—1)""1

(f) nth roots of unity lie on the unit circle |z| = 1 and divide its circumference into n equal parts.
(3) Cube roots of unity:

cube roots of unity are 1, w, w?, where @ = el 2™/3
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(4) Properties of cube roots of unity:
(a) Cube roots of unity are 1, w, w?

1, .V3 -
where w = ——i17=e12“/3

(b) arg(w) = 2?ﬂand arg(w?) = 4m/3

[\

(c) w and w? are roots of the equationz? +z+ 1 = 0
(d) Cube roots of unity lie on the unity circle |z| = 1 and divide its circumference into three equal parts.

0,if n is not a multiple of 3

n 2n _
(e)1+w”+w _{ 3,if n is a multiple of 3

(f) Cube roots of —1 are — 1, —w, —w?

(g) —w and —w? arerootsof z2 —z+1 =0
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%« JEE FORMULA NOTES

MATH
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[ Co-ordinate Geometry ]

A. Distance formula:

(1) Distance between two points:

(x1,y1) and (x2,y) = v/ (x2 — x1)% + (2 — y1)?

= \/(Diff. of abscissas)? + (Diff. of ordinates)?

(2) Distance of (x4,y;) from origin: \/x? + y?
Remark: If two vertex A(x4,V1), B(X,,y,) are given then third vertex

X1 +%, FV3(y2—y1) Y1+y22V3(xa—xq)
2 ’ 2

of equilateral triangle Cis

B. Section formula:
(1) Point P(x, y) which divides the join of two given points A(x, y) and B(x,, y>) in a given ratio m;: m,

(my, m, > 0, m; # m,, internally and externally) then coordinate of p is given by

my +My mq+ My
_MeXo —MpXy o MY2 ~Ma¥1 (exiernally )
mq—Mmyp

xo MiXz +MaXq _ Mi¥a + ¥y (internal]);l

my—mp

W N, ———pl——M,———+
AlX,.Y:) Py) B(X..¥2)

—_—
M T, ——H

Ay, Blx.y.) P(x.y)
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(2) Co-ordinates of any point on the join of A(x4,y;) and B(x5, y,) can be taken as

(Ax2+x1 7\Y2+Y1)
A+1 7 A+l

(This point divides the given line in the ratio A: 1)

(3) Mid point of A& B is (XlTJ'XZ’_YI;sz )

C. Special points in a triangle with co-ordinates:
(1) Centroid (G): Definition:
Intersection point of all three medians in a triangle.
(a) G divides median Px. y1)
Into 2: 1.

(b) G always lies inside the triangle.

(c) Co-ordinates of G is

(X1+X2+X3 Y1+Y2+Y3) or (ZX1 ZY1)
3 ! 3 3’ 3

(2) Incentre (l) : Definition:
Intersection point of internal angles bisector.
(a) 1always lies inside the triangle.
(b) Internal angle bisector divides

the base in the ratio of adjacent sides.

(c) Co-ordinates of I is

(ax1 +bx,+cx3 ay;+by,+cys )
a+b+c ' a+b+c

where a, b, c are the lengths of the sides of the A
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(3) Ex-centres (I1,1,,13): Definition: The centre of the escribed circle which is opposite to vertices.
To get I, (orI, orI3) replace a by —a (b by — b or c by — c) in formula of coordinate of |
(4) Circumcentre (C): Definition:
Intersection point of perpendicular bisector of sides.
(a) For acute angle A = lies inside
(b) For obtuse angle A = lies outside
(c) Forrightangle A
= Mid point of hypotenuse

(d) Co-ordinates of circumcenter is

(x1 sin 2A+x, sin2B+x3 sin2C y, sin 2A+y, sin2B+y3 sinZC)
sin2A+sin2B+sin2C ! sin2A+sin2B+sin2C

(5) Orthocentre (O): Definition:
Intersection point of altitudes.
(a) For acute angle A = lies inside
(b) For obtuse angle A = lies outside
(c) Forright angle A

= vertex at 13f

(d) Co-ordinates of orthocenter is

(x1 tan A+x, tanB+x; tanC y; tan A+y, tanB+y3 tanC)
tanA+tanB+tanC ’ tanA+tanB+tanC

Rankers JEE | Rankers JEE Advanced | Rankers NTSE and Foundation | Rankers Offline Coaching | Rankers Consulting Services
YouTube — Rankers JEE



D. Harmonic Conjugate: If P is a point that divides AB internally in the ratio m: m,, then the point P and Q are said to be

Harmonic conjugate to each other with respect to A and B.

. 1 1 _ 2
i.e. AP, AB and AQ forms a HP = E+E_AB

Remark: Internal and External angle bisector of an angle divides the base harmonically.

(a) Inany triangle O, G, C are collinear.

(b) In any triangle G divides the line joining O & C in ratio 2: 1.
(c) Inany equilateral triangle O, G, C, | are coincident.

(d) In anisosceles triangle O, G, C, | are collinear.

E. Area of a triangle whose vertices are (x1,y1), (X2,¥2) and (X3,y3):

LI 1
A= Z[X2 ¥z 1{| Modulus sign
X3 y3 1

Remark: If A, B, C are taken in anticlockwise direction there is no need to put modulus in the formula to calculate area.
F. Condition of collinearity:

Three points A(x4,V1), B(X,,y,) and C(x3,y3) are collinear if and only if

Xy y1 1
X2 y2 1|=0
X3 y3 1
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G. Locus: Def. Locus is a path traced by any moving point with in given geometrical constraints.
Remark: All those points which satisfy the given geometrical condition will definitely lie on the locus. But converse is not
true always.

(1) Inclination of a line: It's a measure of the smallest non-negative angle which the line
Makes with +ve direction of the x-axis [angle being Ty
measured in anti-clockwise direction]. 0 < a < 4//(})(

(2) Slope of the line: If the inclination of line is 8 and 6 +# gthen its slope is defined as tanB and denoted by ‘m

’

(a) If 0 = 0,then m = 0 i.e.line parallel to x — axis.

