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JEE (Main) Syllabus :
Limits, continuity and differentiability.

JEE (Advanced) Syllabus :

Limit and continuity of a function, limit and continuity ofthe sum, difference, product
and quotient of two functions. Continuity of composite functions, intermediate value
property of continuous functions.




Limit, Continuity & Differentiability
LIMIT

INTRODUCTION :

The concept of limit of a function is one of the fundamental ideas that distinguishes calculus from
algebra and trigonometry. We use limits to describe the way a function f varies. Some functions vary
continuously; small changes in x produce only small changes in f(x). Other functions can have values
that jump or vary erratically. We also use limits to define tangent lines to graphs of functions. This
geometric application leads at once to the important concept of derivative of a function.
DEFINITION :

Let f(x) be defined on an open interval about ‘a’ except possibly at ‘a’ itself. If f(x) gets arbitrarily
close to L (a finite number) for all x sufficiently close to ‘a’ we say that f(x) approaches the limit L as

x approaches ‘a” and we write Lim f(x) = L and say “the limit of f(x), as x approaches a, equals L.

This implies if we can make the value of f(x) arbitrarily close to L (as close to L as we like) by taking
x to be sufficiently close to a (on either side of a) but not equal to a.

LEFT HAND LIMIT AND RIGHT HAND LIMIT OF A FUNCTION :
The value to which f(x) approaches, as x tends to ‘a’ from the left hand side (x — a°) is called left

hand limit of f(x) at x = a. Symbolically, LHL = Ix_Lran f(x) = IHLT f(a -h).

The value to which f(x) approaches, as x tends to ‘a’ from the right hand side (x — a*) is called right
hand limit of f(x) at x = a. Symbolically, RHL = IX‘LT f(x) = IELT f(a + h).

Limit of a function f(x) issaid to exist as, x —» awhen Lim f(x) = )l;_lgl f(x) = Finite quantity.

X—a

Example :

Graph of y = f(x) l‘JT f(x)= Iﬁ'ﬂ)‘ f(-1+h)=f(-1")=-1
Limf(x) = IFiry f(0-h)=f(0")=0
Xx—0" —

Limf(x) = Lim f(0+h) =f(0") =0
x—0" -

Limf(x) = Limf(L—h) =f(1") =1
x—1" —>

Limf(x) = Iilrp f+h)=f1")=0

x—1" -

Limf(x) = Iﬁlry f(2-h)=f(2-)=1

X—2" —

Fig. 1 Lirp f(x)=0 and Lirp f(x) does not exist.

I mportant note:

In Limf(x), x = anecessarily implies x = a. That is while evaluating limit at x = a, we are not

concerned with the value of the function at x = a. In fact the function may or may not be defined at
X = a.



Also it is necessary to note that if f(x) is defined only on one side of ‘x =a’, one sided limits are good
enough to establish the existence of limits, & if f(x) is defined on either side of ‘a’ both sided limits are
to be considered.

Asin Limcos*x =0, though f(x) is not defined for x >1, even in it’s immediate vicinity.
Xx—1

Hlugtration 1. Consider the adjacent graph of y = f (x)
Find the following :

4
@ Nmie) @ mf @ fimfg ] /\f\
i,

@ lmfx) @ lmf(x) (@ limf(x)

@ mfe) y limfG) @ limf(x)

G IImfe) @ limfe)=2q limf(x)=-o

x—4"

Solution: (a) Asx — 0 : limit does not exist (the function is not defined to the left of x = 0)

() Asx—>0":f () >-1=limf()=-1 () Asx>1:f()>1= limf(x) =L
@ Asx—o1:fx->2=IMi)=2 (9 Asx—2 i f () > 3= limf(x)=3.
M Asx->27:f()>3=1IMf(X)=3 (g Asx—>3:f(x)—>2= limf(x)=2
) Asx—>3:f(x)>3=lIMfX¥)=3 () Asx >4 :f()—>4= limfx)=4
() Asx—>4:fx)>4= IMf)=4" (k) Asx oo f()—>2= lIMfX)=2

N Asx—=>6,f(X) > o= Iirg[ f(x) =—co limit does not exist because it is not finite.

Doyoursalf - 1:

(i) Which of the following statements about the function y = f(x) graphed here are true, and
which are false ?

(@ lim f()=1 (b) lim (X) does not exist A
X—>—1 2=
y=flx)
(©) lem f(x)=2 (d) )I(LrP f(x)=2 ] A
1
(e) lim T(X) doesnotexist ~ (f) lim f(x) = lim f(x)
o ol 1 2 3

(g) im f(x) exists at every ¢ e (-1, 1)

(h) 1im f(x) exists at every ¢ € (1, 3)

0] IirP f(x)=0 ()] Iirgl f (x) does not exist.




Limit, Continuity & Differentiability
4, FUNDAMENTAL THEOREMS ON LIMITS:
Let Lim f(x)=1&Lim g(x)=m.Ifl & mexist finitely then :

X—a

(@ Sumrule: Lim {f(x)+g(x)}=1+m (b) Difference rule : Lim {f(x)-g(x)}=I-m

X—>a X—>a

f(x)

(© Productrule: Limf(x).g(x)=Im  (d) Quotientrule:Lim ——=

T g(x) %,provided m =0

(6 Constant multiple rule : Lim kf (x) = k Lim f (x) ; where k is constant.

X—a X—a

()  Powerrule : If mand n are integers then Lim [f(x)]m/n = ™" provided |™/n is a real number.

(@ Limf[g(x)]=f (I;Lr? g(x)) =f(m); provided f(x) is continuous at x = m.

X—a

For example : Lim ¢n(g(x)) = ¢n[Lim g(x)]

= (n (m); provided /nx is continuous at x =m, m= lim g(x).
5. INDETERMINATE FORMS:
0

—, =, 00-0,0x00,1%,0°, "
0 o
Initially we will deal with first five forms only and the other two forms will come up after we have
gone through differentiation.
Note: (i) Here 0,1 are not exact, infact both are approaching to their corresponding values.
(i) We cannot plot co on the paper. Infinity (o) isa symbol & not a number It does not obey

the laws of elementary algebra,
(@ cw+oo—w (b) coxw—> (€©) »* 50 (d)o~ >0
6. GENERAL METHODSTO BE USED TO EVALUATE LIMITS:
(@ Factorization:
Important factors:

i x-a"=(x-a)(xt+ax"?+ ... +a™),ne N
(i) x+a=(x+ta(x"-ax"?+ ... +a™), nis an odd natural number.
. Xn i n
Note: Lim =na""
X—a X _a

[llustration 2:  Evaluate : Iim[

X—2

1 2(2x—3) }
Xx—2 x3-3x*+2x
Solution : We have

[ 1 2(2x-3) }—Iim 1 2(2x-3) _lim X(x —1) —2(2x -3)
X—2 X*=3x%+2x| *»2|x-2 x(x-1)(x-=2)| 2| x(x-1)(x-2)

. { X2 —5X+6 } . {(X—Z)(x—3)} . { x—S} 1
=lim| —————— |=lim| ——————_ | =lim ——
2| X(X=1)(Xx=2) | 2| x(X=-1D)(Xx-2)| 2| x(x-1) 2

lim

X—2




Doyourself - 2:

x—-1
' I|m T r——
() Evaluate: fim %2 —7x 15

(b) Rationalization or doublerationalization :

. 4-+15x+1
Illustration 3:  Evaluate :
3x+1
Salution lim 4-+15x+1 _lim (4 —v15x+1)(2 ++/3x +1)(4 +/15x +1)
ution: o1 2 —43x+1 o (2—~/3x+1)(4 +~/15x +1)(2 +/3x +1)

_lim (15—15x)>< 2+43x+1 5
x>1 (3-3X)  4++/15x+1 2

X248 -+10 - X2 }

[llustration4: Evaluate: Ilm{

\/X +3 - \/5 x?
) . 3-3 0.
Solution : This is of the form 2 20 ifwe putx=1

0
To eliminate the 0 factor, multiply by the conjugate of numerator and the conjugate of the

denominator

(VX® +8 ++/10 - x) (VX? +3 +1/5-x7)
(\/x +8+\/10 x%) (\/x +3+~/5-X )(\/X +3-~/5- x?)

Limit= lim (\/XZ +8-/10-x )

2 2 2 _ Y2 2 2
\/x +3+\/5 X ><(x +8)—(10 x)_“rrl{\/x +3+\/5 X }X1_2+2_2

O Vo (€60 | Y rseo ) 343 3
Do yourself - 3:

R e ) vt Y
() Evaluate : X*O\/qj—\/qix (i) valuate : —m o Ix

(i) 1f G(x) = —/25_x2 , then find the [('fll (%J

(¢ Limitwhenx— oo :
(i)  Divide by greatest power of x in numerator and denominator.
(i) Putx=1/yandapplyy — 0
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2
lllustration 5:  Evaluate: Ljm " X*1
x> 3X? 42X -5

X2+ X+1 (oo j
m———— | — form

Solution : ,
x>0 3x? +2X—5" oo

; 1
utx=_
y

. 1+y+y?
lelt: L|m#

1
>0 3+2y -5y’ 3

X—0

. 3
lllugtration 6:  If Him (%—(ax+b)j —2,then
+

(A)a=1,b=1 (B)a=1,b=2 (C)a=1b=-2 (D) none of these

. 3 . 301 Ay hy? _
Ilm(x +1_(ax+b)j:2:>i|2X(1 a) i)Z):Z( 1ax+(1 b):2
+

SOIUt|0n. X—>00 XZ +1

a (1-Db)
mx(1—a)—b—;+ 5

X _
=2, 1-a=0,-b=2 = a=1b=-2 Ans(C)

- 1+i2
X
Do yourself - 4:
(i) Evaluate: |im|ni%ln—+i (i) Evaluate : lim(n—+/n*+n)
n—o n+ & n+ n—oo

(d) Squeezeplay theorem (Sandwich theorem) :
Statement : If f(x)<g(x)<h(x); ¥ xin the neighbourhood at x = a and

Lim f(x)=/¢=Lim h(x) thenLim g(x)=2¢,

X—a

Ex.1 Lim x? sini =0,
x—0 X

. (1
-+ SIn (;j lies between -1 & 1

1 /
— —x? <x*sin=<x’ o,
X / \

— Limx?sin==0as Lim(-x?) = Lim x*=0

x—0 X X—0



Ex.2 Iirrg xsinl =0

X

sin (lj lies between -1 & 1
X

.1
= —X<XSIN—<X
X

= Lim xsinl =0gs Lim(-x) =Limx=0
x—0 X x—0 x—0

[llustration 7:

Solution :

Evaluate : lim [X]+[2X]+[3;X]+ """ [nx] (Where [.] denotes the greatest integer function.)

n—oo n

We know that x — 1 < [x] < x

n
= X+ 2X+ X =N < D [IX]SX+2XH e, +nx
r=1

= %(n +1)-n< Zn:[rx]g w = 5(1+£J—%<%i[rx]g§(l+ﬂ

. 1) 1
Now, Iimé 1+1 zfand ||m§ 19— _1_X
2 2 n 2

n—ow n n—oo n

Thus, L'_TO [x]+[2x] +2 ...... +[nx] :g

7. LIMIT OF TRIGONOMETRIC FUNCTIONS:

. sinx . tanx . tantx .. sin'x . i i
Lim ——=1=Lim ——=Lim =Lim [where x is measured in radians]
x—0 X—0 X x—0 X x—0
. . Si sin(/nx
(@ If Limf(x)=0, then Lim sinf() =1,e0. L m¥:1
X—a X—a f(x) x—1 (gnx)
. . x3cotx
[llustration 8:  Evaluate : lim
x-0 1—COS X
_ . x° cos X . x%cosx(1+cosx) .. s
Solution : lim — =lim—— =lim —— cosx(1 + cos x) = 2
x>0 sinx(1—cosx) x>0  sinx.sin®Xx x-0 s5in3 x

6
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(2+x)sin(2+x)—2sin2
X

Illustration9:  Evaluate: LILT(}

2.2.005(2 +X)sin)2(

. 2(sin(2 + x) —=sin 2) +xsin(2 + x
Solution : lim (sin( ) ) ( )=

lim +5in(2 + X)
x—0 X x—0 X
Zcos(2+xj5inx
:Iirrg x2 z +Iirrgsin(2+x):20052+sin2
2
sin —
lllustration 10:  Evaluate : lim E
tan ——
n+1
. 1 a
Solution : Asn— o, —— 0and H also tends to zero
n
. a
2 . T . . sin®
sin— should be written as —— so that it looks like LIHQT
n a —>
n
Sing L
The given limit = lim | — ”+% an+d
n—oo tan 2 n.b
n+1
sin — L
=lim an n+% .i(14r2j=1><1><i><1:E
n—o tan b n b b
n n+1
Doyourself - 5:
(i) Evaluate :
. sinox _sin®x—sin’y (a+h)?sin(a+h)—a’sina
lim lim———= i




