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JEE (Main) Syliabus :

Matrices, algebra of matrices, types of matrices, matrices of order two and three.
Adjoint and evaluation of inverse of a square matrix using determinants and
elementary transformations. Test of consistency and solution of simultaneous linear
equations in two or three variables using matrices.

JEE (Advanced) Syllabus :

Matrices as a rectangular array of real numbers, equality of matrices, addition,
multiplication by a scalar and product of matrices, transpose of a matrix,
determinant of a square matrix of order up to three, inverse of a square matrix of
order up to three, properties of these matrix operations, diagonal, symmetric and
skew-symmetric matricesand their properties, solutions of simultaneous linear
equations in two or three variables.




Matrix

MATRIX

INTRODUCTION :

A rectangular array of mn numbers (which may be real or complex) in the form of 'm' horizontal
lines (called rows) and 'n* vertical lines (called columns), is called a matrix of order m by n, written as
m X n matrix.

Such an array is enclosed by [ ] or () or|[} An m x n matrix is usually written as

ap  Qp A ajy
a a a a

A=| 2 .22 23 2n
a a a .oa

1 p,.....€TC are known
as the elements of the matrix A, a belongs to the i row and j*" column and is called the (i, )™ element
of the matrix A = [aij].

In compact form, the above matrix is represented by A:[aij]mxn. The numbera,, a

1 3
e.g, A= {0 L } is a matrix having 2 rows and 3 columns. Its order is 2 x 3 and it has 6 elements :
a, = 1, a, = 2, a; = 3, ay = 0, 2 = -1, Ay = 9.

SPECIAL TYPE OF MATRICES:

(@ Row Matrix (Row vector) : A=[a a, ] i.e. row matrix has exactly one row.

1gp Qppr vennnnns

(b) Column Matrix (Column vector) : A = .12 I.e. column matrix has exactly one column.

a

ml

(© Zeroor Null Matrix: (A=0,_ )Anm x nmatrix whose all entries are zero.

0 0 0 0O
A=|0 Olisa3x2nullmatrix&B=[0 0 O0/is3 x 3null matrix
0 0 0 0O
: . . . . . 1 2 3 4
(d) Horizontal Matrix: Amatrixof order mx nisa horizontal matrix ifn>m e.g. £ 1 1
2 5
. . . . . . 11
(¢ Vertical Matrix: A matrix of order mx nis a vertical matrix if m>n e.g. 3 6
2 4

() Square Matrix : If number of rows = number of columns = matrix is a square matrix.
If number of rows = number of columns = n then, matrix is of the order 'n'.
Note: The pair of elements a, & a, are called Conjugate Elements.



3. TRACE OF MATRIX :
The sum of the elements of a squarematrix A lying along the principal diagonal is called the trace of

Aie. (tr(A)). Thus, if A= [aij]nx . then tr(A) = Za“ =, tay to. a

i=1

Propertiesof traceof amatrix :

Let A=[a],,,and B =[b,],,,and A be a scalar then
@ tr(AA)=Atr(A) (i) tr(A+B)=tr(A) + tr(B) (iii) tr(AB) =tr(BA)
4. SQUARE MATRICES
I | I
Triangular Matrix Diagonal Matrix denoted as
| | A=diag (a,, ay ........ ,a,,)
13 o 10 0 where a; =0fori=#]j
A=|l0 2 4 iB=12 =30 I I
005 4 3 3 Scalar Matrix Unit or Identity Matrix
Upper Triangular Lower Triangular |
=0V i>]j a=0Vvi<j a 00 o
‘ ! 0a 0 o if is]
00 a if i#]
If all = a'22 :a33 =a If all = a22 :a33 = 1

Note:
(1)  Minimum number of zeros in triangular matrix of order n =n(n-1)/2.
(i) Minimum number of zero in a diagonal matrix of order n = n (n-1).

5. EQUALITY OF MATRICES:
Let A= [aij] & B= [bij] are equal if
(@ both have the same order. (b) 8, = bij for each pairof i & J .

[llustration 1: Find the value of X, y, z and w which satisfy the matrix equation

X+3 2y+x| [-x-1 O
z-1 4w-8| | 3 2w

Solution : As the given matrices are equal so their corresponding elements are equal.
X+3=-x-1 = 2X= -4
X==2 (i)
2y +x=0 = 2y-2=0 [from(i)]
= y=1 (i)
z-1=3 = z=4 L D)
4w -8 = 2w = 2w =8
w=4 (iv) Ans.
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0)
(i)
(iii)

(iv)

Doyoursdlf-1:

Find 2 x 3 matrix [aij]2x3, where a; = I+ 2]
Find the minimum number of zeroes in a triangular matrix of order 4.
Find minimum number of zeros in a diagonal matrix of order 6.

2 2 -2 2 4
If Xy X=oY _ 3 , then find the values of x,y,a and b.
a-b 2a+b -3 4 -1 -3

6. ALGEBRA OF MATRICES:
Addition: A+B = [aij + bij] where A & B are of the same order.

@)
(b)
©
(d)

©

Addition of matricesiscommutative:i.e. A+B=B+A

Matrix addition isassociative: (A+B)+C=A+(B+C)

Additiveinverse: IfA+ B =0 =B + A, then B is called additive inver se of A.

Existence of additiveidentity : Let A = [aij] be an m x n matrix and O be an m x n zero
matrix, then A+ O =0 + A= A. In other words, O is the additiveidentity for matrix addition.
Cancdlation lawshold good in case of addition of matrices. If A,B,C are matrices of the same
order, then A+ B =A + C = B = C (left cancdlation law)and B+ A=C+ A =B =C
(right-cancedllation law)

Note: The zero matrix plays the same role in matrix addition as the number zero does in addition of
numbers.

Solution :

1 3 -1 -2
[llustration2: IfA=|3 2| &B=|{0 5 |and A+B-D=0 (zero matrix), then D matrix will be-
2 5 3
0 2 0 2 0 1 0 -2
A |3 7 B)|3 7 (1|3 7 (D) |3 -7
6 5 5 5 6 -5 -6
a b
LetD=|c d
e f
1 3| |-1 -2 |a b 1-1-a 3-2-b 00
A+B-D=|3 2|+|0 5|-|c d| = |3+0-c 2+5-d|=|0 O
2 5 3 1 e f 2+3-e 5+41-f 00
= -a=0 = a=0, 1-b=0 = b=1,
3-¢c=0 = ¢=3, 7-d=0 = d=7,
5-e=0 = e=5 6-f=0 = f=6
01
D{g 7} Ans. (C)
5 6



Doyourself-2:

_ 2 3 9 -5 -7 2 : .
M A= and B = , then find a matrix C such that A— B + C = O and
8 -2 5 6 4 8

also find the order of the matrix C.

8 9
@) IfA=7/2 8 |,thenfindtheadditive inverse of A and show that additive inverse of additive
1 -1

inverse will be the matrix itself.

MULTIPLICATION OF A MATRIX BY A SCALAR:

a b c ka kb kc
If A=lb ¢ a|;:kA=|kb kc ka
c ab kc ka kb

Propertiesof scalar multiplication :

(@ If A and B are two matrices of the same order and 'k’ be a scalar then k(A + B) = kA + kB.
(b) Ifk, and k, are two scalars and ‘A’ is a matrix, then (k + k)A = k A + KA.

(9 Ifk andk, are two scalars and ‘A" is a matrix, then (k k,)A =k (k,A) =k (k,A)

MULTIPLICATION OF MATRICES (Row by Column) :

Let A be a matrix of order m x nand B be a matrix of order p x g, then the matrix multiplication AB
is possible if and only if n = p and matrices are said to be confor mable for multiplication.

In the product AB, A is called pre-factor and B is called post factor.

= AB is possible if and only if number of columns in pre-factor = number of rows in post-factor.

LetA . =[alandB

= [b,], then order of ABism x p & |(AB), = Zla"b'j

a11 a12 a13 bll blZ b13 b14
e.g. A= and B=|b, b,, b, b,
2x3

Ay Ay Ay
b31 bsz bss 34 laxa

Then order of AB is 2 x 4.