(b) If 8 = 90°, then m does not exist i.e. line parallel to y-axis

Y2—Y1
X2—X1

(c) Slope of line joining two points A(X4,V1) & B(X5,y,) ism = tanf =

(d) If a line equally inclined with co-ordinate axes then slope is + 1.
(3) Intercepts: The point where a line cuts the x-axis (or y-axis) is called its x-intercept (or y-intercept).
(a) Intercepts may be +ve, -ve or zero.
(b) Aline making an intercept of —a with y-axis means the line passing through (0, -a)
(c) Aline makes equal non-zero intercept with both co-ordinate axes then slope is -1.
(d) Aline makes non-zero intercept with both co-ordinate axes equal in magnitude then slope is +1.
H. Equation of Straight line in different form:
(1) General Form:ax+by+c=0

(2) Point slope form: The equation of a straight line passing through a fixed point A(x4,y;) & having a slope equal to m is

given by (y —y1) = m(x — x4)
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(3) Two point form: The equation of a straight line passing through a fixed point A(x4,y;) & B(X,,y2) and having a slope

Y2—V1
X2—X1

Y2—¥1

) (x —x1) wherem = —

equal tomis given by (y —y;) = (
(4) Slope Intercept form: The equation of a straight line whose y-intercept is given as ‘c’ & slope is ‘m’ is given by

y=mx+ccomparewithax+by+c=00ry=—%x—%

coefficient of x
> m=-——
coefficient of y

(5) Double intercept form: The equation of a straight line passing through A(a, 0) & B(0, b) and having a slope
m = —b/ais given by g +% = 1; where x-intercept is a & y-intercept is b.
(6) Normal Form: The equation of a straight line situated at a 12" makes an angle a with +ve direction of x-axis is given by

X cosa + y sina = p B(0, p cosec )

(~0<a<2m m
Where m = — cota and o
| AN
p = length of 12 from origin (p seca.,0)

m;—m;

I. Angle between two given lines: tanf = |
1+m;m,

(1) If angle between two st. lines is asked always given acute angle unless satisfied.
(2) If m; = m, = tanB = 0 i.e. lines are parallel or coincident.
(3) Aline parallel to ax + by + ¢ = 0 may be takenasax+ by +A =0

(4) fmm, =—1=tanf =00 =0 = g i.e. lines are perpendicular.

(5) Aline perpendicular to ax + by + ¢ = 0 may be takenasbx —ay+pu =20
(6) Ifmlmz = 1 = 91 + 92 = 900

i.e. lines makes complementary angles with the x-axis
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(7) fm; +m, = 0= 06, + 6, = 180°
i.e. lines makes supplementary angles with x-axis or lines are equally inclined to the x-axis or if lines pass through
origin then the co-ordinate axes are angle bisector of angle between these two lines.

(8) To find the tangents of the interior angles of a A formed by three lines, first arrange L4, L,, L3 in their descending
order of slopesi.e. m; > m, > ms.
(In this case do not put modulus on angle formula)

J. Length of the 12" from P(x4,y;) tothelineL:ax+by+c=0:

_ |ax1+by;+c

= | Vazenz

K. Distance between parallel lines:

ax+by+c, =0andax+by+c,; =0 is

C2—Cq1

VaZ+b?
L. Area of parallelogram with given sides:

p:

D/ y=mx+C, |C

p, y=mx*d,

(C1-C3)(d1 - dp)
my *mz

i
| Area =

B A/ y=mx+C, / B

M. Condition of parallelogram as shown becomes a rhombus:

p1=p; = C1—C2 — di—d,
1= P2 = |G| T [Vazenz
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N. Parametric form:

X=X1 _ Y~ V1

= — = +r where r - parameter
cos 6 sin 6

0 — inclination of line (fixed) ;0 <6 <™
sin ©® > 0 and cos 6 may be +ve or —ve.
Co-ordinates of any point P in parametric form
(x,y) = (x4 £ rcos6,y; + rsin0)
Remark: Whenever distance are involved think about parametric.
O. Position of a point w.r.t.toalineL: Ax+By+c=0
(1) If the points P(x4,y1) & Q(x3,y2) lies on the side of the line Ax + By + C = 0 then the expressions Ax, + By, +
C & Ax; + By; + C have same sign otherwise if P and Q lies on opposite side then Ax; + By; + Cand Ax, + By, +
C will have opposite sign.
(2) If only one point is given then position of that point is checked w.r. to origin.
P. Condition for concurrency: Three lines

Ll:aX1+by1+C1=0; Ll:aX2+by2+C2=O;

a; b; o
Ls: ax3 + bys + c3 = 0 are concurrentifand onlyif [a, b, ¢/ =0
az bz c3

Q. Family of Straight line:
(1) The general equation of al line through the intersection of two given linesP =0andQ =0isP+2AQ =0
(2) The line through the intersection P = 0 and Q = 0 and perpendicular or paralleltoR=0isP—-2Q =0
R. Reflection (Image) of a point P(«a, B) about a line (ax + by + ¢ = 0)

|X-a _y-p_ 2(ac+bp+c) A
‘ a b a2 +b?
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S. If (x4,y1) is the foot of perpendicular drawn from a point (a, ) to a given line

— nlLX1mayi—B _ (aa+bB+c)
t=ax+by+c=0: === 212
T. Shifting of the origin:
X,y = old co-ordinates axes ; Y
P{x y)
X,Y = New co-ordinate axes If_b
J' a X-a

X=0=>x—a=0>x=a X< @by 7 X

I
Y=0=>y—-b=0>y=b 00 0 X
Slope and area of closed figure y Y

Remains unchanged under the translation of co-ordinate axes.

U. Angle Bisector: Locus of equation of angle bisectors.

a;x+byy+c; +azx+b2y+c2
lazevz T [az4n2
(a) Angle bisectors of 2 lines are always perpendicular.
(b) Any point on the bisector is equidistant form given lines.

(1) To differentiate between origin containing & not origin containing angle bisector:

.. .. . a;X+b,y+c a,x+b,y+c
Origin containing angle bisector — =% 1Y7C1 _ 32X702¥7C

fz 2 fz 2
aj+by aj+bg

Non-origin containing angle bisector

a;x+byy+cy a,x+byy+c,

aZ+b? ’a{+b%
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Remark: The sign of c; & ¢, must be positive.
(2) To differentiate between acute & obtuse angle bisector.

(a) If O be the angle between one of the given lines and any one bisector then find tan. If [tan 0] < 1, it is the
bisector of the acute and if [tan 8] > 1, then it is the bisector of the obtuse angle.

(b) If the linesa;x+ by + ¢; = 0&a,x+ b,y + ¢, = 0. First make the constant c; and c, positive. Now evaluate
a;a, + b;b, and if +ve sign then origin lines in obtuse angle and if a;a, + by b, is —ve then origin lies in acute
angle.