8. LIMIT OF EXPONENTIAL FUNCTIONS:

.at-1 ) . e* =1
(@ Lim =¢na(a>0) Inparticular Lim =1.
1) _
if Li = Lim =/na,a>0
In general if I;Lr!l f(x) =0 ,then LI fx)
tanx_ex
lllustration 11: Evaluate : lim ——
x>0 tan X — X
) ) etanx_ X ) exxe(tanx—x)_ex
Solution : lim———=Iim
x=0 tan X — X x—0 tan X — X
X (e -1 . e’(e’-1]) . e’-1
=|lm¥ = lim ——\here y = tanx —x and lim =1
x=0  tan X — X X200y y=0 y
=e¥x1 [asx —» 0, tanx-x — 0]
=1lx1=1
Do yourself - 6:
) Evaluate : lim&—% i Evalliate - lim—2>——
- lim : - -
() valuate : lim a (i) Evaluate : IM LX) -1

o) () Lim (1+ x)“x =e=Lim (1+1J (Note : The base and exponent depends on the same
x—0 X—0 X
variable.) In general, if I;LT f(x) =0, then |;i_)rp(1+f(x))1/f(x) _e

(") Limwzl

x—0 X
iy 1f Limf()=1and Lim ¢(x) =0, then; Lim [f(x)] *®=e"

where k =Lim ¢ (x) [f(x)~1]

llustration 12 Evaluate Lim(log, 3x)'%:3

Solution : Lin1'1(|093 SX)IogXS = Lin1’1(|093 3+ Iogs X)Iogxs

= Lim(1+log, x)""** = ¢ = log,a=—
og, b

a
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. . X¢n(l+2tan x)
[llustration 13: Evaluate: I;IﬁOW T=cosx

x(n(l+2tanx) _ x/n(l+2tanx) 2tanx

R ; . =4
Solution : Lim 1 cosx 0 1-cosX , 2tanx
x2
4X°+2
2x° -1
lllustration 14 : Evaluate : |
2x% +3
Solution : Since it is in the form of 1~
2 4x%+2 . 2 2
lim 2x° -1 o 2x°—1-2x" -3 2+ 2 .
= - + = |
x—n| 2x? +3 2x% +3 @ax+2)=e
Do yourself - 7:
pn+q
(i) Evaluate : limx{/n(x+a)—/nx} (i) Evaluate : I'L?o( nj
L x+6)""
.. . . 2 5 . Ilm
(iii) Evaluate : leirg(l+tan x&) (iv) Evaluate : %()HJ

(© If Lim f0)=A>0 & Lim ¢(x)=B, then Lim[f(x)]'" =e®"" = A®

5

. (T 1R
Illustration 15 : Evaluate : lim| —; i
ool BXT =1
X2 +1 X xx X
Solution : Here f(x) = , b(x )— =——=
5x? - 1-x* 1y
XS

lim f(x)=§ g limo(x) o

= lim(f() = @ _0

Do yourself - 8:

2\ %
(i) Evaluate : lim ko)
x| 1+ 3%




9. LIMIT USING SERIES EXPANSION :

Expansion of function like binomial expansion, exponential & logarithmic expansion, expansion of sinx,
cosx, tanx should be remembered by heart which are given below :

X /na x*/n’a x/n’a
+ + +

@ a-=1 T o 31 +.,XxeR,a>0,a=1
y X X2 3
b) e —1+E+E+§+...,XER
x* x> x!
0 M(l+X)=x——+———+... for—-1<x<1
©  (x)=x="Frt
. x> x° X
d) smx:x—aﬁta—ﬁj&..,xd&
2 X4 XG
(e COSXZl_EJFZ_aJF""XER
3 5
Q) tanx:x+—+2i+...,—£<x<E
3 15 2 2
3 X5 7
tan 'x=x-—+—-"—+.. xe(-11
9 35 7 e(-11)
2 2 n2 2 n2 2
h) sinTX=Xx+—X"+ X+ X' +..,Xe(-],
) sin’ 2. s 193° . 1°.3°5° (-11)

51 7!
2 4 6

(i) sec™x =1+X—+5i+ 61x

21 41 6!

n(n-1) ,
T

+.n X € (=00,-1) U (1, o)

() (@+x)"=1+nx+ +.,neR xe(-1,1)

_ . ef—e " =2X
Illustration 16 : lim ————
x=0 X —sinX
2 3 2 3
& _a* _2x 1+x+%+—+ ...... —(1— +);—);+ ..... j—2x
Solution : lim——— = |lim — ——
x>0 X—sInX x=0 ( X* X j
X=| X——+"—....
31 5l
3 5
2.X—+2X—|+ ...... x3(1+1x2+ ..... j 1/3
oy XX Hoxs(lJrl 2 j 1/6
6 T 6 120* T
Doyourself - 9:
. _ X—Si » _ X—tan"tx
(i) Evaluate : Llrp% (i) Evaluate : L'TT
X—> S|nX X—>

10
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Miscdlaneous|llustrations:

. . . T
Illustration17:  Evaluate leggsm;.

Solution :

Again the function f(x) = sin(nt/x) is undefined at 0. Evaluating the function for some small
values of x, we get f(1) = sint = 0, f(%} =sin2n=0,
f(0.1) = sinl0x = 0, f(0.01) = sin100x = O.

On the basis of this information we might be tempted to guess that [im sin T _ 0 but this
x—0 X

time our guess is wrong. Note that although f(1/n) = sinnzt = 0 for any integer n, it is also
true that f(x) = 1 for infinitely many values of x that approach 0. [In fact, sin(n/x) = 1

when §:g+2nn and solving for x, we get x = 2/(4n + 1)]. The graph of f is given

in following figure

v =sin(r/x)

Al

-1

> X

e

The dashed line indicate that the values of sin(rt/x) oscillate between 1 and -1 infinitely
often as x approaches 0. Since the values of f(x) do not approach a fixed number as x
approaches 0,

. . T .
= limsin— does not exist.
x—=0 X

ANSWERS FOR DO YOURSELF

1:

2:

© o~ O O

()
()
()
()
()
@)
(i)
@)
@)

@T ®F @©F @1 @©T OT (@17 M®MT OF T
1
3
Jaooo o2 !
ﬁ (i) m (i) ﬁ
1 (i) —%
o sin2y . 5
@ B (.t_)) 2y () 2asina + a%cosa
el (i) 2In2
a (i) e (i) o2 (iv) €5
0
.
5 (i) 3

11



EXERCISE (O-1)
[SINGLE CORRECT CHOICE TYPE]

1 Iim[i— 3 Sj is equal to
x>1\1-x 1-X
(A) -1 (B)0 €)1 (D) D.N.E.
2. imMEEXoVITX G equal to
X0 2X
1 1
(A) 0 (B)1 OF (D)
 A1+424x =43 .
3. lim N is equal to
1 1 2
A% (B) 3 © .5 ©) 57

. X -1
4, lim——— (mand nintegers) is equal to
XMW—l( gers) iseq

A0 B)1 C 4 D n
(A) (B) (®) o ( )m
22X —+/X* +3a° A ’
5. If lim = /2 (where a € R"), then a is equal to -
Sivreaw; o' SR |
1 1 1 1
A) = B) —— C) — D) —
(A) 3 (B) 202 © 302 (D) 9
IimEn(sin3x) )
6. x50 ¢n(sinx) is equal to
(A0 B)1 (©)2 (D) Non existent
3f 2 _41_
7. im¥AX - 21 2x is equal to
X0 X + X
1 1
A, (B) 5 €)1 (D) D.N.E.
3 3 2
8. lim Y7+x0 N3 +x is equal to
x—1 X-=1
! o 1 oL !
( )4 ( )6 © 4 (D) 5

12



0.

10.

11.

12.

13.

14.

15.

16.

17.

18.

Limit, Continuity & Differentiability

lim (n+1)*—-(n-1*

" (n+1) 1 (n 1) is equal to

(A) -1 (B)O ©1 (D) D.N.E.
. 1)v 2)° +.... 100)"

lim XD+ (X ;10)+1+010 +(x+100) is equal to

(A1 (B) 100 (C) 200 (D) 10

lim (x/x2 —2x 1% —7X+3) is equal to

X——00

5 5
(A D) (B) > ©o (D) D.N.E
If lim (\/an +n—a/2n% - n) = % (where 2 is a real number), then-
A)r=1 B)rA=-1 C)r=#1 (D)X € (oo, 1)
n! n
LetU = wheren e N. IfS_= » U, then lim S_equals
n (n+2)! n nzzl nowo
(A)2 B)1 (C)1/2 (D) Non existent

ForneN,let a, = Zn:2k and b, = Zn:(Zk—l) . Then !im(\/a—\/a) is equal to-
k=1 k=1 N~

1
(A)1 (B) 5 (€)0 (D)2
n a
Let P, :H(l—%}. If lim P, can be expressed as lowest rational in the form b then value
k=2 2 n—oo
of (a + b) is
(A) 4 (B)8 (©) 10 (D) 12
C0S2—C0S2X
xlmxz——lxl is equal to
(A0 (B) cos2 (C) 2sin2 (D) sinl
) -5sin x 6sin x . L
leirg q < }{ < D (where [.] denotes greatest integer function) is equal to -
(A0 (B)-12 ©)1 (D) 2
Let f(x) :{Sinx}r[ZSinZX}....{W} (where [y] is the largest integer <'y). The value of
X X
L'Ec'; f(x) equals
(A) 55 (B) 164 (C) 165 (D) 375

13



19.

20.

21.

22.

23.

24,

25.

26.

27.

14

sin{x}

Let f(X) =
F(x) X% +ax+b

Af f(5%) & f(3) exists finitely and are not zero, then the value of (a + b) is

(where {.} represents fractional part function) -

(A) 7 (B) 10 (C) 11 (D) 20
lim |cos(3|n(23x))| ~1 equals
x—0 X
-9 -3 3 9
(A) > (B) > © 5 (D) 5
Leta=min{x*+ 2x + 3, x € R} and b = Ieingl_ggse. Then value of D a".b"" s
- =0
2n+1 _1 2n+1 +1 4n+1 _1

Let BC is diameter of a circle centred at O. Point A is a variable point,

moving on the circumference of circle. If BC =1 unit, then A:
lim BM : m
A-8 (Area of sector OAB)® equal to - Bf—L > C
(A1 (B) 2 v
(€4 (D) 16
lim x2-2x+1) |
M\ < —axs2 | isequalto
1 2
(A)1 (B)e C)z (D)e
lim(1+sinx)™ is equal to
1
(A)0 (B)e €)1 ©) 3
- B
lim (cosx +asinbx)* Is equal to
(A) & (B) &® (C) €° (D) e®
1/x

lim| tan| =+ x ' It
Hm 4 is equal to

2 1
(A)e B) % (C)e (D) e
lim(4" +5")"" is equal to
(A5 (B)4 €0 (D) D.N.E.



28.

29.

30.

31

32.

33.

35.

Limit, Continuity & Differentiability

X—00

lim Pxp iy 3ix g
n

+n1/x nx .
J ,h e N isequalto

1
(A) n! (B) 1 ©) — (D)0

Man(n—xj
If Iim(Z—&J M :%, then A is equal to -

X—A X

b 2
(A) - B) = © 5 ) ——

If Iirrg (1 +ax + bx?)?* = €3, then

3
(A)a=5 and beR (B)azgand beR"
(C)a=0andb=1 (D)a=1landb=0

_ . N (0 R N _
If f(x) is a polynomial of least degree, such that IXILT(] 1+ N =€, then f(2) is -

(A) 2 (B) 8 (C) 10 (D) 12

tan x h L
Let f(X)= — - then the value of lim ([f (x)]+x° ){f(x)} isequal to (where [.], {.} denotes greatest
integer function and fractional part functions respectively) -

(A) e (B) e © e? (D) non-existent

i e
Im——— equals -

[-+3)
n

1
(A)1 (B) 5 (Ce (D) e

f(tanx) _ ~f(sinx)
If £(x) is odd linear polynomial with (1) = 1, then lim2— 2> i
x>0 x*f (sinx)

(A1 (B) /n2 © %Enz (D) cos2

lim x(1+acos>;)—bsmx ~ 1 then

x—0 X

(A)a=-5/2 (B)a=-3/2,b=-1/2 (C)a=-3/2,b=-5/2 (D)a=-5/2,b=-3/2

15



[MULTIPLE CORRECT CHOICE TYPE]
36. Consider following statements and identify correct options

2X 8 . 2X . 8
(i) Iqu(—4——4j=llm——llm—
X—> X_ X_

- 2 _
x2+6x—7_|X'Lr1‘(X +6X 7)

(i) lim

x>1 X2 45X —6 Iirr11(x2 +5X—6)
X—3 'Xiﬂ(x_3)

lim
(i) 551 %% 1 2x—4 Ilm(x2+2x—4)

(iv) If I|m f(x)=2 and Ilmg(x) 0, then lerrg QEX; does not exist.

(v) If I|m f(x)=0 and I|mg(x) 2, then lim—— [ does not exist.

x5 g(X)
(A) Only one is true. (B) Only two are true.
(C) Only three are false. (D) Only two are false.

37.  Which of the following limits equal to %

1 1 1 3% (2x=D)(3X* +x+2)
( )m(ﬁ+§+”'+(2n—1)(2n+1)J (B) 1m{2x+1 4x2 }

(n+2)+(n+1)!
(D) ;1 (n+2)'—=(n+1)!

© Ilm ~(1+2+3+ ... +n)

x’+1 : x#0,2

}:g(x): 4 ; x=0 ;,then
5 DX =2

(A limo(f()=4  (B) limf(g0))=0  (©) limf(g(x)=0 (D) limg(f()=5

sin x; where x=integer

38 Letf(x) :{ 0 ; otherwise

x% if xisrational

39. If f(x)={ 7 , then

0 if xisirrational

(A Iing f(x)=0 (B) Iirrg f(x) does not exist
©) Iin; f(x)=4 (D) lerrzl f(X) does not exist
. sin sin
40. Let f(B)ﬂjﬂgngBB then f( J is greater than-
1-cos’x Ccot X —cosX

li im—=_ 7

(A) alt XSin 2x (B) X'LEDZ (n—2x)°
Na+2x —~/3x

i J - D) lim

(C) )I(Ln;(COS X+1 COS\/;) ( ) xea\/m 2\/— wherea >0

16



41.