11711 12 721 13731

3
(AB),, =a,b, +a,b, +ab, =>ab,
=1

3
(AB), =a,b +a,b, +apb, => a,b,
r=1

21713 22 723 23733

3
In general (ab), = a,b, +ab, +ab, => a,by
r=1
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2 3 1| x
[Hlustration3: If[1x2]|0 4 2|| 1|= 0O, then the value of x is :-
0 3 2(|-1
(A) -1 (B)O ©)1 (D) 2
Solution : The LHS of the equation
X
=[2 4x+9 2x+5]| 1|=[2Xx+4x+9-2x-5]=4x+4
-1

[llustration 4 :

Thus4x +4=0 = x=-1

Solution : G'AB—12 '&AB—32 i
ution : iven A + {2 4} ........ M - {_2 0} ....... (i)

Adding (i) & (i)
2A:{4 4} = A:F 2}
0 4 0 2
Subtracting (ii) from (i)
-2 0 -1 0
28{4 4} - B{z 2}

ose s S I ]

Ans. (A)

1 2 3 2
If A, B are two matrices such that A + B {2 4] A-B :{ 5 0] then find AB.

Ans.

0.

PROPERTIES OF MATRIX MULTIPLICATION :

(@ Matrix multiplication isnot commutative: i.e. AB = BA
Here both AB & BA exist and also they are of the same type but AB = BA.
Example :

10 11
Let A= C & B= ! 0; then AB = ; BA=
0 0 00 0 0 00
— AB= BA (in general)
() AB =0 £ A=0 orB=0 (ingeneral)

11 - 1 1|[- 00
Let A= &B= 11 , then AB = 11 =
2 2 1 -1 2 2]l1 1] (0O

Note:

If A and B are two non - zero matrices such that AB = O then A and B are called the divisors

of zero. If A and B are two matrices such that
(i) AB = BA then A and B are said to commute
(i) AB = -BA then A and B are said to anticommute



(¢ MatrixMultiplication |sAssociative:
If A, B & C are conformable for the product AB & BC, then (AB) C = A(BC)
(d) Didgributivity:
A(B+C)=AB+AC

Provided A,B & C are conformable for respective products
(A+B)C=AC+BC

1 -3 2 1 4 10 1 1 -1 -2
llugtration5: Let A={2 1 -3|,B={2 1 1 1|&C=|3 -2 -1 -1| be the matrices
4 -3 -1 1 212 2 -5 -1 0
then, prove that in matrix multiplication cancellation law does not hold.
Solution : We have to show that AB = AC; though B is not equal to C.

1 -3 211 4 10] [3 30 1
Wehave AB={2 1 -3||2 1 1 1|={1 15 0 -5
4 -3 1|1 -2 1 2| |-3 15 0 -5

1 3 22 1 -1 -2][8 30 1
Now, AC=l2 1 -3||3 -2 -1 -1|=|1 15 0 -5
4 3 -1||]2 5 -1 0] |-3 15 0 -5,
Here, AB = AC though B is not equal to C. Thus cancellation law does not hold in
general.

Doyourself - 3:

: 2 9 15 9 A=
M IfA= 4 d ,B= B and C = 5 4 , then show that A(B + C) = AB + AC.

2 -1
(i) IfA=[ A 2} and B=[l1 ﬂ,thenprovethat(A—B)2¢A2—2AB+Bz.

4 B 1 -2 1 0 -1 4 2 =2
(i)  Find the value of x : 2 + X =
-1 -3 4 3 4 5 -8 -14 -2

10. POSITIVE INTEGRAL POWERS OF A SQUARE MATRIX :
For a square matrix A, A" =AAA.......... A, whereneN

upto n times

Note:

@i AMAN=AMN

@iy (A™M"T=AM where mn € N

(i)  If Aand B are square matrices of same order and AB = BA then
(A+B)'="CA"+"CA™B +"CA™B’+ ......... +"C B"

Note that for a unit matrix | of any order, 1"=1for allm e N.



Matrix

Doyoursdf -4:

: [ coso  sin [ cosna  sinna
i IfA= ¢ 0L},then prove that A =[

—sino.  cosa —sinno.  cosna

i 0
(i) 1A= i},whereizx/—_l and x e N, then A* equals -

0 i 0 0 10 i 0
(A)[i 0} (B) [0 0} () [0 J (D) {0 i

} where n is positive integer

|

11.

SPECIAL SQUARE MATRICES:

(@ ldempotent Matrix : A square matrix is idempotent provided A2= A,

For idempotent matrix note the following :
@ A=A yn=>2,neN.
(i)  determinant value of idempotent matrix is either O or 1

(b) Periodic Matrix : A square matrix which satisfies the relation A*** = A, for some positive

integer K, is a periodic matrix. The period of the matrix is the least value of K for which this

holds true.
Note that period of an idempotent matrix is 1.

(©) Nilpotent Matrix : Asquare matrix of the order 'n' is said to be nilpotent matrix of order m, m

eN,ifA"=0 &A™« O.

(d) Involutary Matrix: If A% =1, the matrix is said to be an involutary matrix. i.e. square roots of

identity matrix is involutary matrix.
Note: The determinant value of involutary matrix is 1 or —1.

2 -2 -4

[llustration 6:  Show that the matrix A=| -1 3 4 | is idempotent.

1 -2 -3
2 2 —4][2 -2 -4

Solution : AP=AA=-1 3 4 |x|-1 3 4

1 -2 -3 1 -2 -3

224 (-2).(=D) +(=4).1 2(=2)+(=2).3+(=4).(=2) 2.(-4) +(-2).4+ (-4).(-3)
=l (D2+3.(-D+41  (-D.(2)+33+4.(2)  (-1).(-4)+3.4+4.(-3)
12+ (=2).(-D)+(=3).1 1.(=2)+(=2).3+(=3).(-2) 1.(~4)+(~2).4+ (=3).(-3)

2 -2 -4
=[-1 3 4|=A
1 -2 -3

Hence the matrix A is idempotent.



1 1 3
[llustration 7: Showthat| 5 2 6| is nilpotent matrix of order 3.

-2 -1 -3
1 1 3
Solution : Let A= 5 2 6
-2 -1 -3
1 1 3 1 1 3 1+5-6

A°=AA= 5 2 6|x| 5 2 6|=(5+10-12
2 -1 -3||-2 -1 -3 —2-5+6

0 0 O
=3 3 9
-1 -1 -3

0 0 O 1 1 3 0+0+0
AP=A2A=| 3 3 9|x 5 2 6|=/3+15-18
1 -1 -3| |-2 -1 -3 —1-5+6

Here k=3
Hence A is nilpotent of order 3.

-5 -8 0
Illustration 8:  Show that the matrix A=| 3 5 0| is involutory.
1 2 -1

5 -8 0][-5 8 O 25-24+0
Solution : A°=AA= 3 5 0|x| 3 5 0|=/-15+15+0

1 2 -1 1 2 -1 -5+6-1

Hence the given matrix A is involutory.

1+2-3
5+4-6
—2-2+3

0+0+0
3+6-9
-1-2+3

3+6-9
15+12-18
—-6-6+9

0+0+0
9+18-37
-3-6+9

40-40+0 0+0+0
-24+25+0 0+0+0
-8+10-2 0+0+1
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[llustration 9: Show that a square matrix A is involutory, iff (I - A) (1 + A) = O

Solution : Let Abe involutory
Then A?=1
I-A)(+A=P+IA-AI-A=1+A-A-A=1-A"=0
Conversly, let (I -A) (1 + A)=0

= P+IA-AI-A’=0 = I1+A-A-A=0
- I-A*=0 = Als involutory
Doyourself -5:
1 2 3
(i) Thematrix A= 1 2 3 |is
-1 -2 -3
(A) idempotent matrix (B) involutary matrix
(C) nilpotent matrix (D) periodic matrix
, x 1 S : :
(i) IfA= [ 1 0} and A? is the identity matrix, then find the value of x

12. THE TRANSPOSE OF A MATRIX : (Changing rows & columns)

Let A be any matrix of order m x n. Then AT or A' = [aji] forl1<i<m &1<j<nofordernx m

Propertiesof transpose:

If AT & BT denote the transpose of A and B,

(@ (A+B)"=AT+B" ; note that A & B have the same order.

(b) (AB)"=BT AT (Reversal law) A & B are conformable for matrix product AB

Note: Ingeneral: (A. A,............. A=Al A, . A] (reversal law for transpose)

© (A)'=A
(d) (kA" =KkAT, kisa scalar.