V. Pair of straight lines: Combined equation of two lines passing through origin ax? + 2hxy + by? = 0 which is 2" degree
homogeneous equation
(1) 1fh? —ab > 0O i.e. lines are real and distinct.
If h2 — ab = 0 i.e. lines are real and coincident.
If h> — ab < 0 i.e. lines are imaginary with real point of intersection as origin.
(2) Combined equation of co-ordinate axes = xy = 0

(3) Ify = m;x & y = m,x two lines are given by ax? + 2hxy + by? = 0 then

2h a
ml + m2 = _?&mlmz == E
Vvh2—
(4) Angle between two lines represented ax? + hxy + by? = 0 tan8 = 2 :+bab

(5) Condition for the lines to be perpendicular
Coefficient of x? + coefficient ofy> =0 = a+b =0
(6) Condition for the lines to be parallel or coincident. = h? = ab

(7) Combined equation of angle bisectors:
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(8) Product of the L2 dropped from P(X4,y;) to the pair of lines represented by

2 2
m;m,x7—(m;+m;)X1y; +y1

2 m2+m2m2
1+mf+ms+mim3

ax% +2hx,y4 +by§
J/(@a=b)2+4h2

(9) Combined equation of line not passing through origin :

ax? + 2hxy + by? = 0'is

ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 represent a pair of st. lines if

a h g
D = abc + 2fgh —af?2 —bgZ —ch?=0or [h b f|=0
g f c

W. Homogenization: Combined equation of line joining origin to the point of intersection of given line say
Ix + my + n = 0 with any 2" degree curve ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 can be obtained by homogenizing the

curve with the help of given line.

ax? + 2hxy + by? + ng( X+my) + 2y (€X+my) +C (€X+my) =0

n
A. Definition of Circle: Circle is a locus of a point whose distance from a fixed point always remains constant.

(1) Equation of circle with centre (a, b) and radius r: (x —a)? + (y — b)? = r?

(2) Equation of circle with centre as origin and radius r: x? + y? = r?
B. General equation of circle:

x2+y?+2gx+2fy+c=0

(Provided coeff. of x? = coeff.of y? = 1)

Where center = (—g,—g) = (—%coeff. of x, —%coeff. ofy)

& Radiusr = /g2 +f2 — ¢
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(1) Necessary and sufficient condition for general equation of degree two:
i.e. ax? + by? + 2hxy + 2gx + 2fy + ¢ = 0 to represent a circle is
(a) coefficient of x? = coefficient of y? = a = b (Not necessarily unit ) and
(b) coefficientofxy =0=h =0
(2) Nature of circle:
(a) Ifg?+f2 —c> 0i.e.circleis real
(b) Ifg? + f2 — c = O i.e. circle is point circle
(c) If g2+ f2 —c<O0i.e.circle isimaginary
C. Diametrical form of circle: The equation of circle with A(x4,y;) and B(x,,y,) as its diameter end point is
E=x)E=%x)+F-y)y—y2) =0.
D. x-Intercept (or y-intercept) of circle
x> +y?+2gx+2fy+c=0:
%, — x,| = 2/gZ —c (or ly; — y2| = 2VFZ —¢)
Remark: If circle pass through origin i.e. ¢ = 0 then x-intercept (or y-intercept) = 2|g|(or 2|f])
E. Position of a point P(x4,y;) w.r. to a circle
S:x?+y%+2gx+2fy+c=0:
S: =x%+y?+2gx, +2fy; + ¢
(1) If S; = 0 then P lies on circle.
(2) If S; < 0then P lies inside of circle.

(3) If S; > 0 then lies outside of circle
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F. Parametric equation of a circle:

X—X1 — Y=y —
cos 6 sin 6

r — fixed radius; 6 — variable € [0, 2m)
Parametric co-ordinate of a point can be writtena(r, 0).
X=Xy +rcos6;y=y; +rsin8

G. Line & acircle:
LetL=0bealine. | =

S =0 be acircle.

R is radius of circle.

p is length of perpendicular from the center of circle to line L.

(1) If p > rthen line is neither tangent nor secant to the circle.

(2) If p=rthen line is a tangent to circle.

(3) If p <rthen lineis a chord (secant) to the circle.

(4) If p=0then line is diameter w.r. to the circle.

H. Equation of tangent in different form:

(1) Cartesian form: If circle x? + y? = a?; then equation of tangent at point (x4, y;) lying on circle is xx; + yy; =
a’ie.T=0
If circle x2 + y? + 2gx + 2fy + ¢ = 0 then equation of tangent at point (x4, y;) lying on circle xx; + yy; +
gx+x)+yy+y1)+c=0ieT=0
Remark: Equation of tangent drawn to any second degree curve at P(x,y) on it can be obtained by replacing

X* = XXy Y2 2 YY1 2X 2 X+ X132y 2 ¥ + Y153 XY = Xyp +Yxg
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(2) Parametric form:
If equation of circle : x? + y? = a? then

Xcosa+ysina = a.

(3) Slope form:y = mx + av1l 4 m? where m is slope
I.  Some Important formulas:

(1) Length of tangent form point P(x4,y;):L = \/S_l

(2) Area of squad PAOB = 2 X APOA = rt.

(3) Length of AB

(chord of contact)

2rL
Vr2+L2

= 2Lsin 0

AB =

(4) Area of APAB(A formed by pair of tangent & corresponding COC)

rL3
r2+L2

APAB =

(5) Angle ‘20’ between the tangent:

2rL
L2—r2

tan 20 =

(6) Equation of circle circumscribing the APAB (one such circle have ‘OP’ as a diameter)

x—x)Ex++-y)y+H=0

J.  Power of the point: square of the length of the tangent from the point P is defined as power of the point ‘p’ w.r. to given

circle. /T<
D,
= _
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Remark: Power of a point remains constant w.r. to a circle PA.PB = PB?
K. Director circle: Locus of a point P which moves in such a way such that the pair of tangent drawn from p to a given curve
makes an angle of 90° is called director circle of the given curve.
(i.e. Director circle of a circle is a concentric circle having radius V2 times of the original circle)
L. Equation of the chord with given mid point (x4,y;) of the circle x? + y? + 2gx + 2fy + ¢ = 0:
T=S;whereT =xx; +yy; + gx+x;) +f(y+y) +c
&S, =x% +y?+2gx; +2fy; + ¢

M. Chord o contact AB: A
T=0 P
B
N. Equation of Pair of tangent PA & PB:
SS, =T?
O. Family of circle:
(1) Equation of family of circles which passes through the point of intersection of two circles S; = 0 and S, = 0 is may be
given as :
Si+AS, =0A+# -1
(2) Equation of family of circles passes through the point of intersection of a circlesS = 0andalineL=0isS+ AL =10

(3) Equation of family of circles passing through two given points A(x4,y1) & A(X5,y2) is

x y 1
X=x)E=x)+ Y —yDy—y2)+A|x1 y1 1|=0
X Y2 1
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(4) Equation of family of circles touching a line (L. = 0) at the fixed point (x4,y;) lying on the line ‘L’ is
x—x)?+({—-y)?+AL=0ie.S+A=0

(5) Equation of circle circumscribing a triangle whose sides are given by £; = 0,#, = 0 and 5 = 0 is given by
b1l + M, 45 +pfs3 £ = 0.