42.

43.

45.

Limit, Continuity & Differentiability

If SINX+aé +be3 +cin@+x) has a finite limit L as x — 0, then

X

1
(A)a:_g (B)b:% (C)c=0 (D) L=-=

X —

Let /= Iimax—:_x(a >0), then

X%ooa +
(A)/=1va>0 B)¢=-1Vae(0,1) (C)¢=0,ifa=1 (D)¢r=1VvVa>1
[MATCH THE COLUMN TYPE]
For the function g(t) whose graph is given, match the entries of column-I to column-11

Column-I Column-I11
(A) limg(t)+1limg(t) (P) limg(t) % B
t—=0 t—>2” t—2 . )
(B) limg(t)+g(2) (Q) does not exist ;
T
() limg(t) (R) 0 =\ EEE L
-2
(D) limg(t) (S) limg(t)
Calumn-| Column-11
limnsin| — |cos ij i
(A) hm ( 4nj ( 4 | 18 equal to ®) 0
. i ° l
(B) lemsmx is equal to @ 5
(©) Iim[_i—i} is equal to R) =
x>0 sinX  tanx 4
. 14+c0s2x . I
(D) Xllmzmls equal to © a0
Column-I Column-11
(A) lim axa 7(@>0) can be equal to (P) limx(e™ ~1)
Sin(ex_2 —1) - R ax + bX +CX _3 3
(B) gD is equal to (Q lim=———————(ab,c>0&abc=1)
_(¢nx-1)e ot _g¥
© 'x'i'lx—_e is equal to (R) lim ”
| _XE - 1
(D) % (1—cosx)4/n5 S equal to ©®
(M 0

17



Lo

18

EXERCISE (0-2)
[SINGLE CORRECT CHOICE TYPE]

lim sin(a+3h) —3sin(a+ 2h) +3sin(a+ h) —sina
h—0 h3

(A) cosa (B) —cosa (C) sina (D) sina cosa

is equal to

limtan® x(v/2sin x +3sin x + 4 —+/sin?x + 6sinx +2) is equal to

X——
2

3 1 1 5
(A) 2 (B) 5 ©) T (D) I

lim x| arctan x+1 arctan— i |
X0 X+2 x+2 ) 1sequalto

1 1
(A) > (B) ) ©1 (D) D.N.E
Ihif(', tan(a+ 2h) — 2;&;n(a +h) +tana is equal to
(A) tana (B) tan’a (C) seca (D) 2(sec?a)(tana)
1/x
m(z“ +%) equals
(A) 2 (B) %énz (C) /n2 (D) 2

1
If Liry(cosx+a3’sin(b6x))X — ™2, then the value of ab® is equal to

(A) -512 (B) 512 (C)8 (D) 8+/8
. sin(%&)ﬁn(ﬂ 3X) .
The value of IXILr(l) (tan‘l\&)z(es(@ ) is equal to
1 3 2 4
(A) 2 (B) S © 5 (D) 5

The figure shows an isosceles triangle ABC with /B = ZC. The bisector
of angle B intersects the side AC at the point P. Suppose that BC remains
fixed but the altitude AM approaches 0, so that A—M (mid-point of BC).
Limiting value of BP, is

a a 2a 3a
(A) 3 B) 5 © 3 ©) 7 B
where a is fixed side BC.
X _ X _
The value of lim sec §—tan” 6-1 is equal to
X—2 X—2

(A) sec®0. /n secO + tan’0. /n tan® (B) sec?0. /ntan6 + tan0. /n secO
(C) sec?0. /ntand —tan®0. ¢n sec (D) sec®0. ¢n secO —tan®0. ¢n tand

<H



10.

11.

12.

13.

14.

15.

16.

17.

Limit, Continuity & Differentiability

. . X, 0<x<1 .
Consider the functionf(x) = | x + 2, 1<x <2. Let limf(f(x)) = ¢ and IMf(f(x)) =M then which one
4-x, 2<x<4 x-1 -

of the following hold good ?
(A) ¢ exists but m does not. (B) m exists but ¢ does not.
(C) Both ¢ and m exist (D) Neither ¢ nor m exist.
1
If f(x) = €%, then lim f(f(x))¥*% is equal to (where {x} denotes fractional part of x).
x—0

(A)f(2) (B) f(0) ©)0 (D) does not exist

cos (g cos’ xj
Let f(x) be a quadratic function such that f(0) = f(1) =0 & f(2) = 1, then Im——————=is

X0 fZ(X)
equal to
(A) g (B) x (©) 2n (D) 4r
[MULTIPLE CORRECT CHOICE TYPE]
2 2 2 2
If e:lim*/?’X “’E ‘*/)X 32" then -
X—a X—a

(A)/=1vVaeR (B)/=1VvVa>0 C)r=-1va<o (D) 7=D.N.E.ifa=0
Which of the following limits vanish ?

. sinx . arctanx . X+sinx . arcsinx

(A) lim—— (B) lim (C) lim (D) lim
x>0 X x> X x—0 X 4+ COS X x—>1 X
tan7

Which of the following statement are true for the function f defined for -1 < x < 3 in the figure
shown.

(A ||ITI+ f(x)=1 YA
24
(B) lim f(x) doesnot exist *
li NI /o
(©) lim f(x) =2 .
10 1 2 37

(D) lim £(x) = lim f(x)

Let f(X) =x + +/x% + 2x and g(X) = Vx* + 2x —X, then

(A) limg(x) =1 (B) limf(x) =1 €) limix)=-1 (D) lim g(x)=-1
. sin"!(sinx) - IIxN : :

If A=lim————" and B =lim=—=, then (where [.] denotes greatest integer function)-
x>0 c0S ™~ (COS X) x>0 X

(AA=1 (B) Adoes not exist (©)B=0 (D)B=1

19



18. Which of the following limit tends to unity ?

. 1-cos X+ 2sinx —sin®x —x*+3x* X
A) lim - B) lim-"—
A0 tan® x — 6sin” x + x —5x° ( )l'l?o[x]

l L U }
e e o

19.  Which ofthe following limits does not exist ?

] 1 . (x*=9-+/x*-6x+9)
(A) lim ([x]) ) I x—1=2
(n(1-2x?)
] 1— in?2 sin?x
(©) lim(x)"™ ©) hm[w
X0 x—0 X
(where [.] represents greatest integer function)
x-1
20. The value(s) of 'n' for which Iirr11 x 1)): exists is/are -
(A1 (B)2 (€3 (D)4
. (tanx)* +x*> ).
T im| — — |, x=0 ) ]
21. Let f:(—E,EJ—HR, f(X) =4 n>={ sin” x + (tan x) , h e N. Which of the following
1 ; Xx=0
holds good ?
T TC+ T _ T[Jr
e -5 o5 (-%)
LR
©ORibnibrs (D) f(0%) = {(0) = f(0)
B 2 7
t
o {X}2 forx >0
x* —[x]
22. Let f(x)= 1 forx =0 | where [X] is the step up function and {x} is the fractional part
{x}cot{x} forx<0

function of x, then-
(A) Jim 1) =1 (8) lim f(x)=1
(C) cot’l( Iiry f(x))2 =1 (D) None

20



23.

24,

25.

Limit, Continuity & Differentiability

lim f(X) does not exist when (where [x] is the step up function, {x} is the fractional part function of

X & sgn(x) denotes signum function), then-

(A) f() =[XI]-[2x-1];c=3 (B) f(¥) =[x]-x,c=1

(C) f) = {3 - {=3% ¢=0 (D) f(X) =%,c=o
Which of the following limits does not exist ?

(A) )!iﬁrr;cosec‘{%) (B) !(iLnlsec‘l(sin‘1 X)

© X|LI’E]+XX (D) legc]) [tan (§+XD

Which of the following statement(s) is (are) INCORRECT ?

(A If legl f(x) and legl g(x) both does not exist then !(lgl f(x) g(x) also does not exist.
(B) If legl f(x) and legl g(x) both does not exist then l'ﬂ?:f (g(x)) also does not exist.
O If legl f(x) exists and !(lgl g(x) does not exist then limg(f(x)) does not exist.

(D) If legl f(x) and !(lgl g(x) both exist then Ixiirlf(g(x)) and Ixm g(f(x)) also exist.

EXERCISE (S1)
{%xk}mo

x> =x.Inx+Inx -1

Lim 2 Lim=*

x—1 X—=1 x—1 X-1

. 1-tanx 8 X2 NG 2 X2
Lim———— im—1|1_ A AN AP AN
Hgl—ﬁsinx 4. I;Lrgl o {1 cos 5 cos 2 +C0S 5 cos 2
Limﬁ—cos@—sm@

e"g (49 By TE) )

sin[n+4h —4sin[n+3h +6sin E+2h —4sin E+h +sinE
Lim 3 3 3 3 3

h—0 h4

Lim>? /x+2 _3}x+3
X—00 X X

(3x* + 2x2)sin£+|x|3 +5
X

Lim T
e X X[ [x]+1

21



10.

11.

12.

13.

14.

15.

16.

18.

20.

22

)
If ¢ =Lim Z[(r + 1)3'” - rsjrﬂjen find {¢}. (where {} denotes the fractional part function)

x?+1
Find a & b if : (i) ng{ . —ax—b}: 0 (i Lim[\/xz—x+1—ax—bJ= 0

X+ X—>—0

';'ﬂ,‘ [4n (1 + sin%). cot (/n? (1 + X))]

L 27X 9" -3 +1
Hof J1+cosx

(@ Lim tan—li where ae R ; (b) Plot the graph of the function f(x) = ITim(z—tan‘ltij
X -0\ T

x—0

Let {a }, {b}, {c} be sequences such that
() a+b +c :2n+1; (i) apb +bc +ca =2n-1;
(i) abc = (iv) a <b <c

nnn

Then find the value of In_im (na).

Let f(x) = ax® + bx®> + cx + d and g(x) = xX* + x — 2.

If lef(x) =1 and lef(x) = 4, then find the value of CZ +d’

x—1 g(x) X—>-2 g(x) a +b

2X +3 8x“+3 X
Lim| —; 17.  Lim| 25 | = 4 then find ¢
xon | 2X° 45 x>0 | X —C

wny 1+ cosx \x

Lim[tann—x) 19, Lim(LJ
x—1 4 x—0 X
IfneNanda =2°+4+6 + ... +@2nfandb =12+ F+ 5+ + (2n - 1)2

Find the value Lim
e Jn

EXERCISE (S-2)

Lim

n—oo n

Lim

X—>00 n

,heN,wherea,a,a,...a>0

x—0 e



10.

11.

12.

13.

14.

15.

Limit, Continuity & Differentiability

it Li a(2x3 x?)+b(x® +5x* -1) — c(3x3+x2)_1th the value of (a+ b+ b di
Hoo a(5x* —x) —bx* +c(4x* +1) +2x* +5x enthe value of (a ©) can e expressed in

the lowest form as % . Find the value of (p + q).

Lim{ﬁn(1+x)1“ _1}

x—0 2

X X

1 2

j nd N = H 1+ on _1 , then find the value of L-*+M-+N-,

Let L :f![l—nizj M :f[(n

n=2

A circular arc of radius 1 subtends an angle of x radians, 0 < x < g as B
shown in the figure. The point C is the intersection of the two tangent c
lines at A & B. Let T(x) be the area of triangle ABC & let S(x) be the 1
area of the shaded region. Compute :
T(x) X
@TXx) MSKXK & (c)thelimitof -7 asx—0. o) 1 A

S(x)

Let f(x) = Lim>"3" 15|n33—n and g(x) = x - 4f(x). Evaluate Lim(L+g(x))*".
n=1 X—>

L 0
Iff(n, 6) = H[l tan 2—} then compute Lim f(n, 0)

L|m 5—x[ X JX
Evaluate o Y+l

f(x) is the function such that lef( ) =1 If Lj x(1+acosx)—bsinx

w0 (F(9)°

=1, then find the value of

aand b.

Through a point A on a circle, a chord AP is drawn & on the tangent at A a point T is taken such that
AT = AP. If TP produced meet the diameter through A at Q, prove that the limiting value of AQ
when P moves upto A is double the diameter of the circle.

At the end points A, B of the fixed segment of length L, lines are drawn meeting in C and making
angles 6 and 26 respectively with the given segment. Let D be the foot of the altitude CD and let x

represents the length of AD. Find the value of x as 6 tends to zero i.e. Igirp X.