[llustration 10: If A and B are matrices of order m x n and n x m respectively, then order of matrix

B'(AN) is -
(A)mxn (Bymx m (C)nxn (D) Not defined
Solution : Order of B is n x m so order of B will be m x n

Now (A")" = A & its order is m x n. For the multiplication B'(A")"
Number of columns in prefactor = Number of rows in post factor.
Hence this multiplication is not defined. Ans. (D)



13. ORTHOGONAL MATRIX
A square matrix is said to be orthogonal matrix if A AT = |
Note:
()  The determinant value of orthogonal matrix is either 1 or —1.

a'1 aZ a3 a'1 bl C1
() Let A=|b, b, b, = A"=|a, b, ¢
Cl C2 CS a3 b3 CS
af +as+a; a,b, +a,b, +asb, a.c, +a,c, +asc,
AAT =|ba, +b,a,+ba,  bi+bi+bZ  bc +b,c,+byc,
C,d, +C,a,+Ca; Cb,+c,b,+c,b, Cl+C5+Ch
If AAT =1, then

3
Zaf :be :ZCf =1 and Z?’:aibi :Zglbici :zsslciai =0
i=1 i=1 i=1 i=1

0 2B vy
Illustration 11 : Determine the values of o, 3, vy, when a3 —y | iIs orthogonal.
o B v
0 2B vy
Solution : Let A=la B —y
a B v
0 o o
A=|28 B P
L
But given A is orthogonal.
AA" = |
0 26 vi|| 0 a o 100
= | B -v||2p B -B|=|0 10
o B yjly v v] [00
4% +y° 2B —y*  -2p*+y*| [1 0 O
= -y a’l+pi+y’ oS -P*—y*|=|0 1 O
2B +y" PPy P +PP Y’ 0 01

Equating the corresponding elements, we have

4B2 + yz =1 (1
2°-y"=0 ... (i)
a+ By =1 (iii)

10



Matrix

1
From (i) and (ii), 6B2=1 - P’ :% and =3
From (iii) a’=1-pi-y2=1-2_1_1
(iii) p -y 532
1 1 1
Hence, o=t— ,p=t—=and y=+—F Ans.
7P TTER
Doyourself - 6:
a2 = 6 -7 0
@ IfA= i 3} and B=|-1 2 5/, thenshow that (AB)"=B".A".
- 1 0 3
_ -1 2
2 3 4
@ IfA= andB=| 3 4 |, thenfind A+B".
-1 2 3
- -5 —6
9 -3 6
@) IfA=|8 ¥ 7]|,then, showthat (A")"=A.
-1 0 O
cos sin
(iv) Show that the matrix A:{ _a I a} IS an orthogonal matrix.
—sina.  cosa

14.

SYMMETRIC & SKEW SYMMETRIC MATRIX :
(® Symmetricmatrix:

A square matrix A= aij] iIs said to be, symmetric if, ;=8 v I & (conjugate elements are equal).
Hence for symmetric matrix A =AT.

Note: Max. number of distinct entries in any symmetric matrix of order n is n(n+1) .
(b) Skewsymmetricmatrix :
Square matrix A = [aij] Is said to be skew symmetric if a;=—a; v I & j (the pair of conjugate
elements are additive inverse of each other). For a skew symmetric matrix A =-AT.
Note:
()  If Alisskew symmetric, then a;; =-a,;, = a,; =0 V i. Thus the diagonal elements of a

skew square matrix are all zero, but not the converse.
(i)  The determinant value of odd order skew symmetric matrix is zero.

(¢ Properties of symmetric & skew symmetric matrix:
(i)  Alissymmetricif AT=A & A is skew symmetric if AT =- A
(i)  Let A be any square matrix then, A + AT is a symmetric matrix & A — AT is a skew
symmetric matrix.

(i)  The sum of two symmetric matrix is a symmetric matrix and the sum of two skew
symmetric matrix is a skew symmetric matrix.

11



(iv) If A & B are symmetric matrices then,
(1) AB + BA is a symmetric matrix
(20 AB-BA s askew symmetric matrix.

(v)  Everysquare matrix can be uniquely expressed as a sum or difference of a symmetric and
a skew symmetric matrix.

A:% (A+AT) + % (A-AT) and A=%(AT+A)—%(AT—A)

symmetric skew symmetric

[Hustration12:  If A is symmetric as well as skew symmetric matrix, then A'is -

(A) diagonal matrix  (B) null matrix (C) triangular matrix (D) none of these

Solution : LetA= [aij] Since A is skew symmetric 3, =-a,

fori=ja =-a=a=0
for i j, 3, = -4 [ Ais skew symmetric | & q,; =23, [ Ais symmetric]
q, = Oforalli=]

S0, 8;, = 0 for all 'i"and 'j' i.e. A is null matrix. Ans. (B)
Doyourself - 7:
-2 -1 1
i) MA=|-1 7 4 |besymmetric matrix then find the value of x.
i X3
2 5 7
(i) Expressmatrix A=[9 -7 2| asasumofasymmetric and a skew symmetric matrix.
1 -1 0

15.

12

ADJOINT OF A SQUARE MATRIX :
Let A= [aij] be a square matrix of order n and let Cij be cofactor of a, in A then the adjoint of A,
denoted by adjA, is defined as the transpose of the cofactor matrix.
Cll C12 C13
Then, adjA=[C,]" = adjA=|C,; C, C,
C31 C32 C33
Theorem: A (adj. A) = (adj. A) A=]A]l .

T

all alZ a13 Cll CZl C31
Proof :  Afadj A)=|a, a, a,||C, C, C,
a31 a32 a33 C13 C23 C33
|A| 0 O 100
0 [A] 0 |=|A]|01 0| = A(Ad.A)=|A]I
0 0 |A] 001
(whatever may be the value only |A| will come out as a common element)
If |[A] #0, then —A'(lazjl'A) = | = unit matrix of the same order as that of A
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Propertiesof adjoint matrix :
If A be a square matrix of order n, then

@ |adj Al = |A™ (i) adj(adj A) = |A|™* A, where |A]= 0
(iii) 1adj(adj A) 1=l A", where |Alz 0 (iv) adj(AB) = (adjB) (adj A)
(v) adj(KA) = K™ (adj A), Kis a scalar (vi) adjAT=(adjA)’

Method tofind adjoint of a2 x 2 squarematrix, directly :

Let Abe a2 x 2square matrix. In order to find the adjoint simply interchange the diagonal elements
and reverse the sign of off diagonal elements (rest of the elements).

e.g. IfA:ﬁ ﬂ = ade:{S —q}

1 35
[llustration13: IfA={3 5 1/, thenadj A is equal to -
51 3
[ 14 -4 -22] S S 02
A | -4 -22 14 (B)| 4 22 -14
22 14 -4 22 14 4
[ 14 4 22
()| 4 -22 -14 (D) none of these
|22 14 -4
14 -4 227 [ 14 -4 -22
Solution : adi. A=| 4 22 14| =| -4 -22 14 Ans. (A)
22 14 -4 -22 14 4
2 00
[llustration14: 1fA=|2 2 0/, then adj (adj A) is equal to -
2 2 2
100 100 100
(A)8l1 1 0 (B)16j1 1 0 C)64i1 1 0 (D) none of these
111 111 111
2 00
Solution : |Aj=|12 2 0] =8
2 2 2
Now adj (adj A) = |A** A
2 00 100
=82 2 0/=16/1 1 O Ans. (B)
2 2 2 111

13



Doyourself - 8:

15 0
(i) Forany 2 x 2 matrix, if A(AdjA) :[ 0 15} , then |A| is equal -

(A) 20 (B) 625 (C) 15 (D)0
(i) Which of the following is/are incorrect ?

(A) Adjoint of a symmetric matrix is skew symmetric matrix.

(B) Adjoint of a diagonal matrix is a diagonal matrix.

(C) A(AdJA) = (AdjA)A = |Al

(D) Adjoint of a unit matrix is a diagonal matrix
(i) If A be asquare matrix of the order 5 and B = Adj(A) then find Adj (5A).
(iv) If A be a square matrix of order 4 and |A| = 3 then find adj(adjA).

16.

14

INVERSE OF A MATRIX (Reciprocal Matrix) :
A square matrix A said to be invertible if and only if it is non-singular (i.e. |Al= 0) and there exists a
matrix B such that, AB = | = BA.
B is called the inverse (reciprocal) of A and is denoted by A= . Thus
A'=B< AB=1=BA
We have, A.(adj A) =|A]|l,

A7 A(ad] A)=A" 1 |A]

| (adj A) = A7 |A]I,

A - (adi A)

|A]

Note : The necessary and sufficient condition for a square matrix A to be invertible is that | A} 0
Propertiesof inverse:
()  If A& B are invertible matrices of the same order, then (AB)™ =BA™.