(6) Equation of circle circumscribing a quadrilateral whose side in order are represented by lines

‘gl = O,gz = O,€3 = Oand€4 = Oisgiven byfl‘g3 +A’€2'€4 =0

P. Common tangents to two circles :
D.C.T. — Direct common tangent (or external common tangent)
T.C.T. - Transverse common tangent (or internal common tangent)

(1) If two circle are separated:

C1Cy > 1y + 1y N e
r I,

= 3 common tangent c, b4
2

- ~

=>2D.CT.&2T.C.T.

(2) If two circles touches externally:
CiCy >r1 471y
= 3 common tangent f,

c, C,
=>2D.CT.&2T.CT.
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(3) If two circles intersect each other:

Ir; —ryl <cicy<ry+ry

= 2 common tangent r,

C, C,;
= 2D.C.T.

(4) If two circles touches internally:

€ C; = |r; — 1y

= 1 common tangent

= 1D.C.T.

(5) If one circle is completely contained in another circle:
€16 < |ryp — 1y

= No common tangent

(6) Length of D.C.T.:

d? = L%axt. +(ry; — rl)zi Lext = \/dz — (ry —11)?

Irz_ nl

(7) Length of T.C.T.:
d? = Lipe + (ry +13)?

Lint = \/dz —(ry + 1)
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Q. Radical axis:
IfS;:x? +y? +2g;x+ 2fiy+c¢, =0
IfSy:x? +y2 +2g,x+ 2f,y+ ¢, =0
Then equation of radical axis = S; —S, =0
Radical centre: The common point of intersection of the radical axis of three circles taken two at a time is called the
radical centre of three circles.
R. Orthogonality of two circle:
Two curves are said to be orthogonal if they intersect each other at 90° wherever they intersects.

Condition for orthogonality of two circles:

P
x2+y? +2g;x+2f1y+¢, =0 A
x? +y? +2g,x+2fLy+¢c, =0 S, . S,
2g1g2 + Zflfz =Cq + Cy B
A. Definition: Locus of a moving point which move such that its distance form a fixed point is equal to its 12 distance from a
fixed line.
(a,2a) D
1Z S 2
Directrix 5> Double
ordinates
vertex | s
N —
> X
2a E;sus Axis of symmetry
Foot of Racaum
Directrix c G=a)
L.
x=a (a.-2a) g
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B. Parameters of the Parabola y? = 4ax :
(1) Vertex A= (0,0)
(2) FocusS= (a,0)
(3) Directrix=x+a=0
(4) Axis = y = 0 or x — axis
(5) Equation of Latus Rectum = x = a
(6) Length of Latus Rectum = 4a
(7) Ends of Latus Rectum = (a, 2a), (a, —2a)

(8) The focal distance = sum of abscissa of the point and distance between vertex and Latus Rectum

C. Parametric form of parabola: y? = 4ax are x = at?,y = 2at and for parabola x? = 4ay is x = 2at,y = at?

D. Equation of chord joining any two point of a parabola: If the points are (atf, 2at,) and (at%, 2at,) then the equation of

chordis (t; + t;)y = 2x + 2at; ty weeeee. (i)

Slope of the chord =
ty+t,

(1) If equation (i) passes through a fixed point (c, 0) then t;t, = —§
If equation (i) passes through focus then t;t, = —1

(2) If one end of focal chord of parabola is (at?, 2at), then other end will be

(%,_Tza) and length of focal chord = a(t + 1/t)?; min. length = 4a
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(3) The length of the chord joining two points 't;” and 't,” on the parabolay y? = 4axisa(t; —t,) /(t; —t;)2 + 4
(4) The length of the chord of the parabola intercepted on

y = mx + cis % Ja(1 + m?)(a — mo).

E. Condition of tangency:
(1) Theliney = mx + c touches a parabola y? = 4ax then c = a/m

(2) The liney = mx + c touches parabola x? = 4ay if ¢ = —am?

F. Equation of Tangent :
(1) Point Form: The equation of tangent to the parabola y? = 4ax at the point (x4,y;) is yy; = 2a(x + x;) or T=0.
(2) Parametric Form: The equation of the tangent to the parabola at P(t) i. e. (at?, 2at) is ty = x + at?

(3) Slope Form: The equation of the tangent of the parabola y? = 4axisy = mx + 2g& point of contact (a/m?, 2a/m
y y -

(4) Director circle: Director circle is the locus of point of intersection of two perpendicular tangents
Remark: In parabola director circle is its directrix i.e. x = - a
G. Equation of normal :

(1) Point Form: The equation to the normal at the point (x,y;) of the parabola y? = 4ax is given by

y=y1 =52 (x=x).
(2) Parametric Form: The equation to the normal at the point (at?,2at) isy + tx = 2at + at>
(3) Slope Form: Equation of normal in terms of slope m is

y = mx + 2am — am? at (am?, —2am)

(4) The foot of the normal is (am?, —2am)
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H. Highlights on Normal:
(1) Intersection point of normal at P(t;) & Q(t,)
x=a(t? +t3 +tyt, + 2);y = —atty(t; + tp)
2

(2) If normal at P(t;) meets the parabola again at Q(t,) thent, = —t; — =
1

(3) If normal at at P(t;) & Q(t,) meet the parabola again at R(t3)
thent;t, =2&t; +t, +t3 =0
(4) Maximum three normals can be drawn form a point on the parabola.
(5) The algebraic sum of the slopes of three concurrent normal is zero.
(6) Algebraic sum of the ordinates of foot of three concurrent normal is zero.
I.  Pair of Tangents: SS; = T?
J.  Chord of contact:

(1) The equation of chord of contact of tangents drawn from a point (x4,y;) to the parabola y? = 4ax is
q g p Y1 Y y

yy: = 2a (X +Xq)

(2) Lengths of the chord of contact is i\/(yf — 4ax,)(y? + 4a?).