2x7" sin1 +X
Letf(x) = Lim———2%——, n e N, then find
oo 14X

(@) Lim xf(x), (b) I;Lrp f(x), (c) I;iryf(x), (d) Hmf(x)
Using Sandwich theorem, evaluate

L.m( L, ! ;j
@ = \/_ JnZ+1 x/n +2 """ Vn%+2n

1 2 n

Lim + +ot

(b) o 14n® 24n? n+n’

23
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EXERCISE (JM)

Let f: R —> R be a positive increasing function with Iimmﬂ. Then Iimm=
X—>00 f(X) X—>00 f(X)
[Al EEE-2010]
2 3
11 @) 3 ®) 5 (4)3
[ J1-cos{2(x -2)}
ng;[ 2 [Al EEE-2011]
(1) equals —/2 (2) equals %
(3) does not exist (4) equals 2
Let f : R — [0, ) be such that lim f(x) exists and Iimm—o Then Limf(x) equal -
’ ' X—5 X—5 /l X—5] ' X—>5
[Al EEE-2011]

(1)3 (2)0 (31 (4)2

H 2
leggm(n;# is equal to : [JEE MainsOffline-2014]
15 (2)1 (3) - (4)

2
If lim tan(x—2){;( H=2X=2KF g ok is equal to [JEE MainsOnline-2014]
x—2 X°—4x+4
(1)3 (2)1 (3)0 (4)2
ES

Let p=lim (1+tan2\&)2X then log p is equal to - [JEE(Main)-2016]

1 1
1) ) 2 (31 4 5
IimCOtX_—CO?X equals :- [JEE(Main)-2017]
x>2 (m—2x)

1 1 1 1
1) 7 @) % ®) 15 4) 5
Foreach t € R, let [t] be the greatest integer less than or equal to t. Then
. 1 2 15 .
lim X||— |+ = [+t — [JEE(Main)-2018]
X—0+ X X X
(1) isequal to 15. (2) isequal to 120.
(3) does not exist (in R). (4) is equal to 0.



Limit, Continuity & Differentiability

EXERCISE (JA)

2

a—al-x* - %
Let L =Lim 4 a>0. IfL s finite, then - [JEE 2009, 4]
X! X
Aa=2 B)a=1 COL= L D L_i
(A)a= (B)a= CL=¢ D)L=77

1

If Iirrg[1+x€ n(L+b*) [* =2bsin’6,b>0 and 6 e (-], then the value of 6 is-

(A) £ B) (© *g (D) +

[JEE 2011, 3M, —1M]

(x4l
If lim (ﬂ—ax—bj=4, then - [JEE 2012, 3M, —1M]
xoo| X411
(A)a=1b=4 (B)a=1b=-4
(C)a=2b=-3 (D)ya=2b=3

Let a(a) and B(a) be the roots of the equation (\3/1+a—1)x2 +(x/1+a —1)x+(\6/1+a —1)=O

where a>-1. Then lim__ oa(a) and lim__ . B(a) are [JEE 2012, 3M, —1M]

5 1 7 9
A) —= and 1 B) - = and -1 C) —— and 2 D) -Z and 3
(A) 5 (B) 5 (®) 5 (D) 5

1-x
—ax+sin(x—1)+a}1& 1

X +sin(x—1)-1 4 S

The largest value of the non-negative integer a for which Iim{

x—1

[JEE(Advanced)-2014, 3]

a—0

cos(oc”) _
Let m and n be two positive integers greater than 1. If Iim[u :—(%J then the value

m
of —— is [JEE 2015, 4M, —-OM]

5 .
Let o, B € R be such that Iimmz 1. Then 6(a + PB) equals
x=0 X —Sin X

[JEE(Advanced)-2016, 3(0)]

25
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Let f(x) = 1-x(1+1-x) cos[ ! j for x = 1. Then [JEE(Advanced)-2017, 4]

11— x| 1-x
(A) lim _ . f(x) does not exist (B) lim__ . f(x) does not exist
(C)lim . f(x)=0 (D) lim__ +f(x) =0

For any positive integer n, define f_: (0, ) — R as

1
X+j)(x+j-1)

fn(x) ZZ?=ltan7 (1_’_(

j for all x € (0, ).

(Here, the inverse trigonometric function tan™x assume values in (—g , gj .)

Then, which of the following statement(s) is (are) TRUE ? [JEE(Advanced)-2018]

(A) 2.}, tan* (f,(0)) =55
(B) X 1a(1+£,(0))sec’(,(0)) =10
(C) For any fixed positive integer n, lijlgotan(f (X)) =

<
n

(D) For any fixed positive integer n, Iimsecz(fn(x)) =1



Limit, Continuity & Differentiability
CONTINVUITY

CONTINUOUS FUNCTIONS:

A function for which a small change in the independent variable causes only a small change and not a
sudden jump in the dependent variable are called continuous functions. Naively, we may say that a function
is continuous at a fixed point if we can draw the graph of the function around that point without lifting the
pen from the plane of the paper.

Afunction f(X) is said to be continuous at x=a, if lim f(x) exists and is equal to f(a). Symbolically f (x) is
continuous at x=aif Llrr(l) f(a—h) = ng f(a+h) = f(a) = finite quantity.
i.e. LHL| _ =RHL| _ =valueof f ()| _, = finite quantity. (h >0)

X=a ' X=a X=a X=a
figure (1) figure (2) figure (3) flgure figure (5 figure (6

Infigure (1) and (2) f (x) is continuousat x =aand x =0 respectlvely
and in figure (3) to (6) f (x) is discontinuous at X = a.
Note1 : Continuity of a function must be discussed only at points which are in the domain of the function.
Note?2: If x=ais anisolated point of domain then f(x) is always considered to be continuous at x = a.

. X
sin—, x<1

IHustration 1:  If f(X) = 2 then find whether f(x) is continuous or not at x = 1, where [ ] denotes

Solution : f(x) =

llustration 2:  Let f(x) = 3 X

[x] X>1
greatest integer function.

sinn—x, x <1
2
[x] , x=>1
For continuity at x = 1, we determine, f(1), lim f(x) and lim f(x).
x—1" x—1*

Now, f(1) = [1] =

lim f(x) =lim sm; = smz =1land I|m f(x) =lim [x] =1

x—1" x—1" x—1*
so (1) = lim f(x) = [IM (x)
x—1" -
f(x) is continuous at x = 1
a(l—xsinx)+bcosx+5

XZ

<0

0

X | =

.
[1{‘”(;20')( B x>0

If fis continuous at x = 0, then find out the values of a, b, ¢ and d.

Solution : Since f(x) is continuous at x = 0, so at x = 0, both left and right limits must exist and both

must be equal to 3.
27



. (a+b+5)+ —a—E X% ...

. a(l-xsinx)+bcosx+5 | . 2

Now Lim 5 =Lim »
Xx—0" X x—0"

=3

2

(By the expansions of sinx and cosx)

If Iimf(x)existsthena+b+5:0and—a—g:3 —a=-landb=-4

x—0"

_ . ex+dx® ) )r . . ox+dx’
since lim| 1+ > exists = lim———=0=1¢=0
x—0" X x—0" X

1 1
Now lim (1+dx)* = lim {(1+dx)dX} = ¢’
x—0" x—>0"

Soe’=3 =d=/n3,
Hencea=-1,b=-4,c=0and d = ¢n 3.

Doyourself - 1:
[ If f(X)= COSXX =0 find the value of k if i ti tx=0
() =erle el ind the value of k if f (x) is continuous at x = 0.
| x+2| B
(i) I1ffx)=<tan*(x+2) then discuss the continuity of f (x) at x=—2
2 ; X=A2
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CONTINUITY OF THE FUNCTION IN AN INTERVAL :

(@)

(b)

A function is said to be continuous in (a,b) if fis continuous at each & every point belonging to
(a, b).

A function is said to be continuous in a closed interval [a,b] if :

(i)  fiscontinuous in the open interval (a,b)

(i) ~ fisright continuous at ‘a’ i.e. Lim f(x) =f (a) = a finite quantity

x—a*

(i) fis left continuous at “b”i.e. Lim f(x)=f(b)=a finite quantity

X—b~

Note:

(i

(i)

All polynomials, trigonometrical functions, exponential & logarithmic functions are continuous
in their domains.
If f (X) & g(x) are two functions that are continuous at x = ¢ then the function defined by :
F (x)=f(x)£g(x);F,(x) =K f(x), where K is any real number ; F; (x) =f(x).g(x) are also
continuous at X =C.

f(x)

9(x)

Further, if g(c) is not zero, then F, (x)= is also continuous at X = c.
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[llustration 3 :

Solution :

x+1] , x<-2
_ o 2x+3 , -2<x<0
Discuss the continuity of f(x) = § ,

Xx°+3 , 0<x<3

x*-15 , x>3

—x-1 , x<-=2
_ 2x+3 , -2<x<0
We write f(x) as f(x) = x2 43 0<x<3

x*-15 , x>3

As we can see, f(x) is defined as a polynomial function in each of intervals (— «, -2),
(-2,0), (0, 3)and (3, «). Therefore, it is continuous in each of these four open intervals. Thus

we check the continuity at x =-2,0,3.

At the point x = -2

lim fo) = lim (-x-1)=+2-1=1

X—-2"

lim f(x) = Xll[rzl 2x+3)=2.(-2)+3=-1

X—>-2
Therefore, Iir[\2 f(x) does not exist and hence f(x) is discontinuous at X =-2.

At the point x =0

lim f(x) = lim (2x +3) =3
x—0" x—0"

lim f(x) = lim (¢ +3) =3
= x—0"

f0)=0°+3=3
Therefore f(x) is continuous at x=0.

At the point x =3

Iir?f(x) = Iirgl (X*+3)=3+3=12
lim f(x) = Iir? (x*-15)=3-15=12
x—3" x—3"

f(3) =3°-15=12
Therefore, f(x) is continuous at x = 3.

We find that f(x) is continuous at all points in R except at x =—2
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Doyoursdf-2:

2

X ;o 0<x«<1
a
(i Iffx)= -1 ; 1§x<J§tmnmwmeWMeMa&bﬁﬂmchMmmwhﬂQw)
2b® -4b
> ; \/ESX<OO
X
|x-3| ; 0<x«<1

(i) Discuss the continuity of f(x) = { sinx 13X£§ in [0,3)

log, x ; Lox<3
5 2
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3. TYPESOF DISCONTINUITIES:
Type-1: (Removable type of discontinuities) :- In case Lim f(x) exists but is not equal to
f(a) (f(a) is defined) then the function is said to have a removable discontinuity or discontinuity of the
first kind. Inthis case we can redefine the function such that Lim f(x) = (a) & make it continuous at
X =a.
x-1 , x<0
[llustration 4:  Examine the function, f(x)=< 1/4 , x=0. Discussthe continuity, and if discontinuous
x*—=1 , x>0
remove the discontinuity by redefining the function (if possible).
Solution : Graph of f(x) is shown, from graph it is seen that
lim f(x) = Iir(r)l f(x) =—=1, but f(0) = 1/4 4y
x—0" X—>
Thus, f(x) has removable discontinuity and f(x) could 14

be made continuous by taking f(0) = — 1 0 1 o
1 /
x-1 , x<0 /

=f(x)=47 -1 X =
x*-1 , x>0

y = f(x) before redefining
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Doyoursdf -3:
L o l<x<?2
x-1
_ x*-3 ; 2<x<4 _ _ o _
0 1ffx)= 5 . x4 , then discuss the types of discontinuity for the function.
1/2
14X x>4
2

Type-2: (Non-Removabletype of discontinuities) :

Incase Lim f(x) does not exist then it is not possible to make the function continuous by redefining it.
Such a discontinuity is known as non-removable discontinuity or discontinuity of the 2nd Kind.

. T
Example: f(x)= sm;, x#0 discuss continuity at x=0

0, x=0

f(x) has non removable type discontinuity at x =0

Example : From the adjacent graph note that ’

() fiscontinuousatx=-1 /) /\
(i) fhasremovable discontinuity atx =1 1.0 / 1 2
(iif)  fhasnon-removable discontinuity at x =0

1/x

. . ——— ; whenx # . -
Illustration 5:  Show that the function, f(x)=<e*+1 ' ¢ 0 has non-removable discontinuity

0, : whenx =0
at x = 0.
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. —— ; whenx =0
Solution : We have, f(x) = qe¥* +1

0, ; whenx=0

: b

= lim 60 = M0 + ) =tim &L < jim—€" =1 [+ " o]
x—0" h—0 h—o 1 h—0 1
eh +1 1+ﬂ
e
e'"-1 0-1 _

lim =l = =
= 0= I e 1 "0

lim f(x) = -1

x—0"

= M f(x) = liM f(x). Thus f(x) has non-removable discontinuity.

x—0"

Doyoursdf -4:

-1 x<-1
(i) Discuss the type of discontinuity for f(x)=4 |x| ; —-1l<x<l1
(x+1) ; x>1

4. THE INTERMEDIATE VALUE THEOREM : v A

Suppose f(x) is continuous on an

interval I, and a and b are any two points
of I. Then if y, is a number between f(a) TR S— E

and f(b), there exists a number ¢ between

aand b such that f(c) =y, 0 i o b "X
The function f, being continuous on [a,b]
takes on every value between f(a) and f(b)

Note that a function fwhich is continuous in [a,b] possesses the following properties :

(i) Iff(a) & f(b) posses opposite signs, then there exists atleast one root of the equation
f(x) = 0 in the open interval (a,b).

(i) IfKisany real number between f(a) & f(b), then there exists atleast one root of the
equation f(x) = K in the open interval (a,b).

Note: In above cases the number of roots is always odd.