Note:r IfA, A A are all invertible square matrices of order n

then (AA.,.............. AY'=A"A " A7TAT
(i)  If A be an invertible matrix, then AT is also invertible & (A")™" =(A™)".
(iiiy If Aisinvertible, (a) (A ™) ?*=A (b) (A=A =A" keN

(iv) If Ais non-singular matrix, then |A7| = |A[*

(v)  If idempotent matrix is invertible then its inverse will be identity matrix.

(vi) A nilpotent matrix will not be invertible because its determinant value is zero.
(vii) Orthogonal matrix A is always invertible and A= = AT,

(viii) A = A for an involutary matrix.

Cancellation law : Let A,B,C be square matrices of the same order 'n'.
If A is a non-singular matrix, then
@ AB=AC=B=C (Leftcancellation law)
(o) BA=CA=B=C (Right cancellation law)
Note that these cancellation laws hold only if the matrix 'A" is non-singular (i.e.|Aj= 0).



Matrix

[llustration 15:
Solution :

[llustration 16 :

Solution :

[llustration 17:

Solution :

Prove that if A is non-singular matrix such that A is symmetric then A™ is also symmetric.
A" = A [ Alisasymmetric matrix]

(AN = A™ [since A is non-singular matrix]

= (A" = A" Hence proved

{ 1 —tanG/Z}{ 1 tan0/2

-1
is equal to -
tan0/2 1 —tan0/2 1

D) none of these
cosO sin0O -sinO cos0 sin@ cose} ©)

A {sine —cose} (B){cose sine} c {cose —sin®

1 tan@/2 71_ 1 1 —tan9/2
tan0/2 1 “sec?0/2|tan0/2 1

Product 1 1 —tan0/2 1 —tan@/2
ro =
. sec’0/2|tan6/2 1 tan/2 1

1 {1—tan29/2 —2tan 9/2}

“sec?9/2| 2tan®/2 1-tan?0/2
_|cos’8/2 sin®6/2 -2sinB/2cos6/2 | |cos® -—sind Ans. (C)
2sin0/2 cosO/2 cos’0/2—sin’®/2| |sin® cos6
0 1
0 -1 2 p
IfA= A , B=|1 0] and M = AB, then M~ is equal to-
- 11

a2 2 o | L3 113 o [L3 -3 oy | 13 L3
(A) } (B) (){ } ){_1/3 1/6

2 1 ~1/3 1/6 1/3 1/6
0 -1 2 01 1 2
M = 1 0l=
2 -2 0 2 2
: 11
M| =6 d'M—_Z 2|
M| =6, adj %2 1]
viol [2 2] _[us -3 Ans. (C)
62 1] [1/3 1/6

15



Doyoursdf-9:
(i) If'A'is a square matrix such that A% = | then A is equal to -

(A)A+1 (B) A ©o (D) 2A
(i) If'A'is an orthogonal matrix, then A~ equals -
(A) A (B) AT (C) A (D) none of these

3 2
(iii) IfA=[0 1]then (A™)?is equal to -

1[1 -26 1 {1 26} 1[1 -26 1[-1 -26
) E[o 27} ®) 2700 27 © E{o —27} O o7lo 27

17.

18.

MATRIX POLYNOMIAL :

Iff (X)=ax"+ax" " '+ax"?+.... + a x° then we define a matrix polynomial
f(A)=aA"+aA""t+a A"+ ... +al".

where A is the given square matrix. If f (A) is the null matrix, then A is called the zero or root of the

polynomial f ().

CHARACTERISTIC EQUATION :

Let A be a square matrix. Then the polynomial |A — xI| is called as characteristic polynomial of A &
the equation |A — xI| = 0 is called as characteristic equation of A. After solving the characterstic
polynomial the values of 'x' are said to be characterstic roots of the polynomial.

Note: (i) Sum of the roots of the characteristic equation is equal to trace of the matrix.

(i) Product of the roots of the characteristic equation is equal to the determinant value.
(i1i) The degree of characteristic equation is same as the order of the matrix.

(2 1

lllustration18: If f (X) =x"-3x+3and A= } be a square matrix then prove that f (A) = O.

-1 1
Hence find A*.

, 2 1][2 1] [3 3
Solution : A =AA= =

16

-1 1j|-11 -3 0

2 1 1
Hence A2 — 3A + 3l = 33 -3 +3 0 = 00 =0
-3 0 -1 1 0 1 00
1

. 2-X
Aliter : - [A-XI|=0=
-1 1

—X

= (2-X(1-X+1=0 = x*-3x+3=0 (characterstic polynomial)
by Cayley-Hamilton Theorem A? — 3A + 31 = O. Hence proved.

Now A’ = 3A - 3l

squaring on both the sides



Matrix

A'=9(A*-2A + 1)
15 oS s 2 5
=9 — + =9
-3 0] [-2 2] [0 1 {—3+2 —2+J
:9{0 1}{0 9}
-1 -1| |-9 -9

19. CAYLEY - HAMILTON THEOREM :
Every square matrix A satisfy its characteristic equation

ie. ax"+axt+.... +a_x+a_ =0isthe characteristic equation of A, then
aA"+a A+ L +a A+al=0
Note: This theorem is helpful to find the inverse of any non-singular square matrix.
le.a A"+a AT+ L +a A+al=0

At =-—(a, A" +a, A" +....a, )
1 2 0
Illugtration19: IfA=|2 _1 0/, show that 5A™ = A* + A — 5|
0 0 -1
Solution : We have the characteristic equation of A.
|A-xl=0
1—Xx 2 0

ie. 2 -1-x 0 |=0
0 0 -1-x

ie. X+x-5x-5=0
Using Cayley — Hamilton theorem
A+ A*-5A-51=0 = 5I=A"+A’-5A

Multiplying by A™, we get 5A™ = A*> + A - 5l

Doyoursdf-10:
(i)  Determine the characteristic roots of the matrix A. Hence find the trace and determinant value of A.

8 6 2
Where A=| -6 7 —4| and also prove that A®— 18A? + 45A = O.
2 -4 3

17



20. SYSTEM OF EQUATION & CRITERIA FOR CONSISTENCY

Gauss- Jordan method :
ax+by+cz=d
ax+by+cz=d,
ax+by+cz=d,

a,x+hy+cz d, a, b, ¢ |[|x d,
= a,xthy+cz|=\d,| =|a, b, ¢, ||y|=|d,

a,X + by +c.z d, a, b, c;||z d,
= AX=B ()

Multiplying adjA on both the sides of (i)
= (adjA) AX = (adjpA) B = |AIX = (adjA) B

IAIX = (adjA)B

If |Al20 If ||A|:o
adjA)B
5 —@diA)

| |
al (adjA)B = null Matrix | (adj A)B % O
or

Infinite solutions

(unique solution) or no solution

Inconsistent (no solution)

X+y+z2=16
Illustration20:  Solve the system x—y+z=2 using matrix method.
2x+y-z=1

1 1 1 X 6
Solution : LetA=|1 -1 1|, X=|y|&B=|2
2 1 -1 z 1

Then the system is AX = B.

|Al = 6, hence A is non singular,

0O 3 3
CofactorA={2 -3 1
2 0 -2
o 2 2
adjA=3 -3 0
3 1 2

18



Matrix

o 2 2] [0 ws ws
A‘lzﬁade =213 3 ol=|1/2 -1/2 o0
3 1 2| [1/2 1/6 -1/3

0 1/3 1/31][6 x| [1
X=A'"B=(1/2 -1/2 0 |2 ie. |y|=|2
1/2 1/6 -1/3||1 z| |3

= x=1y=2,2=3 Ans.
Doyoursaf-11:
(i)  The system of equations X+ 2y —3z=1,Xx-y+4z=0,2x+y+z=1has-
(A) only two solutions (B) only one solution
(C) no solution (D) infinitely many solutions
(i)  The system of equations x +y +z =8, x—y + 22 =6, 3x + 5y — 7z = 14 has-
(A) Unique solution (B) infinite number of solutions
(C) no solution (D) none of these
ANSWERS FOR DO YOURSELF
3 5 7
1: i i) 6 iii) 30 iv) x=2,y=-1,a=1, b=-3
(i) 46 8} (i) (iii) (iv) y
_ -8 -9
_ -7 -10 -7 - 719 _g
2: () 2 6 3 & 2% 3 ()
~ -1 1
3. (i) x=-2
4. (i) C
5: (i) C (i) x=0
6: (i 16 -9
(1)) 16 -3
2 7 4 0o -2 3
1 3
7 i) -4 i |7 -7 =|+ 2 0 =
(i) (i) > 5
4 1 0| (-3 3 0
L 2 1L 2
8: () C @i A (i) 625 B (iv) 9A
9: () B (i) B @iy A
10: (i) A=0,3and 15tr(A) =18,|A|=0
11: () D @i A