(3) Area of triangle formed by tangents drawn form (x4, y;) and their chord of contact is i (y? — 4ax,)3/?

K. Important Highlights:
(1) The tangent and normal at any point P on the parabola are the bisectors of the angle b/w focal radius and 12" from P
on the directrix.
(2) If Qis any point on the tangent and QN is the 12" from Q on focal radius and R is 12" to the directrix then QR = SN

(3) Circle circumscribing the A formed by any tangent, normal and the axis of the parabola has its centre at focus.
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(4) The portion of a tangent to a parabola cut-off between the directrix & the curve, subtends a right angle at the focus.
(5) Any tangent to a parabola and the or on it from the focus meet on the tangent at the vertex.
(6) The semi latus rectum of a parabola is the H.M. between the segments of any focal chord of a parabola i.e. if PQR is

__ 2PQQR
focal chord, then 2a = PQIOR'

(7) The area of triangle formed by three points on a parabola is twice the area of the triangle formed by the tangents at

these points.
A. The general 2™ degree equation:
ax? + by? + 2hxy + 2gx + 2fy + ¢ =0
will represent an ellipse if h> —ab < 0

& A= abc + 2 gth —at? —bg? —ch? =0

B(0,b)
M - f(x.y) im
g2 T xnd
X £ £ 5>x
Z (_aIO)AIQ(ﬁge_O) C Sitae.0)A(a,0) zZ
i X
2t B'(0,~b) =
&i L a
Y

B. Standard form of the equation of ellipse

2 2
X y _ .
S+ =1:

(1) Length of major axis = 2a
(2) Length of minor axis = 2b

(3) Directrix: x = g and x = _2

(4) Focus: S(ae, 0)& S'(—ae, 0)
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2
(5) Length of Latus rectum % =2a(1 —e?) =2e (distance%directrix & corresponding focus)

C. Parametric form of ellipse: The equation of ellipse in the parametric form will be given by x = acos @,y = b sin®

2 2
D. Condition of tangency: The line y = mx + ¢ touches the ellipse = + % = 1,if c = +Va’m? + b?

aZ
E. Equation of the tangent:
(1) The equation of the tangent at any point (x4, y;) on the ellipse

1
X yoo_4 . XYY _
Sto=1 =1

(2) The equation of tangent at any point P(0) : g cos 6 + % sin6 = 1.

T2 Ih2
(3) Slope Form :y = mx + Va?m? + b? and its point of contact is = ( tam b )

VaZm2+b2’ Va2m?2+b2
2 2
(4) Director Circle: The equation of the director circle of the ellipse ;(—2 + E—z = 1lisx? +y? = a? + b?

(5) Point of intersection of the tangent at the point P(a) and Q(B) is:

a cos(%ﬁ) b sin(ﬂ)

cos(B) Y T cos(%E)

F. Equation of the Normal:

X =

(1) The equation of the normal at any point (x4,y;) on the ellipse

X2 y2 aZX be 2 2 2.2
=—+==1.———=23°—Db* =a%e
az b2 Xq V1

(2) The equation of the normal at any point

P(0):ax sec — by cosec 8 = (a? — b?)
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G. The equation of the chord of the ellipse
x2  y? . . . .
= + 0= 1, with given middle point: T = S;

H. The equation of the chord of contact:

XXq
a2

T=0or +m—1(atx1,y1)

b2
I. Pair of tangents: SS; = T?
J. Equation of chord joining P(a) and Q(P) :
seos (557) +sin (57) = cos (55)
K. Highlight on ellipse:
(1) If P be any point on the ellipse with F; & F, as its foci PF; + PF, = 2a
(2) (a) The product of the length of the 12T segments from the foci on any tangent to the ellipse is b?
(b) Feet of this perpendicular lies on its auxiliary circle.
(3) The tangent and normal at a point P on the ellipse bisect the external and internal angle between the focal distance of
point P.
(4) A circle on any distance as diameter touches the auxiliary circle
A. The tangent 2" degree equation:
ax? + by? + 2hxy + 2gx + 2fy + c =0
will represent an hyperbola if h> —ab > 0
& A= abc + 2gfh — at? —bg? — ch? # 0
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B. Standard form of the equation of hyperbola

2T =1
y
X = _a T X=+ a
e e )
B x = (ae, b’la)
(0, b)
g A' A S S
(—ae, 0)/(-a, 0) c|(0, O)(a, O) (ae,0)
(o!_b) B \ (ae. —bzla)
L
(1) Length of transverse axis (T.A) = 2a
(2) Length of conjugate axis (C.A) = 2b
(3) Directrix:x = Zand x = —a/e
(4) Focus:S (ae,0)and S’'(—ae, 0)
2b?
(5) Length of Latus Rectum = -
T b* _ (C.A)?
(6) Eccentricity:e” =1+ =1+ TA)?
C. Conjugate Hyperbola:
2 2 2 2

(1) The equation of the conjugate hyperbola of;(—2 - Z_Z =1is z—z - z—z =-1

(2) If e; and e, are the eccentricity of the hyperbola and its conjugate then % + é =1

D. Parametric form of hyperbola : The equation of hyperbola in the parametric form will be given by
x =asecP,y =btanQ

E. Condition of tangency: The line y = mx + c touches the hyperbola

Rankers JEE | Rankers JEE Advanced | Rankers NTSE and Foundation | Rankers Offline Coaching | Rankers Consulting Services
YouTube — Rankers JEE



2 2
hyperbola X—Z —L =1,ifc=+Va?m? — b2
a b2
F. Equation of tangent:

(1) Cartesian form: The equation of the tangent at any point P(x4, ;) on the hyperbola

X y2 L om XX1 YY1 _
;E'—'EE-— 1isT=0or :;; —'7;? =1
. . . x2  y? .
(2) Parametric form: Equation of tangent to the hyperbola il 1 at the point

P(a,secB,btan0) is gsec 0— %tan 0=1

2 2
(3) Slope form: y = mx + Va?m? — b? and the point of contact is ( am g b )

t VaZm2-b2’ + VaZmz-b2
(4) Director circle: The equation of the director circle is x? + y? = a? — b?
G. Equation of the normal:

(1) Cartesian form: The ellipse of normal to the hyperbola

X2 y? a’x = b2y
— -2 =1atP(x is— + —2 = a2 — b?% = a%e?
az b2 ( 1 Y1) X1 + y1

(2) Parametric form: The equation of normal P(a secB, b tan 0) to the hyperbola

2 2

L _Y = 1isaxcosB + bycot® = a? + b2

az b2
H. Pair of tangents: SS; = T?
I. Chord of contact: T = 0 (atx4,y;)
J. Equation of the chord with given middle point: T = S;
K. Asymptotes:

Equation of the asymptotes of hyperbolas

2 _ XZ _ ﬁ _ _ E

Z = land -5 =—larey=+-x
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L. Important Highlight:
(1) From any point on the asymptotes a straight line is drawn L2" to the transverse axis. The products of the segments of
this line intercepted between the point & the curve is always equal to the square of the semi conjugate axis.
(2) Perpendicular from the focii on the asymptotes meet it is the same points as the corresponding directrix and the
common point of the intersection lie on the auxiliary circle.
M. Rectangular hyperbola:
Referred to its asymptotes as coordinates axis

General equation: xy = c?

Eccentricity: V2
Focus Fy: (V2 ¢, V2 ¢); Fp: (—V2 ¢, —V2 ¢)
N. Parametric form of rectangular hyperbola:
x =ct,y =c/t;te R — {0}
O. Equation of tangent:
(1) Cartesian from: P(x4,y1)

T=0or —+ =2

1 Y1

(2) Parametric form: P(ct, c/t)

% + ty = 2c, slope of tangent = -2

t2

P. Equation of chord joining P(t;) and Q(t,):

X + t1ty = c(ty + t) with slope m = t_—t
142
Q. Chord with given middle point P(x4,y1):

T=§ = —+L=2
X1 V1
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VECTORS-3D

A. Types of Vectors:
(1) Zero or null vector: A vector whose magnitude is zero is called zero or null vector.
(2) Unit vector: A vector of unit magnitude is called a unit vector. A unit vector in the direction of a is denoted by a.

-

"—1—?— vector a
Thusa = la| T a magnitude of a
(3) Equal vector: Two vectors @ and b are said to be equal, if. |a| = |b| & they have the same direction.

B. (1) Addition of vectors:
(a) Triangle law of addition: If two vectors are represented by two consecutive sides of a triangle then their sum is
represented by the third side of the triangle but in opposite direction. This is known as the triangle law of addition of
vectors. Thus,

if AB= 3, BC= b,and AC = ¢
then AB+ BC = AC

ie.a+ b=2¢

(b) Parallelogram law of addition: If two vectors are represented by two adjacent sides of a parallelogram, then their sum is
represented by the diagonal of the parallelogram.

Thusif OA = 3,0B = b,and OC = ¢
Then OA + OB = OC

>3d+b=¢ A
where OC is a diagonal of the parallelogram OABC.

B C
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(c) Addition in component form:
If3 = a,1 + a,j + azkand b = b,1 + b,j + bsk then their sum is defined as3 + b = (a; + by)i1 + (a, + b,)j + (az + bk

(2) Subtraction of vectors: If 3 and b are two vectors, then their subtraction @ — b is defined asa — b = 3 + (—B) where —b is

the negative of b having magnitude equal to that of b and direction opposite to b.

Vectors in terms of position vectors of end points:

If AB be any given vector and also suppose that the position vectors of initial point A and terminal point B are @ and b
respectively, then

AB=0B-0A=b- 3

Distance between two points:
Let A and B be two given points whose coordinate are respectively (x;,V1,21) and (X5,¥2,Z5)
Distance between the points A and B

= magnitude of AB = \/(xz —%x1)% + (v —y1)? + (2, — 21)?

Multiplication of a vector by a scalar: If d is a vector and m is scalar (i.e. a real number) then ma is a vector whose magnitude
is m times that of @ and whose direction is the same as that of 3, (if m is positive) and opposite to that of 3, (if m is negative),
~ magnitude of ma=m |a|

Again if 3 = a;1 + a,j + azk then

ma = (ma;)i + (ma,)j + (mas)k

Position vector of a dividing point:

If 3 and b are the position vectors of two points A and B, then the position vector ¢ of a point P dividing AB in the ratiom : n is

given by B
5 mb + nd n
E——— P
m
(0] A
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Particular cases:

(1) Any vector along the internal bisector of ZAOB is given by A(a + B)

(2) If the point P divides AB in the ratio m: n externally, then m/n will be negative.
If m is positive and n is negative, then p.v. ¢ of P is given by

> mb-nd
C:

m-n
- b - oy . . . . . . a B ¢
(3) Ifa, b, ¢, are position vectors of vertices of a triangle, then p.v. of its centroid is = rore

- b - -3 o, . . . . . a E ¢ a
(4) Ifa, b, ¢, d are position vectors of vertices of a tetrahedron then p.v. of its centroid is = %
G. Collinearity of three points:
(1) If g, E,E be position vectors of three points A, B and C respectively and x, y, z be three scalars so that all are not zero, then
the necessary and sufficient conditions for three points to be collinear is that xa + yB +z¢=0andx+y+z=0

(2) Three points A, B and C are collinear, if any two vectors H?;, BC and CA are parallel i.e. one of them is scalar multiple of any
one of the remaining vectors.

H. Relation between two parallel vectors:
If3 = a;1 + a,j + azkand b= b,1 + b, + bsk then from the property of parallel vector, we have
Ab >=22-3
by by bs
I Coplanar & non-coplanar vector:
(1) If 3, l_)>, ¢ be three coplanar vectors, then a vector ¢ can be expressed uniquely as linear combination of remaining two
vectors i.e. ¢ = A3 + pb.
When A and p are suitable scalars.
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— — —
again¢=1d+ ub = vectorsa,band ¢arecoplanar.fd, b, ¢ be three coplanar vectors, then there exist three non

zero scalars x, y, zso that xa + yl_)> +z¢=0

(2) If 3, b, ¢be three non-coplanar non-zero vector then xa + yl_)> +z26=0=>x=0,y=0,z=0
(3) Any vector I can be expressed uniquely as the linear combination of three non-coplanar and non-zero vectors 3, band ¢

i.e.? = x3 + yb + z& where x, y and z are scalars.
J. (1) Dot product: Product of two vectors is done by two methods when the product of two vectors results in a scalar quantity
then it is called scalar product. It is also called as dot product because this product is represented by putting a dot (.).
(2) Vector product: When the product of two vectors results in a vector quantity then this product is called Vector Product.
This product is represented by (x)sign so that it is also called as Cross Product.
K.  Scalar or dot product of two vectors:

3.b =3 |B| cos® =abcosH

. . ad —_ 3.1_5

Projectionof bona = ﬁ;
I — - v @b
Similarly, projection of aon b = Il

(1i.i=j.j=k.k.=1
2)i.7=7.k=k.i.=

(3) If 3 and b are like vectors, then ® = 0 s0 3@.b = |3] |E|
(4) Properties of scalar product:

(a) (a. E).B is not defined

(b) @+Db)2 =a%?+23.b+Db?