32



Limit, Continuity & Differentiability

lllustration 6:  Show that the function, f(x) = (x — a)°(x — b)* + x, takes the value a%b for some

Solution :

X, € (a, b)

f(x) = (x — a)’(x — b)* + x
f(a) =a

f(b) =b

a+b
5 < (f(a), (b))

&

+b

a
By intermediate value theorem, there is atleast one x;,  (a, b) such that f(x,) =

[llustration7 :  Let f: [0, 1] o [0, 1] be a continuous function, then prove that f(x) = x for atleast

Solution :

one X € [0, 1]

Consider g(x) = f(x) — x
g(0) =f(0) -0 =1f(0) >0 { 0<f(x)< 1}
g(l)=f(1)-1<0

9(0) . 9(1) <0
g(x) = 0 has atleast one root in [0, 1]
f(x) = x for atleast one x € [0, 1]

Uil

(i)

Doyoursdf-5:

M’ then prove that ¢ € (a,b)

If f (X) is continuous in [a,b] such that f (c) =

5. SOME IMPORTANT POINTS:

@)

(b)

If f(x) is continuous & g(x) is discontinuous at x = a then the product function ¢(x) = f(x).g(x) will
not necessarily be discontinuousat x = a, e.g.

sint x=0
f(x)=x&g(x)= X

0 x=0

f(x) is continuous at x = 0 & g(x) is discontinuous at x = 0, but f(x).g(x) is continuous at x = 0.
If f (x) and g (x) both are discontinuous at x = a then the product function ¢(x) =f(x).g(x)is
not necessarily bediscontinuousat x =a, e.g.

1 x>0

a1

f(x) & g(x) both are discontinuous at x = 0 but the product function f.g(x) is still continuous at
x=0
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(o Iff(x)and g (x) bothare discontinuous at x = a then f(x) £ g(x) is not necessarily be discontinuous
atx=a

(d)  Acontinuous function whose domain is closed must have a range also in closed interval.
(e) Iffiscontinuousat x =a &g is continuous at x = f (a) then the composite g[f(x)] is continuous at

x =a. eg. f(x)= ))((ST;( & g(x)=|x| are continuous at x =0, hence the composite

XSsin X

Sl o

will also be continuousat x= 0

1
[llugtration8:  Iff(x) = §—+1 and 9(x) = <2 then discuss the continuity of f(x), g(x) and fog (x) in its
domain.

. x+1
Solution : f(x) = 1

f(x) is a rational function it must be continuous in its domain and fis not defined at x = 1.
1
X)=—7—"
90 =7

g(x) is also a rational function. It must be continuous in its domain and g is not defined at
X=2.

Consider g(x) =1
-t | 1 =3
R - ~ O

fog(x) is continuous in its domain: R — {2, 3}

Doyoursdf -6:
(i)  Letf (X)=[x] &g(x)=sgn(x) (where [.] denotes greatest integer function) , then discuss the

o fx)
continuity of f (X) £ g(x), f (x).9(X) & a(x) at x=0.

(i) I f (x) =sin|x|& g(x) = tan|x| then discuss the continuity of f (X) £ g(X) ; %& f (X) g(x)
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6. CONTINUITY OVER COUNTABLE SET :

There are functions which are continuous over a countable set and else where discontinuous.

) x if xeQ . . .
lllugration9:  If f(x) = _ , find the points where f(x) is continuous
X if xg Q
Solution : Let x = a be the point at which f(x) is continuous.
lim f(xX)= lim f(x)
throu;h_;:tional throug?]?;tional
= a=-a

= a=0 = function is continuous at x = 0.

Doyoursdf -7:

X if xe

) 'fg(x){o if x

Q : : r .
, then find the points where function is continuous.

g Q

2
; Xe : . . :
) Q , then find the points where function is continuous.
X* 5 X

@) 17 () ={1f

ANSWERS FOR DO YOURSELF

1. () 1 (i) discontinuous at x =-2

T
2 (i) a=—1&b=1 (i) Discontinuous at x = 1 & continuous at X = 5
3 (i) Removable discontinuity at x = 4.
4. (i) Non-removable discontinuity at x =-1,1
6

(i) Allarediscontinuousat x =0.

) f)g(x) & f (x) £ g(x) arecontinuousin R—{x:x=(2n+ 1)%; neZ}

%iscontinuousinR—{x:x:n—zn;neZ}
7. () x=0 (i) x=i%
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EXERCISE (O-1)
[SINGLE CORRECT CHOICE TYPE]

ax+1 if x<1

Let f(X)=7 3 if x=1.1If f(x) is continuous at x = 1 then (a — b) is equal to-
bx?+1 if x>1
(A) O (B)1 (C€) 2 (D)4
%,x #2
For the function f(X) =1, . Z(Ej which of the following holds ?
K, X=2
(A) k=1/2 and f is continuous at x = 2 (B) k # 0, 1/2 and f is continuous at x = 2
(C) f can not be continuous at x = 2 (D) k =0 and f is continuous at x = 2.
4—x?

The function f(X)= 5, Is-
4x — X

(A) discontinuous at only one point in its domain.
(B) discontinuous at two points in its domain.
(C) discontinuous at three points in its domain.
(D) continuous everywhere in its domain.

_—4sinx+cosx for xﬁ—g
If f(x)=| asinx+b  for —g<x<g is continuous then :
COSX+2 for ng
(A)a=-1,b=3 B)ya=1,b=-3
(C)a=1,b=3 (D)a=-1,b=-3

%(3X2 +1) —w<x<1

The function f(x)=| 5-4x l<Xx<4 IS -
4—x 4<X <0

(A) continuous at x =1 & x =14

(B) continuous at x = 1, discontinuous at x= 4
(C) continuous at x = 4, discontinuous at x = 1
(D) discontinuous at x =1 & x =4

x> —bx +25
I 0
(A) 0 (B) 5 (C) 10 (D) 25

for x # 5 and f is continuous at x = 5, then f(5) has the value equal to-



10.

11.

12.

13.

14.

Limit, Continuity & Differentiability

X —e* +c0s 2X

If f(x) ==z X 0 is continuous at x = 0, then -
5
(A) 1(0) =5 (B) [f(0)] = -2 ©) {f(0)}=-05 (D) [fO)] {f(0)}=-15
where [.] and {.} denotes greatest integer and fractional part function
y = f(x) is a continuous function such that its graph passes through (a,0). Then Lim log. (21;2 3)f(x))
X—a X
is-
3 2
(A) 1 (8) 0 © 3 ) 3

In [1,3], the function [x? + 1],[.] denoting the greatest integer function, is continuous -
(A) for all x

(B) for all x except at nine points

(C) for all x except at seven points

(D) for all x except at eight points

Number of points of discontinuity of f(x) = [2x® — 5] in [1,2), is equal to-

(where [x] denotes greatest integer less than or equal to x)

(A) 14 (B) 13 (C) 10 (D) 8

| x+1] if x<-2
2x+3 if -2<x<0
x*+3 if 0<x<3
x®-15 if X>3

Given f(x) = . Then number of point(s) of discontinuity of f(x) is-

(A) 0 (B) 1 () 2 (D) 3
. . 9) 2 . 1-cos3x ) .
If f(x) is continuous and f(5j=§, then the value of lef(Tj is-
2 9 . ..
(A) 9 (B) 5 ©o (D) data insufficient

f is a continuous function on the real line. Given that x2 + (f(x) — 2)x —/3- f(X) + 23 -3 = 0.
Then the value of f(/3)

(A) can not be determined (B)is2(1-+3)
(C)is zero (D) is %

The function f(x) = [X]?—[x?] (where [y] is the greatest integer less than or equal to y), is discontinuous
at:

(A) all integers (B) all integers except 0 & 1

(C) all integers except 0 (D) all integers except 1
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EXERCISE (O-2)
[SINGLE CORRECT CHOICE TYPE]

Let f : R — R be a continuous function ¥ x € R and f(X) =5 V x € irrational. Then the value of

f(3) s -

A1l (B) 2 (©)5 (D) cannot determine
1
If f(x)= _ andg(X) = —3, then set of points in domain of fog(x) at which fog(x) is discontinuous.
(x-D(x-2) X
(&) {—1 0.1 i} ®) ¢
T2
)
(© {01} (0) 101 7
X 12x<2
[x]
Consider the function f(x)=| 1 if x=2
N6—x if 2<x<3

where [X] denotes step up function then function -
(A) has removable discontinuity at x = 3

(B) has removable discontinuity at x = 2

(C) has non removable discontinuity at x = 2

(D) is continuous at x = 2

[X[XT log,, 2, for—1<x<0
K, for x =0
Consider f(x) = . ( a5 . })
nie* +2{x
, forO0<x <1
tan/x

where [*] & {*} are the greatest integer function & fractional part function respectively, then :-
(A) k=¢n2 = fis continuous at x=0 (B) k=2= fiscontinuousatx=0
(C) k=e?= fis continuous at x = 0 (D) f has an non-removable discontinuity at x =0

The function f(x) = [x]. cos 7, where [ - ] denotes the greatest integer function, is discontinuous

2
at :-
(A) all x (B) all integer points (C)nox (D) x which is not an integer
Consider the function defined on [0, 1] > R, f(x) = smx—xw if X 0 and f(0) = 0, then the function
f(x) :-
(A) has a removable discontinuity at x =0 (B) has anon removable discontinuity at x =0
(C) limit doesnot exist at x=0 (D) is continuous at x =0



10.

11.

12.

Limit, Continuity & Differentiability

[MULTIPLE CORRECT CHOICE TYPE]

Which of the following function(s) is/are discontinuous at x =0 ?

(A) f(x) = sin%, x=#0and f(0) =1 (B) g(x) = x sin(gj, x=0andg0) ==
(C) h(x)= ' | , x % 0and h(0) = 1 (D) k(x) = T ,x#0 and k(0) =
i i i Asin x +sin 2x . .
A function f(x) is defined as f(X)= v ,(x#0) . If the function is continuous at
x =0, then -
(A)A=-2 (B) f(0) =-1 CA=1 (D) f(0)=1

Which of the following function(s) can’t be defined at x = 0 to make it continuous at x =0 ?
1

1

1 1 _ =
(A) fO)=——= (B) f=tan=—  (C) ()= (D) f(x) x|
1+2% ex +1
Which of the following function(s) can be defined continuously at x =0 ?
_ |sin x|
(A) f( ) 2cotx (B) f(X) COS( X j
(C) f(%)= x sing (D) f(x) :ﬁ
e’ —1+ax -0
x*
Let f(X)= b, x =0, then -
Yy
sin—
—2, x<0
X

(A) f(x) is continuous at x = 0 if a = -1, b :%.

(B) f(x) is discontinuous at x = 0, if b = %

(C) f(x) has non-removable discontinuity at x = 0 if a = —1.

(D) f(x) has removable discontinuity at x =0 ifa=-1, b= %

Which of the following function(s) can be defined continuously at x =0 ?

1—sec?2x

_csex—1
(A 10="—, 7 (B) 90) ="~

(where csc x = cosec x)

sin5x

(C) h(x) = (D) 1(x) = (14 2x2)
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13.

14.

15.

16.

40

If f is defined on an interval [a, b]. Which of the following statement(s) is/are INCORRECT ?
(A) Iff(a) and f(b), have opposite sign, then there must be a point ¢ < (a, b) such that f(c) =0.
(B) If fiscontinuous on [a, b], f(a) < 0 and f(b) > 0, then there must be a point ¢ < (a, b) such that f(c)=0.

(C) Iffis continuous on [a, b] and there is a point ¢ in (a, b) such that f(c) =0, then f(a) and f(b) have
opposite sign.

(D) Iffhas no zeroes on [a, b], then f(a) and f(b) have the same sign.

Which of the following functions can be defined at indicated point so that resulting function is continuous -

X?—-2x -8 X—7
(A) f(X) :T atx =-2 (B) f(X) :m atx=7
3 3—
(C) f(x) = XX:Z“ at x = —4 (D) f(x) = 9_5 atx =9

In which of the following cases the given equations has atleast one root in the indicated interval ?
(A) x=cosx=0in (0, n/2)
(B) x +sinx =1 in (0, n/6)

b
C ﬁ+§: 0,2 b>0in (1, 3)

(D) f(x) = g(x) =0 in (a, b) where f and g are continuous on [a, b] and f(a) > g(a) and f(b) < g(b).

[MATRIX TYPE]

Column-I Column-11
x3—
A) lim IS P) 2
( ) x>l fnX ( )

x(cosx —cos2x)

lim
B) x=0  25in X —Sin 2x Q 3
© Iimtan x\/tanxs—sinx sin X ic R §
x—0 X \/; 2
1 /n(sec? x) 3
D If = —_— - —_
(D) f(X) = cos(x cos X) and g(x) Sinx are (S 4

both continuous at x = 0 then f(0) + g(0) equals
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17. Match the function in Column-1 with its behaviour at x = 0 in column-I1, where [.] denotes greatest integer
function & sgn(x) denotes signum function.

Column-I Column-l11

A fx)=[xX][1 + X] (P) LHL existatx=0
B) f(x) =[=x][1+ X] (Q) RHLexistatx=0
(©) ) =(sgn(x)[2 - x][1 + |x]] (R) Continuousatx=0
(D) f(X) = [cosx] (S) limf(x) exists but function is
discontinuous at x =0
M limf(X) does not exist
EXERCISE (S-1)
2
1 Ifthe function f(x) :%, (x #—2) is continuous at x = — 2. Find f(=2).
2. Find all possible values of a and b so that f(x) is continuous for all x € R if
lax+3  ifx<-1
|3x +a if —-1<x<0
) =10sIN2X _op if0<x<x
X
cos* X -3 if x>m
[ tan 6x
(gjmsx if 0<x<=
5
The function f(x) = b+2 if  x zg
[a\tanx\j .
(L+[cosx|): " 7 if S X<

Determine the valuesof'a' & 'b', if f is continuous at x = r/2.
f(x)
Suppose that f(X) = x3 - 3x2—4x + 12 and h(x) =| x-3
K 1

then
Xx=3
(@) find all zeroes of f(x).
(b) find the value of K that makes h continuous at x = 3.