19
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EXERCISE (O-1)

1 2 0 2 -1 5
Let A+ZB:{6 —33 ﬂ and 2A—B:k —11 g],thenTr(A)—Tr(B) has the value equal

-5
to
(A0 B)1 (©)2 (D) none
X 3X-y 3 2
It zx+z 3y-w| |4 7 , then
(A)x=3,y=7,z=1,w=14 B)x=3,y=-5,x=-1,w=-4
(C)x=3,y=6,z=2,w=7 (D) None of these

1 2
The matrix A2+ 4 A-5I, where 1 is identity matrix and A = { 4 _3} equals :[JEE-MAIN Online 2013]

11 2 1 0 -1 2 1
CE NN ® 45 o @45 2] @25

(A) 10'°%°Mm (B) 10*°®N (C) 10°°™m (D) 10°**Mm
1 2 .
If A= , @ and A? - kA - 1, = 0, then value of k is-

(A) 4 (B)2 ©1 (D) -4

Let three matrices are A = [i ﬂ : B= [3 g} and C = [_32 _?ﬂ , then

ABC) [ A(BC)? A(BC)® _
t(A)+ tr(j o +1, 8 LR + oo is equal to-

2 4
(A)6 B)9 (©) 12 (D) none
_ 1 2r-1 211 2r-1)
For a matrix A = o 1 |’ the value of H o 1 |8 equal to -
r=1

1 100}

1 4950
Ao 1 Blog 1

1 5050 1 2500
©lo 1 O lg 1



10.

11.

12.

13.

14.

Matrix

A and B are two given matrices such that the order of A is 3x4 , if A’ B and BA' are both defined
then

(A) order of B'is3 x 4 (B) order of B'Alis 4 x 4
(C) order of B'Ais 3 x 3 (D) B’A is undefined
If th duct of tri L1yl 2yl s Loy | to the matri L 378 then
rices| |l . | al to the matrix
e product of n matrices o 1llo 1llo 1 0 1 is equ 0 1

the value of n is equal to -
(A) 26 (B) 27 (C) 377 (D) 378

Consider a matrix A (6) = [_5(':';? 0 gﬁfg} th

(A) A(0) is symmetric (B) A(6) is skew symmetric
T
(C) A™(8) = A(n - 6) (D) AX(6) = A[E - 29}
341
If p, g, r are 3 real number satisfying the matrix equation, [p g r]{3 2 3| = [3 0 1], then
202
2p + q—requals :- [JEE-MAIN Online 2013]

(A) -1 (B) 4 (C)-3 (D) 2
If A, B and C are n x n matrices and det(A) = 2, det(B) = 3 and det(C) = 5, then the value of the
det(A?BC1) isequal to

NG o 12 L o0 2
(A) (B) ©) % (DR=
Which of the following is an orthogonal matrix -
[6/7 2/7 -3/7 (6/7 217 3/7
(A) 217 3/7 617 (B) 2/7 =3/7 617
13/7 —6/7 217 13/7 6/7 -=2]7
(617 217 -3/7 [ 6/7 217 3/7
©)| 217 3/7 67 (D)| 2/7 2/7 -3I7
| -3/7 6/7 2]7 |-6/7 2/7 3]7
x 3 2
Matrix A=|1 y 4], ifxyz=60and 8x+ 4y + 3z =20, then A (adj A) is equal to -
2 2 z
64 0 O 88 0 O 68 0 O 34 0 O
(A0 64 O (B)| 0 8 0 ()| 0 68 0 (D) |0 34 0
0 0 64 0 0 88 0O 0 68 0 0 34

21



2 -2 -4
15. Thematrix |2 3 4 |isa

1 -2 -3
(A) non-singular (B) Idempotent (C) Nipotent (D) Orthogonal
2
16. IfA:{abz " },thenAis
-a°~ —ab

(A) Involutory matrix ~ (B) Idempotent matrix  (C) Nilpotent matrix (D) none of these
17. If Aand B are symmetric matrices, then ABA is -

(A) symmetric matrix (B) skew symmetric matrix
(C) diagonal matrix (D) scalar matrix
0 sina sinasinf
18. Let A=| -sina 0 cosacosP |, then -
—sinasinff —cosa.cosf 0
(A) |A| is independent of o and 3 (B) A1 depends only on o
(C) AL depends only on B (D) none of these

A—1 A A+1
19. Number of real values of A for which the matrix A=| 2 -1 3 has no inverse
A+3 A=2 A+7

(A0 (B)1 (©)2 (D) infinite
20. |If A:[aij] where a; :{_ziﬂ_ ?ij:,then Aisequal to -
R I°=2j i=]
1/0 3 10 -3 110 -3 1/0 3
A gl 1 ® 9z 1 © 93 1 ®) 313 1

22



Matrix

EXERCISE (0O-2)
Let A, other than | or —I, be a 2 x 2 real matrix such that A2 = I, | being the unit matrix. Let Tr(A)
be the sum of diagonal elements of A. [JEE-MAIN Online 2013]
Statement—1: Tr (A) =0
Statement—2 : det (A) = -1
(A) Statement-1 and Statement-2 are true and Statement-2 is not the correct explanation for Statement-1
(B) Statement-1 and Statement-2 are true and Statement-2 is a correct explanation for Statement-1.
(C) Statement-1 is true and Statement-2 is false.
(D) Statement-1 is false and Statement-2 is true.

a, a . ' 4
LetS = {( H 12J:aij €{0,1, 2},ay, =a22} . Then the number of non-singular matrices in the set S

a21 a22
IS : [JEE-MAIN Online 2013]
(A) 24 (B) 10 (©) 20 (D) 27
cos’a sina cosa cos’B  sinf cosP
If A= . ) , = . .2
sin o cosa sin® a sin3 cosf sin“

are such that, AB is a null matrix, then which of the following should necessarily be an odd

. . T
integral multiple of 5

(A) o (B)B (C)a-p (D)o +p

If A and B are invertible matrices, which one of the following statement is/are incorrect -
(A) Adi(A) = JAJATH (B) det(A™) =|det(A)[

(C) (A +Byl=B1l+Al (D) (AB)™! = B1A™!

Identify the incorrect statement in respect of two square matrices A and B conformable for sum and
product -

(A t(A+B)=t(A)+1(B) (B) t(aA) =at(A),a eR

(C) t(AT) =t.(A) (D) t.(AB) =t (BA)
. & X =y z 8 0 O

Let A=|2 5 2|and B=| 0 y 2z| wherexy,zzeR.If BTAB=[0 27 0 | thenthe
1_ G X -y z 0 0 42

number of ordered triplet (x,y,z) is-

(A) 2 (B)6 (€8 (D)9
1 -1 1 4 2 2

let A=|2 1 -3|and10B=|-5 0 o |. If Bis the inverse of matrix A, then a is -
1 1 1 1 -2 3

(A) -2 (B) -1 (C) 2 (D) 5

A= [—tgn X ta? X} then let us define a function f (x) = det. (ATA™!) then which of the following

can not be the value of f(f(f(f.......... f(x)))) is (n>2)

n times

(A) (%) (B)1 (©)f"=1(x) (D)nf(x)

23



10.

11.

12.

13.

14.

15.

24

[ONE OR MORE THAN ONE ARE CORRECT]

X 2 -1
Let det(adj(adjA)) = 14* where A=| -1 1 2| x»_L then
3
2 -1 1

(A x=1 (B) det(2A) =112 (C)x=2 (D) det(2A) = 256

1 -1 2
Let A*=|-1 2 1 |, then-

2 1 -1

1 1

TIA|== i = —

(A) TIA] > (B) [adj A| 106

) 1 3 ) . )
(C) trace (adjA) = ~3 (D) Matrix A is a symmetric matrix

3 00
If A=12 2 0], then which of the following is(are) true ?
4 5 3
(trace of A denotes sum of principal diagonal elements of A)
(A) Ais invertible (B) trace(adj(adj(A))) =144
(C) trace(adj(adj(A))) =8 (D) |adj A| is less than 400
1 2 3
Let A=[2 2 —1|andf(x)=x—2x*-ax+p=0.If A satisfies f(x) = 0, then-
3 0 k

(Ak=1,a=14 (B)a=14,p=22 C)k=-1,p=22 (D) a=-14, B3 =-22
If Aand B are 3 x 3 matrices and | A | = 0, then which of the following are true?
(A)|AB|=0 = |B|=0 (B)|AB|=0 = B=0

©) |At[=]AT D) [A+A[=2]A]

If D, and D, are two 3 x 3 diagonal matrices where none of the diagonal element is zero, then -
(A) D,D, is a diagonal matrix

(B) b,D, =D,D,

(C) D,2 + D,? is a diagonal matrix

(D) none of these

If A and B are two 3 x 3 matrices such that their product AB is a null matrix then

(A) det. A= 0= B must be a null matrix.