(c) @—b)2=a%?—23.b+Db?

(d) (A+b).(A—b) =3 —b? =a? —b?

(e) 13+b| =13 + b = 3|[b

) B+b2=|3°+|bj>=>alb

(g) I3+b|=|3—Db|=>alb
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L. Angle between two vectors:

b _ab
|a]|b]
(2) If @ = a;i+a,j +askandb = b;i+ b,j + bskthen cos 6 =

(1) cos 6 =

31b1+ 32b2+ dzadsg

Jai+az+ag [b3+b3+3

M. Components of b along & perpendicularto a :

(1) Component alonga = (;'t;) .a
(2) Component perpendiculartod = b — (;2) .a

N. Work done by the force: If a constant force F acting on a particle displaces it from point A to B, then work done by the force
W= f.d (where d = AB)

0. Vector or cross product of two vectors:

~3xb=[3 |B|sin6 fi =absin® A

P.  Vector product in terms of components:
If3 = a,i+ a,] + azkand b = by + byj + bsk then

. |5k
dx b = (azh; —azby)i+ (azb; —a;bs)j + (a;b, —abk=|a; a, a;
b; b, bs

Q. Angle between two vectors:

If 8 is the angle between d and B, then

) axb
sin @ = %
[al b
~ . . > o ~ 3axb
If fi is the unit vector perpendicular to the plane of a and b, then fi = ExE]
a

Remark: If 1, J, k be three mutually perpendicular unit vectors, then
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(d) If vector @ and b are parallel then |3 X B| =0

(e) If vector 3 and b are perpendicular then |3 x b|=|3]| |b]

R. Properties of vector product: If 3, B ¢ are any vectors and m, n any scalars then
(1) 3x b # b X 3 (Non-commutativity) but 3 x b = —(l_)> x @) and |a X B| = |l_)> X 3|
(2) (m3)xb =3 x (ml_;) = m(é’xg)
(3) (m3) x (nb) = (mn) (3 x b)
@) ax(bx¢)#(d3x b)x¢
(5) 3x (b+¢) = (3x b) + (@x &) (Distributivity)
) axb=3ax¢s»b=2

S.  Area of Triangle:
(1) Area of triangle ABC =§ |ﬁ3> X ﬁl
(2) If 3, b, ¢ are position vectors of vertices of a A ABC then its
Area=% |(@ % b)+(bx¢)+(@x3)|

T. Area of parallelogram:
(1) Ifd and b are two adjacent sides of a parallelogram then the area = |3 x Bl

(2) If a and b represent two diagonals of a parallelogram then the area = E' axXb |
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U. Moment of force: The moment of the force F acting at a point A about O is given by Moment of F = OAXF=rxF
V. Formula for scalar triple product:

a; dz as
(1) Ifd =a,;# + a,m+azn,b =b;# +b,m+bznand ¢ = ¢;£ + c,m + c3n, then [3,b, ¢] = [b1 by bz|[¢fmn]
¢t C GC3

(2) For any three vectors 3, b, and &

i)

— -

() B+ b b+¢c+3]=2[Eb{

(b) B—bb—2¢¢—3]=0
(c) X b bxcexd] =[3bc?

W. Properties of scalar triple product:
(1) The position of (.) and (x) can be interchanged i.e. (l_)> X E) = (5’ X B)E

but(axb)c—c(axb)So[abc] [b&3a]=[¢3b]

Therefore if we don’t change the cyclic order of 3, b and & then the value of scalar triple product is not changed by
interchanging dot and cross.
(2) If the cyclic order of vectors is changed, then sign of scalar triple product is changed i.e.

a[b><c —a(cxb)or[abc] acb]
from (1) and (2) we have
Eb¢l=[béd] = [¢3b]=—[3¢b]=—-[bd¢] = —[¢b3]
(3) The scalar triple product of three vectors when two of them are equal or parallel, is zero i.e. [ﬁ)g_b)] =
(4) The scalar triple product of three mutually perpendicular unit vectors is + 1.
Thus [1jk] =1, [if{ﬂ =-1
(5) If two of the three vectors 3, b, ¢ are parallel then [3 b ¢]=0
(6) 5’,1_)) , € are three coplanar vectors if [5’1_5 E] = (0 i.e. the necessary and sufficient condition for three non-zero collinear
vectors to be coplanaris [3b ¢] = 0
(7) For anyvectorsi,B,E,a E+D ¢ .3] = 383] + [EEa)]
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Volume of parallelopiped: If coterminous edges of a parallelopied are 3, b and ¢ then volume = [ b c.
Volume of tetrahedron:
(1) Ifé’,g , € are position vectors of vertices A, B and C with respect to O.

the volume of tetrahedron OABC =% @ bd

(2) Ifé’,g ,C ,3 are position vectors of vertices A, B, C, D of a tetrahedron ABCD, then
L [AB AC AD
its volume = or

=[b-3 ¢-3ad-3

Vector triple product:

(1) Definition: The vector triple product of three vectors 5’,1_5 , Cis defined as the vector product of two vectors @ and b x &
It is denoted by @ X (b X ).

(2) Properties: Expansion formula for vector triple product is given by
ix (bx¢)=@.9b-(3.b)¢
(bx¢)x3i=(b.3)¢—(¢.3)b

Distance between two points: If P(x1, y1, z2) and Q(xz, y2, z2) are two points, then distance between the PQ =

V&= %2)2 + (y1 — y2)? + (21 — 22)?