(¢) using the value of K found in (b), determine whether h is an even function.

1-sinnx 1

_, X< —

1+ cos2nX 2

1 . . i . .
Letf(x) = P, X = 7 Determine the value of p, if possible, so that the function is continuous
V2x -1 . 1
_\/4+\/2X—1—2, 2
atx=1/2.
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Given the function g(x) =v6 - 2x and h(x) = 2x>—3x +a. Then

g9(x),

Xx<1 . ] .
, find 'a’ so that fis continuous.
h(x), x>1

(a) evaluate h (g(2)) (b) Iff(x) = {

1+x, 0<x<2 ) . . . -
Letf(x)= 3_x 2<x<3’ Determine the form of g(x) = f{f(x)] & hence find the point of discontinuity of

g, ifany.
/ncosx .
—  if x>0
V1+x? -1
Letf(x) = Gndx
— —  ifx<0
/n(l+tan2x)

Is it possible to define f(0) to make the function continuous at x = 0. If yes what is the value of f(0).

[ 1-sinx . T
——— DL A%< —
3c0s° X 2
. s
Determine a & b so that f is continuous at x :g where f(x) = a if x= 5
b(1-sinx) it xs T
| (t—2x)° 2
[ sin(a+1)x +sinx for x <0
X
Determine the values of a, b & ¢ for which the function f(x) = c for x=0 IS
2\1/2 12
(x+ b)gx)alz X for x>0
continuous at x = 0.
EXERCISE (S-2)
sin3x + Asin 2x + Bsin x . . .
If f(x) = NG (x = 0) is cont. at x = 0. Find A & B. Also find (0).
[“—sin-1 (1-{x¥ )jsinl(l—{x})
2
for x =0 ) ]
Let f(x) = V2({3—{x¥°) where {x} is the fractional part of x.
I for x=0
2

Consider another function g(x) ; such that
f(x) for x>0
9(x) =
2J2f(x) for x<0

Discuss the continuity of the functions f(x) & g(x) at x = 0.

If f(x) = x + {—x} + [x], where [X] is the integral part & {x} is the fractional part of x. Discuss the
continuity of fin [-2, 2].
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ax—b for x<1
Find the locus of (a, b) for whichthe functionf(x)=| 3x  for 1<x<2

bx?—-a for x>2
is continuous at x = 1 but discontinuous at x = 2.

: . . ax’ +bx+c+e™ : : :
A function f: R — R is defined as f(x) = In_Lm X ;J:;J;“XJF where fis continuous on RR. Find the

values ofa, b and c.

. —TC
(sinx +cosx)**** 7< x<0
Let f(x)= a ; x=0
e1/>( +e2/x +e3/|x\ . 0 T
2/x 31| ’ <X<Z
ae~"* +be 2

If f(x) is continuous at x = 0, find the value of (a + b?).

Given f(x) =) _tan (%) sec(%}; rrneN

r=1

X x ) [ . X
6n(f(x)+tanznj—(f(x)jttanznj .{sm(tanzﬂ

1+(f(x) +tan anj

g(x) =Limit

= k for x :% and the domain of g(x) is (0, w/2).

where [ ] denotes the greatest integer function.
Find the value of k, if possible, so that g(x) is continuous at x = rt/4. Also state the points of discontinuity
of g(x) in (0, =/4), if any.

(x)

f
Let f(x) =x3=x?*-3x—1and h(x) =——=
N %=

, Where h is a rational function such that

(@ Domainofh(x)isR—-{-1}

(0)  Limh(x)=c0and (¢) Limh(9 ==

2
Find ';'ﬂ) (3h(x) + f(x) =29(x))

(@ Let f be a real valued continuous function on R and satisfying f(-x) —f(x) = 0 V € R.
Iff(-5) =5, f(-2) =4, f(3) =—2 and f(0) = 0 then find the minimum number of zero's of the equation
f(x)=0.

(b)  Find the number of points of discontinuity of the function f(x) = [5x] + {3x} in [0, 5] where
[y] and {y} denote largest integer less than or equal to y and fractional part of y respectively.

(@ Ifg:[a, b] — [a, b] is continuous & onto function, then show that there is some ¢ € [a, b] such

that g(c) =c.
(b)  Let f be continuous on the interval [0, 1] to R such that f(0) = f(1). Prove that there exists a

pointc in [Oﬂ such that f(c) :f(c+%j
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EXERCISE (JM)

The function f : R/{0} —» R given by f(x) = l_e 2 1 can be made continuous at
X

2x

x = 0 by defining (0) as- [AIEEE 2007]
(1)2 (2)-1 (3)0 41
Let f: R — R be a continuous function defined by f(x) = 26
1
Statement-1: f(c) = 3 for some ¢ € R.
1
Statement—2: 0 < f(x) < N for all x € R. [AlEEE-2010]

(1) Statement-1 is true, Statement—2 is true ; Statement—2 is a correct explanation for Statement—1.
(2) Statement—1 is true, Statement—2 is true ; Statement—2 is not a correct explanation for statement—1.
(3) Statement-1 is true, Statement-2 is false.

(4) Statement-1 is false, Statement—2 is true.

sin(p+1)x +sinX w<0
S
The values of p and q for which the function f(x) = q , x=o01ls continuous for all x in R,
— , x>0
X2
are :- [AIEEE 2011]
3 1 1 3 1 3 5 1
1 =—=,0== 2 ==,0=— 3 ==, 0g=-= 4 =—,0==
Wp=—.a=72 @p=3.4=, @p=.d4=—3 @p=5.q=7

Define F(x) as the product of two real functions f;(x) = X, X e R,
if x=0 fL(x).5(x) if x=0

1
SIn—,
and f,(x) =3 7 X 0 if x=0

0, if x=0

as follows : F(x) ={ [AIEEE 2011]

Statement-1: F(X) is continuous on R.

Statement-2: f;(x) and f,(x) are continuous on R.

(1) Statemen-1 is false, statement-2 is true.

(2) Statemen-1 is true, statement-2 is true; Statement-2 is correct explanation for statementl.
(3) Statement-1 is true, statement-2 is true, statement-2 is not a correct explanation for statementl

(4) Statement-1 is true, statement-2 is false

. 1- 3
If f(x) is continuous and f(9/2) = 2/9, then lim f (%) is equal to: [JEE M ains Offline-2014]

(1) 9/2 (2) 0 (3) 2/9 (4) 8/9



Limit, Continuity & Differentiability

\V2+cosx —1 X
If the function f(x) = (m-x)* ' ™ s continuous at x = 7, then k equals:-
k , X=T
1 1 2 1 3)2 4)0
1) @ 3 3) (@)

[JEE MainsOffline-2014]
EXERCISE (JA)

el/(x—l) )
Discuss the continuity of the function f(x) =< e 4+ 2’ x#1
1, x=1
at x = 1. [REE 2001 (Mains), 3 out of 100]

For every integer n, let a and b _be real numbers. Let function f : R — R be given by

i f 2n,2n+1 .
f(x):{an+3|nnx, or xe[2n,2n+ ],foralllntegersn.

b, +cosnx, for xe(2n-1,2n)

If f is continuous, then which of the following holds(s) for alln ? [JEE 2012, 4]
(A)a_ -b =0 (B)a -b =1 (Ca-b =1 (D)a_,—b =-1
For every pair of continuous function f,g : [0, 1] = R such that
max{f(x) : x € [0, 1]} = max{g(x) : x € [0,1]},
the correct statement(s) is(are) :
(A) (f(©))" + 3f(c) = (g(c))* + 3g(c) for some ¢ < [0,1]
(B) (f(c))” + f(c) = (9(c))” + 3g(c) for some ¢ < [0,1]
(©) (f(e))” + 3f(c) = (g(c))* + g(c) for some ¢  [0,1]

(D) (f(c))* = (g(c))* for some ¢ e [0,1] [JEE(Advanced)-2014, 3]
Let [x] be the greatest integer less than or equal to x. Then, at which of the following point(s) the function
f(X) = xcos(n(x + [X])) is discontinuous ? [JEE(Advanced)-2017, 4(-2)]
(A) x=-1 (B)yx=0 C)yx=2 (D) x=1
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DIFFERENTIABILITY
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1. MEANING OF DERIVATIVE :
The instantaneous rate of change of a function with respect to the dependent variable is called deriva-
tive. Let “f’ be a given function of one variable and let Ax denote a number (positive or negative) to
be added to the number x. Let Af denote the corresponding change of ‘f” then Af = f(x + Ax) — f(x)
AF _ f(x+Ax) —f(X)
= AX AX
If Af/Ax approaches a limit as Ax approaches zero, this limit is the derivative of ‘f” at the point x. The
derivative of a function “f’ is a function ; this function is denoted by symbols such as
df d df(x)
—,—Tf(x
) 3 o () or i
N ﬂ: lim A_f: lim f(X+ Ax) —f(X)
dx Ax->0AX Ax—0 AX
I : N v df(X) ,
The derivative evaluated at a point a, is written, f'(a), 5 F'(x),_,, etc.
2.  EXISTENCE OF DERIVATIVE AT x=a:
\ fla + h)
fla + h) — f(a)

(h—0) (h—0)

(@ Right hand derivative:
The right hand derivative of f(x) at x = a denoted by Rf'(a) isdefined as :

f(a+h)—f(a)
h

Rf'(2) = Lim , provided the limit exists & is finite. (h > 0)

(b) Left hand derivative:
The left hand derivative of f(x) at x = adenoted by Lf'(a) is defined as :

. . f(a—h)-f(a
Lf (@)=L m%h(), provided the limit exists & is finite. (h > 0)

|
—0



Limit, Continuity & Differentiability

Hence f(x) is said to be derivableor differentiableat x=a | If Rf'(a) = Lf (a) = finite quantity

and it is denoted by f(a); where f(a) = Lf' (a) = Rf'(a) &itis called derivative or differential coefficient

off(x) atx=a.
3. DIFFERENTIABILITY & CONTINUITY :
Theorem : Ifafunction f(x) is derivable at x = a, then f(x) is continuous at x = a.
, . f(a+h)-f(a )
Proof: f'(a) = %LT% exists.
Also f(a+h)—f(a) = w.h [h # 0]
Iﬁirg\ [f@a+h)-f(a)]= |FIF(T)1 w.h =f'(a).0=0

= IFirg\[f(a +h)-f(a)]=0= |FII‘£1 f(a+h)="f(a) = f(x) iscontinuous at X = a.

Note:

. Differentiable = Continuous ; Continuity = Differentiable ; Not Differentiable =& Not Continuous

(1 But Not Continuous = Not Differentiable

@i)  All polynomial, rational, trigonometric, logarithmic and exponential function are continuous
and differentiable in their domains.

(i) I f(x) & g(x) are differentiable at x = a, then the functions f(x) + g(x), f(x) — g(x), f(x). g(x) will
also be differentiable at x =a & if g(a) # 0 then the function f(x)/g(x) will also be differentiable
at x=a.

sgn(x) + X; —0<X<0
lllustration1: Let f(X)=1-1+sinx;0< X<g . Discuss the continuity & differentiability at

COSX; T ox<owo

2
= o
x=0 & 5
—1+X; —o<x<0

Solution : f(x) = —1+sinx;0§x<g

T
COS X; ESX<OO

To check the differentiability at x =0

LHD =Ilim
h—0

i Z1H0=h=(D)

h—0 _h

1

£(0—h) —f(0)
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[llustration 2 :

Solution :

48

RHD = lim f(0+h)-f(0) _lim -1+sinh+1 1
h—0 h h—0
LHD = RHD
Differentiable at x = 0.
=  Continuous at x = 0.
To check the continuity at x = g
LHL lim f(x) = lim(-1+sinx) =0
x_>§ x—%
RHL lim f(X) = lim cosx =0
x—% x—>§
T
LHL =RHL = f(EJ: 0
. TU
Continuous at X = 5
T

To check the differentiability at x = 5

flE—n|-f =
2 2 . —1+cosh-0
=lim =0

LHD :L'LTJ —h h—0 —h
f(}thj—f(?j N o
RHD = lim —fim MY _
h—0 h h—0 h
LHD # RHD
not differentiable at x = g .
2
If F(x) = A+ BX x<1
3AX-B+2x2>1
then find A and B so that f(x) become differentiable at x = 1.

. f@+h)-f@Q) _ ;.. 3AQ+h)-B+2-3A+B-2 . 3Ah _
RF'(@) = lim=—"—= lim h = Im=h =3A
Lf'(l):“m f(1-h) f(l):“mAJrB(l h)*-3A+B 2:Iim( 2A +2B-2)+Bh°-2Bh

h—0 —h h—0 —h h—0 —h

hence for this limit to be defined

-2A+2B-2=0

B=A+1

Lf'(1)) = lim— (Bh - 2B) = 2B
Lf'() = Rf' (1)

3A=2B=2(A+1)
A=2B=3
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[cosmx] x<1

Illustration 3 f(x):{Z{x}—l X>1

comment on the derivability at x =1, where [ ] denotes greatest integer

function & { } denotes fractional part function.

o vy s FA=0)=F() . [cos(m—-mh)]+1 . —1+1
Solution : Lf (1) = L'LQT = Ll_rg h = L'_rlg o 0
REQ) = lim f(1+h)-f(2) _lim 2{1+h}-1+1 _ “m@: 5
h—0 h h—0 h h—0 h
Hence f(x) is not differentiable at x = 1.
Doyoursdlf-1:
(i) A function is defined as follows :
X2 x¥<1
f(x) = « - x2>1 discuss the continuity and differentiability at x = 1.
ax® +b, for 0<x<1 : : .
(i) If f(x)= be the differentiable function in [0, 2], then
2cosmx+tantx, for 1<x<2
find a and b. (where [.] denotes the greatest integer function)

4. IMPORTANT NOTE:

(@ Let Rf'(a) =p & Lf'(a) =qwhere p & q are finite then :
() p=qg=fisdifferentiable at x=a = fis continuousatx=a
() p=q = fisnot differentiable at x=a, but fis continuous at x = a.