(B) det. B0 = A must be a null matrix.

(C) If none of A and B are null matrices then atleast one of the two matrices must be singular.
(D) If neither det. A nor det. B is zero then the given statement is not possible.



16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

Matrix

x if i=j, xeR

Let A=g; be amatrix of order 3wherea; = |1 if li=jl=1  thenwhich of the following hold(s)
0 otherwise

good ?

(A) for x=2, Ais a diagonal matrix. (B) Ais a symmetric matrix

(C) for x = 2, det A has the value equal to 6
(D) Let f (x) =det A, then the function f(x) has both the maxima and minima.

2 1
If A & B are square matrices of order 2 such that A + adj(BT) = L 2} & A’ —adj(B) :{
then-
(A) B is symmetric matrix (B) A"=A VY neN
C)A+A*+ A + A"+ A’ =0 (D) B+B*+B*+B*+B% =0

tA-|t e a=|® Pl wherens>2&n e Ny th
=1, 4 =lc ¢ , (Where n> n € N), then -

(A)a=d (B)b=c

(C)b=a+1lifnisodd (D)b=a-1ifniseven

If Aand B are two orthogonal matrices of order 3, then -

(A) A and B both will be invertible matrices  (B) matrix ABA will also be orthogonal

(C) matrix A2B2will also be orthogonal (D) maximum value of det(% adj(ZB)j is 8.

0 1
1 0|

If A & B are two non singular matrices of order 3 x 3 such that A" +B=1& BA' =-B, then which

is/are always true (where X" denotes transpose of X and | denotes unit matrix)-
(A)[B| =2 (B)IB[=8 ©C) IAl=-1 (D) IAI=1
(where | X| denotes determinant value of X)

Paragraph for Question 21 to 22

11 -1 X -1
Consider the system AX = B, where A={2 1 1 |, X=|y|,B=] 2

3 2 2 z 3
Sum of elements of (adjA) B is-
(A) -1 (B)2 (C)-2 (D)-4
Value of tr(XBT) is (where tr(A) denotes trace of matrix A)-
(A)0 (B)1 (€)2 (D)3

Paragraph for question nos. 23 to 25

If Aisa symmetric and B skew symmetric matrix and A+ B is nonsingular and C = (A+ B)~}(A—B) then

CT(A+B)C =

(A)A+B (B)A-B (C)A (D)B
CT(A-B)C=

(A)A+B (B)A-B (C)A (D)B
C'AC

(A)A+B (B)A-B (C)A (D)B

25
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26

EXERCISE (S-1)

a -360

Let M = {b c } where a, b and c are integers. Find the smallest positive value of b such that

M2 = O, where O denotes 2 x 2 null matrix.
Find the number of 2 x 2 matrix satisfying following conditions :

(1) a, islor-1; (i) aa,+aa,=0

Find the value of x and y that satisfy the equations

3 -2 3 3

3 o{y y}:sy 3y
X X

2 4 10 10

0
Let A= {a (ﬂ and B= Lﬂ # {0} . Such that AB = B and a + d = 5050. Find the value of (ad —
c
bc).

01 0
Define A = L 0} . Find a vertical vector V such that (A8 + A*+ A*+ A + )V = LJ
(where I is the 2 x 2 identity matrix).
1 0 2
IfA=]0 2 1], thenshow thatthe matrix A is aroot of the polynomial f(x) = x3— 6x* + 7x + 2.
2 0 3

. 1 2 a b
If the matrices A = and B =
3 4 c d

+c-b

(a, b, c, d not all simultaneously zero) commute, find the value of N . Also show that the

a—pB 2B/3
§ a

matrix which commutes with A is of the form {

a b
If L " a} is an idempotent matrix. Find the value of f(a), where f(x) = x — x?, when bc = 1/4.
Hence otherwise evaluate a.
. w. 1 1 .
If the matrix A is involutary, show that E(I + A) and E(I — A) are idempotent

and %(I + A). %(I -A) = 0.

. 10 . . .
Show that the matrix A = {2 J can be decomposed as a sum of a unit and a nilpotent matrix.

1 0™
1)

Hence evaluate the matrix {



11.

12.

13.

14.

15.

16.

17.

Matrix

3 a -1 d 3 a
A=2 5 c |isSymmetricand B=|b-a e -2b-c | is Skew Symmetric, then find AB.
b 8 2 -2 6 f

Is AB a symmetric, Skew Symmetric or neither of them. Justify your answer.

1 2 5
Expressthe matrix | 2 3 —6| asasum ofa lower triangular matrix & an upper triangular matrix
-1 0 4

with zero in its leading diagonal. Also express the matrix as a sum of a symmetric and a skew
symmetric matrix.

@ A is a square matrix of order n.
¢ = maximum number of distinct entries if A is a triangular matrix
m = maximum number of distinct entries if A is a diagonal matrix
p = minimum number of zeroes if A is a triangular matrix.
If £ +5=p+ 2m, find the order of the matrix.

(b) Let A be the set of all 3 x 3 skew symmetric matrices whose entries are either -1, 0 or 1. If
there are exactly three 0's, three 1's and three (=1)'s, then find the number of such matrices.

If Ais an idempotent non-zero matrix and | is an identity matrix of the same order, find the value of
n,n eN, suchthat (A+ 1)"=1+ 127 A.

2 0 7 -X 14x 7X
Let A=|0 1 O|andB=| 0 1 0 | are two matrices such that AB = (AB)* and AB =
1 -2 1 X —4x -2x

I (where I is an identity matrix of order 3 x 3).

Find the value of Tr. (AB+(AB)’ +(AB)’ +.....+ (AB)™),

where Tr. (A) denotes the trace of matrix A.

a b
If A :L d} then prove that value of f and g satisfying the matrix equation A> + fA + gl = O are

equal to — t (A) and determinant of A respectively. Given a, b, c, d are non zero reals and

S

3x? (x+2)>  5x* 2x
Let A=| 1 [,B=[abc]and C=| 5x? 2X (x+2)* | be three given matrices, where
6X 2x  (x+2)* 5x*

a, b, c and x € R. Given that tr(AB) = tr(C) V x € R, where tr(A) denotes trace of A. Find
the value of (a + b + ¢)

27
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EXERCISE (S-2)

Let A be the 2 x 2 matrices given by A = [aij] , Where a; €{0,1,2,3,4}

suchthata +a,+a, +a,=4

(i) Find the number of matrices A such that the trace of A is equal to 4.

(i) Find the number of matrices A such that A is invertible.

(iti) Find the absolute value of the difference between maximum value and minimum value of det (A).

(iv) Find the number of matrices A such that A is either symmetric or skew-symmetric or both and
det(A) is divisible by 2.

4 -4 5
For the matrix A=|-2 3 -3| find A2
3 -3 4
. ; i i 2 3| il (-
@ Given A = a1 ,B= 3 4 . Find P such that BPA = 01 0/

2 1 3 2] 2 4
(b) Find the matrix A satisfying the matrix equation, {3 } A = .

cosx -sinx 0
IfF(x) =| sinx cosx 0| thenshow that F(x).F(y) = F(x +y). Hence prove that [F(x)] = F(-x).
0 0 1
Let Abe a3 x 3 matrix suchthat a,, =a_, = 2 and all the other a, =1 Let A =xA?+yA+zl, then
find the value of (x +y + z) where I is a unit matrix of order 3.

1 2 2 2 11 10
Giventhat A={2 2 3|,C=|2 2 1|,D=|13]| andthatCbh=D.
1 -1 3 1 11 9

Solve the matrix equation Ax = b.

1 3 4 3 r.3' 2'
Let A=| 2|, B= and C, =| . | e 3 given matrices.

50
Compute the value of "tr.((AB)'C, ). (where tr.(A) denotes trace of matrix A)

r=1

0 1 -1
Let X be the solution set of the equation A*=1, where A={4 -3 4 | and | is the corresponding
3 -3 4

unit matrix and X < N then find the minimum value of Z(cosX 0+sin*0),0 eR.
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11.

12.

13.

14.

15.