Coordinates of division point: Coordinates of the point dividing the line joining two points P (x1, y1, z1) and Q (x2, Y2, z2) in the
ratiom : nare

(1) In case of internal division:
(mx2+nx1 my,+nyq mzz+nzl)
m+n ' m+n ' m+n

(2) In case of external division: B

(mxz—nxl my,—ny, mzz—nzl)
m-n ’ m-n ’ m-n
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Remark:

(a) Coordinates of the midpoint:
(X1+X2 y1ty2 Z1+Zz)
2 7 2 7 2

(b) Centroid of a Triangle:

(X1+X2+X3 yl+yZ+Y3 Zl+Zz+Z3)

3 ! 3 ! 2

(c) Centroid of Tetrahedron: If (x.,y;,z.),r=1,2, 3, 4 are vertices of a tetrahedron, then coordinates of its centroid are

(X1+X2+X3+X4, Y1+YZ+Y3+Y4 Zl+Z2+Z3+Z4,)

4 ! 4 ! 4

Direction Cosines of a line [DC’s]:
The cosines of the angles made by a line with coordinate axes are called direction cosines. If a, 3, y be the angles made by a
line with coordinate axes, then direction cosines are £ = cosa, m = cos 3, n = cosy between Dc’s is and relation between
Dc’sis#? +m? +n?=1
Direction Ratios of a line [DR’s]:
Three numbers which are proportional to the direction cosines of a line are called the direction ratios of the line. If a, b, c are

such numbers then a, b, c DR’s

3= 5 po4 2

£ m n T —VaZ+b2+cz’
m= %+ b n== <

T T VaZ+bZ+c2’ T VaZ+bZ+c2

Direction Cosines of a line joining two points:
Let P = (x1,V1,21) and Q = (X3,¥3,Z3), then
(1) DR’s of PQ: (x; — X1), (Y2 — y1), (Z2 — Z1)

7] L X27X1 Y2—V1 Z277
(2) DC’s or PQ: PQ ' PQ ' PQ

X2—Xq Y2—Y1 Z2—7q

i.e. ) ,
VEF2—x%1)? " YEE2—x1)2 " {2 (x2—%1)?

Angles between two lines:
(1) When direction cosines of the lines are given: If £;, m;,n; and £,, m,, n, are DC’s of given two lines, then the angle 6
between them in given by
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K.

(@) cos® = £, + mym, + nyn,

(b) sin@ = \/(flmz —¢;my)? + (myn; —myng)? + (€, — npty)?
(2) When direction ratios of the lines are given:

If a1, b1, c1 and a, by, ¢z are DR’s of given two lines, then the angle 0 between them is given by
ajaz+biby+cicy

Jaibiect [azebdcs

(a) cosB =

Conditions of parallelism and perpendicularity of two lines:
(1) When DC'’s of two lines AB and CD say ¥4, my, n; and €1, m,, n, are known, then
AB||CD&< ¢ =4,,m; =m,,n; =n,
AB 1?" CD & ¢, + mym,; + nyn, =0
(2) When DR’s of two lines AB & CD say ai, by, c1 and ay, by, c2 are known, then
by C1

AB||CDeZ2 =22
az

b, ¢

AB 1L CD (=4 alaz + blbz + C1C2 = 0

Projection of line segment joining two points on a line:

(1) Let PQ be a line segment where P = (x1, y1, z1) and Q = (X2, Y2, z2) and AB be a given line with DC’s as £, m, n. Then
projection of PQis P’Q’ = (X, — X1) + m(y, —y1) + n(z, — z;)

(2) If a, b, c are the projections of a line segment on coordinate axes, then length of the segment

= Va2 + b? + c?
(3) If a, b, c are projections of a line segment on coordinate axes then its DC’s are
a b c

—VaZ+bZ+c2’ — VaZ+b2Z+c2’ — VaZ+b2+c2
Cartesian equation of a line passing through a given point & given direction ratios:

Cartesian equation of a straight line passing through a fixed point (x1, y1, z1) and having direction ratios a, b, cis
X=X1 _ Y=V1 _ 2774

a b C
Cartesian equation of a line passing through two given points:

The Cartesian equation of a line passing through two given points (x1, y1, z1) and (x2, y2, z2) is given by :_Xxl = ;’_};1 = ZZ_Z;
2741 27)1 2741

Perpendicular distance of a point from a line:
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Cartesian from: To find the perpendicular distance of a given point (a, 8, y) from a given line

Let L be the foot of the perpendicular drawn from P (a, 8,y) on the line

X=X1 _ Y=V1 _ 2774

a b C

Let the coordinates of L be (x1 + a4, y1 + bA, z1 + cA).

Then direction ratios of PLare xi +al —a,y1+bA — f,z1+cA — .
Direction Ratio of AB are a, b, c. Since PL is perpendicular to AB, therefore
(xi+al—a)a+(yr+bA—=pF)b+(z1+cA—y)c=0

a(a—xq)+b(B-y1)+c(y—-z1)

> A=
a?+b2+c?

Putting this value of A in (x1 + aA, y1 + bA, z1 + cA), we obtain coordinates of L. Now, using distance formula we canobtain the
length PL.

L. Plane:
(1) General equation of a plane: ax+by+cz+d=0
(2) Equation of a plane passing through a given point. The general equation of a plane passing through a point (x1, y1, z1) is
a(x—x1)+b(y—vy1)+c(z—z1)=0

where a, b and c are constants.

(3) Intercept form of a plane: The equation of a plane intercepting lengths a, b and ¢ with x-axis, y-axis and z-axis respectively
. X |y  Z
is-+=+-=1

a b c

(4) Normal form: If £, m, n are direction cosines of the normal to a given plane which is at a distance p from the origin, then

the equation of the plane is £x+my+nz=p.
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M. Angle between two planes in Cartesian form:
The angle 8 between the planes aix + b1y + c1z + d1 = 0 and aix + bay + c2z +d» = 0 is given by
ajaz+bqby+cicy
Ja§+b§+c§ Ja§+bg+c§
N. Distance of a point from a plane:

The length of the perpendicular from a point P (x1, y1, z1) to the plane

|ax1+byq+cz1+d|

© Vaztbitcz

0. Equation of plane bisecting the angle between two given planes:
The equation of the planes bisecting the angles between the planes
aix+biy+ciz+di=0andaxx+byy+coz+dx=0are
(a;x+byy+ciz+dy) + (a1x+byy+cyz+dy)

Jaavtet Jaarb3es

cosf =

ax + by +cz+d=0is given by

P.  Condition of coplanarity of two lines:
If the line =2 =122 =2 F1gpq =22 = 102 - 222

1 m; ng ?1 m; n;
X2—=X1 Yo—=V1 Z— 74
Are coplanar, then | 1 my n; =0
?, m; n,
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