[llustration 4:  Determine the values of x for which the following functions fails to be continuous or
1-x), x<l1
differentiable f(x) =1 (1—x)(2—x), 1<x<2, Justify your answer.
(3-x), X>2

Solution : By the given definition it is clear that the function f is continuous and differentiable at all
points except possibily at x =1 and x = 2.
Check the differentiability at x = 1

fa-h)—f@) . 1-(@-h-0_

—h h—0 -h

q=LHD =lim -1
h—0

5= RHD = L'Lr(} f(l+ hr?—f(l) lim {-@+nH{2-A+h)}-0 _ 1

h—0 h

g=p .. Differentiableatx=1. = Continuous at x = 1.
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Check the differentiability at x = 2

. f(2-h)-f(2) ,. (1-2+h)(2-2+h)-0
q=LHD =lim ( ) ():Ilm( +h)( +h) =1= finite
h—0 _h h—0 _h
. f(2+h)-f(2) .. (3-2-h)-0
p=RHD =lim (2+h) ()=|Im( ) —> o (not finite)
h—0 h h—0 h
g#p . not differentiable at x = 2.

Now we have to check the continuity at x = 2

LHL = limf(x)=lim(1-x)(2-x) = Ling(l—(Z—h))(Z—(Z—h)) =0
X—2" X—2" —

RHL = lim f(x) = lim(3—x) = Ihing(3—(2+ h))=1
x—2* x—2* -

LHL =RHL

= notcontinuousatx = 2.

Doyourself - 2:

(i) Letf(x)=(x-1) |x-1]. Discuss the continuity and differentiability of f(x) at x = 1.

50

(b) Vertical tangent :
) Ify=f(x)iscontinuousat x=aand lim |f'(x)| approaches

to «, then y = f(x) has a vertical tangent at x = a. Ifa function

has vertical tangent at x = a then it is non differentiable at 4 »
X =a. flod=x
eg. (1) f(x) = x*® has vertical tangent at x = 0 S >X
since f!(0) — oo and f'(0) — oo hence f(x) is not
differentiableat x =0 y
2 g(x) =x?* have vertical tangent at x =0 s
g(x) =x

since g,(0) —» oo and g(0) - —oo hence g(x) is
not differentiable at x = 0. o

() Geometrical interpretation of differentiability :

(i) Ifthefunctiony = f(x) is differentiable at x = a, then aunique non vertical tangent can be drawn
to the curve y =f(x) at the point P(a, f(a)) & f(a) represent the slope of the tangent at point P.

@) Ifafunction f(x) does not have a unique tangent (p & q are finite but unequal), then fis
continuous at x = a, it geometrically implies a corner at x =a.
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e.g. f(x) =|x| is continuous but not differentiable at x=0 & there is corner at x = 0.

y

f(x)= x| _ p=1
(does not have unique tangent, corner at x = 0)< X
q p—

(i) Ifone of p &g tends to co and other tends to —oo, then their will be a cusp at x =a. Where

p= Rf'(a) andq= Lf'(a)
e.g. (1) f(x)=|x]**iscontinuous but not differentiable at x=0 & there iscusp at x=0.

v
fx)=1x1" p >+

(has a vertical tangent, cusp at x = 0) <

q—> 0

© X

(@) f(x) =x3is continuous but not differentiable at x = 0 because Rf'(0) — o and

LF(0) - . S
oo

Y,

>x (have aunique vertical tangent but does not have corner)

Note: |[corner/cusp/vertical tangent = non differentiable

non differentiable =% corner/cusp/vertical tangent

X—3 x<0

. . Draw the graph of the function & discuss the continuity
X" =3x+2 x>0

Illustration 5. If f(x) = {

and differentiability of f(x|) and |f(x)|.

y=f(1x1)

| x|-3; | X|< 0 — not possible
Solution : f(Ix]) =

X =3|x|+2;|x|>0

2
x> +3x+2, x<0
f(|X|)={ /\ -

2
X°=3x+2, x>0 ¥

atx=0

f0-h)-f(©) _ . h’-3h+2-2

—h h—0 _h

q=LHD = lim 3
h—0
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=lim -3

p = RHD =lim 10+ ~1(0)
h—0 h h—0

h*-3h+2-2
- =
q#p
not differentiable at x = 0. but p & q are both are finite
= continuousat x=0

3-X , Xx<0
(x*-3x+2), 0<x<1

Now, |f(X)|= ,
—(x*=3x+2) , 1<x<2

(X*=3x+2), x>2

To check differentiability at x = 0

fO--f(© _,, 3+h-2 . @+h)
“h

h—0 _h h—0 _h

g= LHD = Ihlﬂg
= not differentiable at x = 0.

2
_lim h -3h+2-2 _ 3
h—0

p = RHD =lim

f(0+h)—-f(0)
h

Now to check continuity at x =0

LHL = limf(x)=1im3-x=3
x—0" x—0"
= not continuous at x = 0.

RHL = lim f(x) = lim x* —=3x+2 =2
x—0" x—0"

To check differentiability at x = 1

. f(A-h)-fQ
q= LHD = L|_rgw
_h\2 . 4 2
—lim (1-h)*=3(1-h)+2 0=Iimh +h=_1
h—0 —h h—0 —h

o = RHD = lim &M@ _ 0,

h—0 h h—0 h h—0 h

= not differentiable at x = 1.
but [f(x)| is continous at x = 1, because p # g and both are finite.
To check differentiability at x = 2

. f(2-h)-f(2
q:LHD:L'_TJ#
_lim (4+h“-4h-6+3h+2) 0=Iimh h=_1
h—0 _h h—0 h
_ 2 - _ 2
ID:RHD:"mf(zm) f2) ;i (W +4h+4-6-31+2)-0 . (h"+h)
h—0 h h—0 h h—0 h

= not differentiable at x = 2.

but [f(x)| is continous at x = 2, because p # g and both are finite.

—(h*+2h+1-3+3h+2)-0 _lim —(h?*=h) _

1

1
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Doyourself - 3:

() Let f(x) ={

Discuss the continuity and differentiablity of g(x) = [f(x)|.
(i) Letf(x) = min {|x - 1|, [x + 1|, 1}. Find the number of points where it is not differentiable.

-4 ; 4<x<0
X?—4; 0<x<4

5. DIFFERENTIABILITY OVER AN INTERVAL :

(@  f(x) is said to be differentiable over an open interval (a, b) if it is differentiable at each & every

point of the open interval (a, b).

(b)  f(x) is said to be differentiable over the closed interval [a, b] if :

(i)

f(x) is differentiable in (a, b) &

(i)  for the pointsaand b, f'(a*) & f(b") exist.

[llustration 6:

Solution :

e ™ 5<x<0
If f(x)={—-ePY+e’+1, 0<x<2
e 2<x<4

Discuss the continuity and differentiability of f(x) in the interval (-5, 4).

+X

e S5<x<0
—etret+1l 0<x<1

—-X+1

f(x)=

+e'+l 1<x<2
e 2<x<4
Check the differentiability at x = 0

fO-h)-f© . e"-1__

—€

LHD = m —h h-0 —h -
_ _ h-1 -1 _
RHD = lim f(0+h)-f(0) _ lim—&__*© +1 1=—e’1
h—0 h h—0
LHD = RHD
Not differentiable at x = 0, but continuous at x = 0 since LHD and RHD both are
finite.
Check the differentiability at x = 1
R _al-h-1 o1 a1
LHD = lim L= =@ _ = +e +l-e”
h—0 _h h—0 _h
_ _al-h-1 a1 a1l
RHD = lim f@+h)—f@ _lim e +e"+1-e 1
h—0 h h—0 h
LHD = RHD
Not differentiable at x = 1, but continuous at x = 1 since LHD and RHD both are
finite.
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Check the differentiability at x = 2

fR=M-f@) e e+t e D)

LHD = LL”J —h h—0 —h L'LTJ —h
— 7h —
RHD = |imw= |ime—1=_1
h—0 h h—0 h
LHD = RHD
Not differentiable at x = 2, but continuous at x = 2 since LHD & RHD both are
finite.

Note:

0]

If f(x) is differentiable at x = a & g(X) is not differentiable at x =a, then the product function
F(x)=f(x).g(x) can still be differentiable at x = a.

e.g. Consider f(x) = x & g(x) = |x|. f is differentiable at x = 0 & g is non-differentiable at
x =0, but f(x).g(x) is still differentiable at x = 0.

@)  1ff(x) &g(x) both are not differentiable at x = a then the product function; F(x)=f(x).g(x) canstill be
differentiable at x = a.
e.g. Consider f(x) = [x| & g(X) =—|x|. f & g are both non differentiable at x = 0, but f(x).g(x) still
differentiable at x =0.
@)  1ff(x) & g(x) both are non-differentiable at x=a then the sum function F(x)=f(x)+g(x) may be a
differentiable function.
e.g. f(X)=|x| & g(x)= —|x|. f & g are both non differentiable at x = 0, but (f+g)(x) still
differentiable at x =0.
(v)  Iff(x) is differentiable at x =a = f(x) is continuous at x = a.
x*sin 1 if x=0
e.g. f(x)= X
0 if x=0
Doyourself -4
() Letf(x) =max{sinx, 1/2}, where 0 < x < 57“ . Find the number of points where it is not
differentiable.
. [x] ; 0<x<2 ) )
(i) Letf(x)= , Where [.] denotes greatest integer function.
2X—2 ;2<X<3

(@  Find that points at which continuity and differentiability should be checked.
(b)  Discuss the continuity & differentiability of f(x) in the interval (0, 3).
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6. DETERMINATION OF FUNCTION WHICH SATISFYING THE GIVEN FUNCTIONAL
EQUATION :

[llustration7:

Let f(x +y) =f(x) + f(y) — 2xy— 1 for all x and y. If f'(0) exists and f(0) = —sina., then find
H{f(0)}.

. f(x+h)-f(x
Solution: 100 = lim 0N =TI
h—0 h
. A{f(x) +f(h)—2xh -1} —f(x
= LILT(}{ () +1(h) H 3100 (Using the given relation)
—lim—2x+ lim T MW=L oy i F-TO)
h—0 h—0 h h—0 h
[Putting x = 0 =y in the given relation we find f(0) = f(0) + f(0) +0-1 = f(0) =1]
f(x) = -2x + f(0) = -2x — sina.
= f(X)=-x*—-(sina). x + ¢
f0)=-0-0+c= ¢c=1
f(x) = —x* - (sina). x + 1
So, f{f(0)} = f(-sina) = —sin’a + sin“a + 1
f{f(0)} = 1.
Doyourself -5:

(i) Afunctionf: R — R satisfies the equation f(x + y) = f(x).f(y) for all X, y € R, f(x) = 0. Suppose
that the function is differentiable everywhere and f(0) = 2. Prove that f(x) = 2f(x).

Miscellaneouslllustrations:

[llustration 8:

Solution :

Discuss the continuity and differentiability of the function y = f(x) defined parametrically;
X=2t—|t—1|andy = 2t* + tt|.

Here x = 2t — |t — 1| and y = 2t* + t]t.
Now whent <0;
1 2
x=2t—{-(t-1)}=3t-1 and y=22-t>=t> = y=§(X+1)
when o <t<1
1
X=2t—(=(t-1)=3t-1 and y=222+12=322 — y=§(X+1)2

whent>1;
X=2t—(t-1)=t+1 and y=22+t*=3t> = y=3(x-1)°
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l(x+l)2, X< -1
9

Thus, Y=T(X)= %(x+1)2, -1<x<2
3(x—1)?, X>2

We have to check differentiability at x =—1 and 2.
Differentiability at x =-1,;

1(—1—h+1)2—0
lim 2 -0

h—0 _h

LHD = f (1) = lim f(‘l‘i)‘f(‘l) _

é(—l+ h+1)?-0

RHD = f.(-1) = lim f(‘“hg‘f(‘l) “lim & _0
Hence f(x) is differentiable at x =-1.
= continuousat x =-1.
To check differentiability at x =2 ;
1 2
LHD = f (2)= lim 5(2—h IS =2 & RHD=f,(2)= lim 3(2+hh_1)2 -3 =6

Hence f(x) is not differentiable at x = 2.
But continuous at x = 2, because LHD & RHD both are finite.
f(x) is continuous for all x and differentiable for all x, except x = 2.

ANSWERS FOR DO YOURSELF

1
1. (i) Continuous but not differentiable at x =1 (i) a= 5’ b =%——

(i) Continuous & differentiable at x =1
(i) Continuous everywhere but not differentiable at x = 2 only @) 5
4: (i) 3 (i) (@ 1&2 (b) Notcontinuousatx =1 & 2 and not differentiable at x =1 & 2.