Matrix

1 2 5
Consider the two matrices A and B where A = { 4 3} ;B = {_3} . Let n(A) denotes the number of

elements in A and n(XY) = O, when the two matrices X and Y are not conformable for multiplication.

If C = (AB)(B'A): D = (B'A)(AB) then, find the value of [”(C)(“ D +”(D))j .
n(A)-n(B)

2 1 9 3
Given A :L J; B :{3 J. I is a unit matrix of order 2. Find all possible matrix X in the

following cases.

(@) AX =A (b) XA =1(c) XB=0butBX #O.
-5 1 3 11 2
Find the product of two matrices A & B,where A=| 7 1 -5|{&B=|3 2 1|anduseitto
1 -1 1 2 1 3
solve the following system of linear equations,
X+y+2z=1;3x+2y+z2=7;2x+y+3z=2.
3 -2 1]jx
Determine the values of a and b for which the system |5 -8 9|y |=|3
2 1 allz -1
(a) has a unique solution ; (b) has no solution and (c) has infinitely many solutions

1 2 31 1 2 X, X, . . .
If A= AB = o= and X = , then solve the following matrix equation.
3 4 10 2 4 X, X,

() AX =B - | (©) (B- X =1C (c) CX=A

A, ., is a matrix such that |A|=a, B = (adj A) such that |[B|= b. Find the value of

3

1 a a* a
(ab*+a’h + 1)Swhere - S=—+-—F+-—F+...... uptooo, and a=3.
2 b b> b
If A and B are square matrices of order 3, where |A| = -2 and |B| = 1, then find

‘(A‘l)adj(B‘l)adj(ZA‘l)
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EXERCISE (JM)

Let A be a 2 x 2 matrix [AIEEE- 2009]

Statement—1 : adj (adj A) = A

Statement-2 : |adj A| = |A|

(1) Statement-1 is true, Statement-2 is false.

(2) Statement-1 is false, Statement-2 is true.

(3) Statement-1 is true, Statement-2 is true; Statement-2 is a correct explanation for Statement-1.

(4) Statement—1 is true, Statement-2 is true; Statement—2 is not a correct explanation for statement—1.

The number of 3 x 3 non-singular matrices, with four entries as 1 and all other entries as 0, is :-
[AIEEE-2010]

(1) Less than 4 (2)5 3)6 (4) At least 7
Let A be a 2 x 2 matrix with non-zero entries and let A2 = I, where | is 2 x 2 identity matrix. Define
Tr(A) = sum of diagonal elements of A and |A| = determinant of matrix A. [AIEEE-2010]

Statement-1: Tr(A) = 0.

Statement-2: |A| = 1.

(1) Statement-1 is true, Statement-2 is true; Statement—2 is a correct explanation for Statement-1.
(2) Statement-1 is true, Statement—2 is true; Statement—2 is not a correct explanation for statement-1.
(3) Statement-1 is true, Statement-2 is false.

(4) Statement-1 is false, Statement-2 is true.

Let A and B be two symmetric matrices of order 3.

Statement-1: A(BA) and (AB)A are symmetric matrices.

Statement-2: AB is symmetric matrix if matrix multiplication of A with B is commutative. [AlEEE-2011]
(1) Statement-1 is true, Statement-2 is false.

(2) Statement-1 is false, Statement-2 is true

(3) Statement-1 is true, Statement-2 is true; Statement-2 is a correct explanation for Statement-1
(4) Statement-1 is true, Statement-2 is true; Statement-2 is not a correct explanation for Statement-1.
Statement-1 : Determinant of a skew-symmetric matrix of order 3 is zero.

Statement-1: For any matrix A, det(AT) = det(A) and det(-A) = —det(A).

Where det(B) denotes the determinant of matrix B. Then : [AIEEE-2011]
(1) Statement-1 is true and statement-2 is false

(2) Both statements are true

(3) Both statements are false

(4) Statement-1 is false and statement-2 is true.

100 1 0
Let A={2 1 0. Ifu;and u,are column matrices such that Au, =| 0 | and Au, =| 1 |, then
3 21 0 0
U, + U, is equal to : [AIEEE-2012]
1 -1 -1 -1
1) |-1 )] 1 31 (4)| -1
-1 0 -1 0
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3
3| is the adjoint of a 3 x 3 matrix A and |A| = 4, then a is equal to
4

[JEE(Main) - 2013]
Q4 (211 3)5 40
If Aiis an 3 x 3 non-singular matrix such that AA'= A'/Aand B = A1 A', the BB' equals :
[JEE(Main) - 2014]

(11+B 21 @) B? (4) (B
1 2 2
IfA=|2 1 -2|isamatrixsatisfying the equation AAT= 09I, where | is 3 x 3 identity matrix, then the
a 2 b
ordered pair (a, b) is equal to : [JEE(Main)-2015]
(1) (@2 1) (2) (-2,-1) 3) (2 -1) (4) (=2, 1)
[5a —b _
IfA= 3 9 } and Aadj A=AAT, then 5a + b is equal to : [JEE(Main)-2016]
(1)13 2) -1 (3)5 (4) 4
If A| 2 ﬂ then adj (3A2 + 12A) is equal to - [JEE(M ain)-2017]
72 63 72 -84 51 63 51 84
1) -84 51 2) -63 51 (3) 84 72 (4) 63 72
Let Aand B be two invertible matrices of order 3 x 3. If det(ABAT) = 8 and det(AB-1) = 8, then det
(BA-1 BT) is equal to :- [JEE(Main) Jan-2019]
1 1
(1) 16 @) 1o ® 41
100 N
LetP=|3 1 0 |and Q= [q;] be two 3x3 matrices such that QP> = 5. Then % isequal to :
931 32
[JEE(Main) Jan-2019]
(1) 15 29 (3)135 (4)10
cosa. —sina 2_(0 -1 .
LetA:[ ) j,(aeR) suchthat A™ = 1 0 . Thenavalue of aLis
Sina cosa
[JEE(Main) Apr-2019]
I T T
M 16 (2)0 ® 5, ) o5
111 2{|1 3 1n-1 11 78 . 1 nj. .
If o 1llo 1llo 110 1 Flo 11" then the inverse of 0o 118 [JEE(Main) Apr-2019]

1 -13 1 0 1 -12 1 0
ol; 7] @y 1) @ 1] @5 1)
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16. IfaisAsymmetric matrix and B is a skew-symmetrix matrix such that A+B = [

to:

ol

2 3

5 _J , then AB is equal

[JEE(Main) Apr-2019]
3 @5 7 @4 2 @l 3
EXERCISE (JA)

Comprehension (3 questions)
Let A be the set of all 3 x 3 symmetric matrices all of whose entries are either 0 or 1. Five of these
entries are 1 and four of them are 0.

1.

32

@)

(b)

©

@)

(b)

The number of matricesin A is -

(A) 12 (B)6 ©9 (D) 3
The number of matrices A in A for which the system of linear equations
X 1
Aly|=|0
z 0
has a unique solution, is -
(A) less than 4 (B) at least 4 but less than 7
(C) at least 7 but less than 10 (D) at least 10
The number of matrices A in A for which the system of linear equations
X 1
Aly|=|0
z 0

IS inconsistent, is -
A0 (B) more than 2 (©)2 (D)1
[JEE 2009, 4+4+4]
The number of 3 x 3 matrices A whose entries are either 0 or 1 and for which the system
X 1
Aly |=[0| has exactly two distinct solutions, is

z 0
(A) 0 (B)2°-1 (C) 168 (D) 2
Let k be a positive real number and let
2k-1 2k 2Jk 0 2k-1 k
A=| 2k 1 —2k|and B={1-2k 0 2Vk|.
2Jk 2k -1 ~Jk -2k 0

If det (adj A) + det(adj B) = 10° then [K] is equal to

[Note : adj M denotes the adjoint of a square matrix M and [k] denotes the largest integer
less than or equal to k].



Matrix

(0 Let p be an odd prime number and T be the following set of 2 x 2 matrices :

T, ={A=ﬁ :}Za,b,CE{O,LZ, ..... ,p—l}}

(i) The number of A in L such that A is either symmetric or skew-symmetric or both, and
det(A) divisible by p is -

(A) (p-1)° (B)2(p-1) ©(P-1°+1 (D)2p-1
(i) The number of A in L such that the trace of A is not divisible by p but det (A) is divisible
by pis -
[Note : The trace of a matrix is the sum of its diagonal entries.]
A P-1)@E-p+1) (B) p* - (p - 1)°
©) (p-1)° (D) (p-1) (p*-2)
(iii) The number of A in L such that det (A) is not divisible by p is -
(A) 2p* (B) p° - 5p (C)p°-3p (D) p’ - p’°

[JEE 2010, 3+3+3+3+3]
Let M and N be two 3 x 3 non-singular skew-symmetric matrices such that MN = NM. If P" denotes
the transpose of P, then M°N*(M'N)™ (MN™)" is equal to - [JEE 2011, 4]
(A) M* (B) —N* (C) -M* (D) MN

1
Let w=1 be a cube root of unity and S be the set of all non-singular matrices of the form | ®

2
Q)

e B o
= O T

where each of a,b and c is either » or o’. Then the number of distinct matrices in the set S is-

(A) 2 (B) 6 (C) 4 (D) 8
[JEE 2011, 3, (-1)]
0 =1 1 1 1 0
Let M be 3 x 3 matrix satisfying M|1 |=| 2 ||M|-1|=| 1 |and M|1|=| O
0 3 0 -1 1 12
Then the sum of the diagonal entries of M is [JEE 2011, 4]
Let P =[a,] be a 3 x 3 matrix and let Q = [b,], where b, = 2"a, for 1 <, j < 3. If the determinant
of P is 2, then the determinant of the matrix Q is - [JEE 2012, 3M, -1M]
(A) 210 (B) oll (C) 012 (D) 013
If Pisa 3 x 3 matrix such that PT = 2P + I, where PT is the transpose of P and | is the 3 x 3 identity
X 0
matrix, then there exists a column matrix X =|y | #| 0 | such that [JEE 2012, 3M, —1M ]
z 0
0
(A) PX=|0 (B) PX=X (C) PX=2X (D) PX ==X
0
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1 4 4
If the adjoint of a3 x 3 matrix Pis |2 1 7|, then the possible value(s) of the determinant of P
1 1 3
is (are) - [JEE 2012, 4AM]
(A) -2 (B)-1 ©1 (D)2

For 3 x 3 matrices M and N, which of the following statement(s) is (are) NOT correct ?
(A) N'M N is symmetric or skew symmetric, according as M is symmetric or skew symmetric
(B) MN — NM is skew symmetric for all symmetric matrices M and N
(C) MN is symmetric for all symmetric matrices M and N
(D) (adj M) (adj N) = adj (M N) for all invertible matrices M and N
[JEE-Advanced 2013, 4, (-1)]
Let M be a 2 x 2 symmetric matrix with integer entries. Then M is invertible if
(A) the first column of M is the transpose of the second row of M
(B) the second row of M is the transpose of the first column of M
(C) M is a diagonal matrix with nonzero entries in the main diagonal
(D) the product of entries in the main diagonal of M is not the square of an integer
[JEE(Advanced)-2014, 3]
Let M and N be two 3 x 3 matrices such that MN = NM. Further, if M = N”and M*= N*, then
(A) determinant of (M*+ MN?) is 0
(B) there is a 3 x 3 non-zero matrix U such that (M*+ MN?U is zero matrix
(C) determinant of (M*+ MN?% > 1
(D) for a 3 x 3 matrix U, if (M*+ MN?)U equals the zero matrix then U is the zero matrix

[JEE(Advanced)-2014, 3]

Let X and Y be two arbitrary, 3 x 3, non-zero, skew-symmetric matrices and Z be an arbitrary
3 x 3, non-zero, symmetric matrix. Then which of the following matrices is (are) skew

symmetric ? [JEE(Advanced)-2015, 4M, —2M |
(A) VviZ4 _ 74ye (B) X4 4y (C) X473 _ 78%4 (D) X3 4 Y3
3 -1 =2
Letp=|2 0 o |, Wherea € R, SupposeQ = [qij] is @ matrix such that PQ = kI, where k € R,
3 50

k k?
k= 0and | is the identity matrix of order 3. If g,, = -~ and det(Q) :7 , then-

8
(A a=0 k=8 B)da -k +8=0
(C) det(Padj(Q)) = 2° (D) det(Qadj(P)) = 2"

[JEE(Advanced)-2016, 4(-2)]
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15.
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Matrix

1 00
Let P —{ 4 1 0} and | be the identity matrix of order 3. If Q = [qij] IS a matrix such that

16 4 1

P _ Q =1, then d5279%2 equals [JEE(Advanced)-2016, 3(-1)]
Jo1

(A) 52 (B) 103 (C) 201 (D) 205

Which of the following is(are) NOT the square of a 3 x 3 matrix with real entries ?
[JEE(Advanced)-2017, 4(-2)]

10 0 10 0 100 ‘€A °
(A0 1 0 ® |0 -1 ol (©]o0o 1 0 o) |0 1 0
00 -1 0 0 -1 00 1 D N
How many 3 x 3 matrices M with entries from {0,1,2} are there, for which the sum of the diagonal
entries of MM is 5 ? [JEE(Advanced)-2017, 3(-1)]
(A) 198 (B) 126 (C) 135 (D) 162
For a real number a, if the system
1 o o’l[x 1
a 1 ally|l-|-1
o> a 11|z 1
of linear equations, has infinitely many solutions, then 1 + o + o = [JEE(Advanced)-2017, 3]
by
Let S be the set of all column matrices | b, | such that b,, b,, b, € R and the system of equations
b,

(in real variables)
-X + 2y +5z2=Dh,
2Xx -4y +32=h,
X—2y+2z=Dh,
has at least one solution. Then, which of the following system(s) (in real variables) has (have) at
b,
least one solution of each |b, | € S ? [JEE(Advanced)-2018, 4(-2)]
b,
(A)x+2y+3z=b,4y+52=bh,and x + 2y + 62 = b,
(B)x+y+3z=Db,5x+2y+6z=b,and -2x -y -3z = b,
(C)x+2y-52=b,2x~-4y +10z=b,and X - 2y + 5z = b,
(D) x+2y+52=b,2x+3z=h,and x + 4y - 5z = b,
Let P be a matrix of order 3 x 3 such that all the entries in P are from the set {-1, 0, 1}. Then,
the maximum possible value of the determinant of P is [JEE(Advanced)-2018, 3(0)]
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EXERCISE (O-1)

C 2. A 3. B 4. A 5 A 6. A 7. D
B 9. B 10. C 11. C 12. B 13. A 14. C
B 16. C 17. A 18. A 19. D 20. A
EXERCISE (0O-2)
A 2. C 3. C 4. C 5 D 6. C 7. D
D 9. AB 10. BC,D 11. ABD 12. B,C 13. AC 14. AB,C
AB,C,D 16. BD 17. AC 18. A,B,C,D 19. AB,C.D
B,C 21. C 22. A 23. A 24. B 25. C
EXERCISE (S1)
3
10 2. 8 3. x=5,y=2 4. 5049 5. V= 7. 1
11
1 0 o . .
f(a)=1/4, a=1/2 10. {4014 J 11. AB isneither symmetric nor skew symmetric
1 00} |02 5|1 2 2 0 0 3
2 3 0/+/0 0O 6;/2 3 -3|+|/0 0 -3 13. (@) 4, (b) 8
-1 0 4, /00 0]|2 -3 4 -3 3 0
n=7 15. 100 16. f=—(a+d);g=ad-bc 17. 7
EXERCISE (S-2)
L - o4 -9 -4 7 -7 1[ 48 -25
()5, (i) 18, (iii)8, (iv)5 2. |-10 0 13| 3. (a){3 & 5](b) 191 -70 42
-21 -3 25

1 6. x =1 x=-1 x,=1 7. 3(49.3°+1) 8. 2 9. 650
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(i)

a
X =
{Z—Za 1-2b

} fora,beR; (i) X does not exist;

X{z _2‘1 a,ceRand3a+c=0:3b+d=0

x=2,y=12=-112. ()a%-3,beR: (i)a=-3 and b= 1/3; (ii)a=-3, b=1/3

-3 -3
(a) X—[5 2], (b)

4
3

2

2.4 3 3
12. 2 13 4

(@) A, (b) B,(c)B

9
CD

6. D
13.B,C

{1
X =
-1

4. 4
14. 4

7. D
14.B

2
2] (c) nosolution14. 225 15. -8

EXERCISE (JM)

5 1
15. 1

6. 1 7.
16. 3

EXERCISE (JA)
2. (A, (b)4: (c)(i)D, (i) C, (ili)D 3. Bonus

8. AD
15. AB

9. CD
16. A 17. 1

2

8. 2

10. C,D
18. AD

9. 2

4. A
11. AB
19. 4
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