56




Limit, Continuity & Differentiability

EXERCISE (O-1)
[SINGLE CORRECT CHOICE TYPE]
Let f(x) = [tan®X], (where [.] denotes greatest integer function). Then -

(A) lIm f(x) does not exist (B) f(X) is continuous at x = 0.

(C) f(x) is not differentiable at x = 0 (D) f'O0) =1

The number of points where f(x) = [sin X + cosx] (where [] denotes the greatest integer function),
x € (0,2n) is not continuous is -

(A) 3 (B) 4 (©)5 (D) 6

If 6,8 and 12 are I"", m™ and n™ terms of an A.P. and f(x) = nx? + 2Ix — 2m, then the equation
f(x) =0 has -

(A) a root between 0 and 1 (B) both roots imaginary.

(C) both roots negative. (D) both roots greater than 1.

. : , . f(h)—f(=2h)
Let f be differentiable at x = 0 and f'(0) = 1. Then lefz

(A) 3 (B) 2 (C) 1 (D) -1

2_
Let gx) = 3x2—4-/x +1 for x<1.
ax+b for x>1

If g(x) is continuous and differentiable for all numbers in its domain then -
(A)a=b=4 (Bya=b=-4
Ca=4andb=-14 (D)a=-4andb=4

If () f(y) +2=f(x) + f(y) + f(xy) and f(1) = 2, f'(1) = 2 then sgn f(x) is equal to
(where sgn denotes signum function) -

(A) 0 (B)1 (€)1 (D) 4
’ x+b, x<0 ) )
The function 9(x) = can be made differentiable at x = O -
cosx, X=0
(A) if b is equal to zero (B) if b is not equal to zero
(C) if b takes any real value (D) for no value of b

Which one of the following functions is continuous everywhere in its domain but has atleast one
point where it is not differentiable ?

I
X

(A) FO) = (B) f(x)= (C) f(x) = e~ (D) f(x) = tanx

If the right hand derivative of f(x) = [X] tan mx at x = 7 is kr, then k is equal to
([y] denotes greatest integer < )
() 6 (B) 7 (€) -7 (D) 49
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Let f : R — R be a continuous onto function satisfying f(x) + f(-x) = 0, ¥xeR. If f(-3) =2 and
f(5) = 4 in [-5,5], then the equation f(x) = 0 has -

(A) exactly three real roots (B) exactly two real roots
(C) atleast five real roots (D) atleast three real roots

ax(x —1) (cotnxjn +(px? +2)
lim 4/ . xe(0,)uU(L2)
Let f(X) 1 COtan +1

0 , x=1

If f(x) is differentiable for all xe(0,2) then (a? + p?) equals -

(A) 18 (B) 20 (C) 22 (D) 24
If 2x + 3ly| = 4y, then y as a function of x i.e. y = f(X), is -

(A) discontinuous at one point

(B) non differentiable at one point

(C) discontinuous & non differentiable at same point

(D) continuous & differentiable everywhere
If f(x) = (x5 +1) |x2 — 4x — 5| + sin|x| + cos(|x — 1|), then f(x) is not differentiable at -

(A) 2 points (B) 3 points (C) 4 points (D) zero points
3 2 2
Let f(X) = XX XEQ, then the integral value of 'a’' so that f(x) is differentiable at
—x}+2x°+ax xe¢Q
x=1,1s
(A 2 (B)6 <7 (D) not possible

Let R be the set of real numbers and f : R — R, be a differentiable function such that
[fX) = fYW < X=yPV xy e R.If f(10) = 100, then the value of f(20) is equal to -
(A)O (B) 10 (C) 20 (D) 100

For what triplets of real numbers (a, b, c) with a = 0 the function

X x<1

K BT ) )
f(x) Lx2+bx+c otherwise is differentiable for all real x 7

(A){(a,1-2a,a)|ae R, a0} B){(a,1-2a,c)|a ceR, a0}
C) {(@ b,c)labceR,a+b+c=1} (D) {(a,1-2a,0)|a e R, a=0}
Number of points of non-differentiability of the function

g(X) = [x2]{cos? 4x} + {x2}[cos? 4x] + x2 sin2 4x + [x2][cos2 4X] + {x2}{cos? 4x} in (-50, 50) where [x] and
{x} denotes the greatest integer function and fractional part function of x respectively, isequal to :-
(A) 98 (B) 99 (C) 100 (D)0
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19.

Limit, Continuity & Differentiability

Let f(x) =[n+ psinx], X € (0, w), n € Z and p is a prime number. The number of points where f(x)
is not differentiable is :-

(Ap-1 B)p+l C)2p+1 (D)2p-1

Here [X] denotes greatest integer function.

The function f(x) = (x2 — 1) | X2 —3x + 2 | + cos (|x|) is NOT differentiable at :

(A)-1 (B)O ©)1 (D)2
EXERCISE (0-2)

[MULTIPLE CORRECT CHOICE TYPE]
If f(X) = x(/X —/Xx+1), then -

(A) Rf'(0) exist (B) L f'(0) exist but R f'(0) does not exist
(C) lim f(x) exist (D) f(x) is differentiable at x = 0.
|x-3|,x>1
The function f(x) = (ij (3)() (13j is -
— || = |+ — |,x<1
4 2 4

(A) continuous at x = 1(B) differentiable at x = 1
(C) continuous at x = 3(D) differentiable at x = 3

Select the correct statements -

: _ 2x*+3 f <1. . _ _ :
(A) The function f defined by f(x) = Y AN is neither differentiable nor continuous at
3x+2 for x>1
x =1
(B) The function f(x) = x?x| is twice differentiable at x = 0.

(C) If f is continuous at x = 5 and f(5) = 2 then lim f(4x* —11) exists

(D) If Ixim(f(x)+g(x))=2and Ixim(f(x)—g(x)):l then lim f(x).g(x) need not exist.

Iff(x)= sgn(x5), then which of the following is/are false (where sgn denotes signum function) -
(A)F(0) =1

(B)f(0)=-1

(©) f iscontinuous but not differentiable at x =0

(D) f isdiscontinuous at x =0

Graph of f(x) is shown in adjacent figure, thenin [0,5] VY

(A) f(x) has non removable discontinuity at two points

(B) f(x) is non differentiable at three points in its domain
(©) lim f(f(x)) =1

(D) Number of points of discontinuity = number of points of non-differentiability

X

o L 2 3 4 5
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Let S denotes the set of all points where %/x2 X[ - Q/ x* | x | -1 is not differentiable then S is a subset
of -

(A) {01} (B){0.1-1} (©) {01} (D) {0}
Which of the following statements is/are correct ?

(A) There exista function f :[0,1] — R which s discontinuous at every point in [0,1] & |f (X)| is continuous
at everypoint in [0,1]

(B) Let F(x) = f(x). 9(x) . If f (x) is differentiable at x =a,f (a) = 0 and g(x) is continuous at X = a then F(x)

is always differentiable at x = a.

(C) If Rf'(a) =2 & Lf'(a) =3, then f(X) is non-differentiable at x = a but will be always continuous at

X=a

(D) If f(a) and f(b) possess opposite signs then there must exist at least one solution of the equation
f(x) =01in(a,b) provided f is continuous on [a,b]

Let f : R — R be a function. Define g : R — R by g(x) = |f(x)| for all x. Then which of the following
is/are not always true-

(A) If f is continuous then g is also continuous  (B) If f is one-one then g is also one-one
(C) If f isonto then g is also onto (D) If f isdifferentiable then g is also differentiable
The function ¢(x) =[| x|—sin | x|] (where [.] denotes greater integer function) is -

(A) derivable at x = 0 (B) continuous at x =0

©) Iirrg d(x) does not exists (D) continuous and derivable at x =0

1
x2cos=, x<0
X

Let f(x) = 0, x=0,thenwhich of the following is (are) correct ?

1
x%sin=, x>0
X

(A) f(x) is continuous but not differentiable at x =0
(B) f(x) is continuous and differentiable at x =0
(C) f'(x) is continuous but not differentiable at x =0

(D) ' (x) is discontinuous at x =0
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Limit, Continuity & Differentiability
[MATCH THE COLUMN]

Column - | Column - 11
(A) Iff(x) is derivable at x =3 & f'(3) = 2, ® o0
2 2
then Limit: G )—2f(3—h ) equals
h—0 2h
(B) Let f(x) be a function satisfying the condition Q@ 1

f(—x) = f(x) for all real x. Iff'(0) exists, then its
value isequal to

W,X #0
(C) For the function f(x) =| 1+ © R) 2
0, x=0
the derivative fromthe left Lf '(0) equals
(D) The number of points at which the function S 3

f(x) = max. {a—x, a+ X, b}, —00o <X < o0,
0 < a < b cannot be differentiable is

EXERCISE (S-1)
Discuss the continuity & differentiability of the function f(x) =sin x + sin| x|, x € R. Draw a rough sketch
of the graph of f(x).
Examine the continuity and differentiability of f(x) =| x|+ |Xx—1|+|Xx—-2| x € R. Also draw the graph
of f(x).

.. for x<0

2

If the function f(x) de7fined as f(x) = Is continuous but not derivable at x =0

x"sin= for x>0
X

then find the range of n.

1 for —wo<x<0

(L

A function f is defined as follows : f(x) =| 1+[sinx|  for 0<x <3

2
2+[x—£) for E3x<+oo
2 2

Discuss the continuity & differentiability at x = 0 & x = /2.

Examine the origin for continuity & derivability in the case of the function f defined by
f(x) = x tan-1 (1/x), x = 0 and f(0) = 0.

Let f(0) = 0 and f'(0) = 1. For a positive integer k, show that

LimL f(x)+f[5j+ ........ +f[fj syt 1
x=0 X 2 k 2 3 k

1.1
Let f(x) = xe ) . x # 0, f(0) = 0, test the continuity & differentiability at x = 0

Iff(x) =|x—-1]. ([X] - [-X]), thenfind Rf'(1) & Lf'(1) where [x] denotes greatest integer function.
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ax’—b if |x|<1

W= 1 5 xe1
X

avx+2, 0<x<2

bx+2, 2<x<5

is derivable at x = 1. Find the values of a & b.

Let g(x) = . 1T g(x) is derivable on (0, 5), then find (2a + b).

EXERCISE (S-2)

-1, -2<x<0

Let f(x) be defined in the interval [-2, 2] such that f(x) :L 1 0<x<2 & g(x) =f(| x[) + | f(X) |-

Test the differentiability of g(x) in (-2, 2).
|2x-3[x] for x>1

Discuss the continuity & the derivability in [0, 2] of f(x) = Sinn_2x for x <1

where [.] denotes the greatest integer function

Ux _ A-lUx

Examine the function, f(x) = x . x # 0 (a>0) and f(0) = 0 for continuity and existence

al/x + a—l/x !

of the derivative at the origin.
For any real number X, let [x] denote the largest integer less than or equal to x. Let f be a real valued

. . . —x—[-x] if [x]iseven
function defined on the interval [-3,3] by f(x) = x-[x] if [x]isodd

If L denotes the number of point of discontinuity and M denotes the number of points of
non- derivability of f(x), then find (L + M).
1-x , (0£x<)

f(x)= | X+2 , (1<Xx<2) Discuss the continuity & differentiability of y = f[f(x)] for 0 <x < 4.
4-x , (2<x<4)

A derivable function f : R* — R satisfies the condition f(x) — f(y) > /n (x/y) + x — y for every

100
X, ¥ € R*. If g denotes the derivative of f then compute the value of the sum Zg[%}

n=1

1—cos(1—cosxj
If lim
x—0 2an

(n — 10m)

is equal to the left hand derivative of e at x = 0, then find the value of

x+yj:f(X)+f(y)+f(0) v xy € R and

If f is a differentiable function such that f( 3 3

f'(0) = 2, find f(X)

f(3=sinx)—f(3+Xx)
X

Let f(x) be a differentiable function such that 2f(x + y) + f(x = y) = 3f(x) + 3f(y) + 2xy
VX YyeR&(f'(0) =0, then f(10) + f'(10) is equal to

If legg =8, then |f'(3)| is



Limit, Continuity & Differentiability

EXERCISE (IJM)
Let f(x) = x|x| and g(x) = sin x. [AIEEE-2009]
Statement—1 : gof is differentiable at x = 0 and its derivative is continuous at that point.
Statement—2 : gof is twice differentiable at x = 0.
(1) Statement-1 is true, Statement-2 is false.
(2) Statement-1 is false, Statement-2 is true.

(3) Statement-1 is true, Statement-2 is true; Statement—2 is a correct explanation for Statement—1.
(4) Statement-1 is true, Statement—2 is true ; Statement—2 is not a correct explanation for statement—1.

If function f(x) is differentiable at x = a then lim X (ai_zzf %) [Al EEE-2011]
(1) 2af(a) +a2f(@ (2) -a2f (a) (3) af(a) —a2 f(a) (4) 2af(a) —a2 f(a)
Consider the function,

f(x) =|x-2|+|x-5,xeR.

Statement—1: f(4) = 0.

Statement—2 : f is continuous in [2, 5], differentiable in (2, 5) and f(2) = f(5). [AIEEE 2012]
(1) Statement-1 is true, Statement-2 is false.

(2) Statement-1 is false, Statement-2 is true.

(3) Statement-1 is true, Statement-2 is true ; Statement—2 is a correct explanation for Statement1.
(4) Statement—1is true, Statement-2 is true ; Statement—2 is not a correct explanation for Statement1.
Let f(x) = x|x|, g(x) = sinx and h(x) = (gof)(x). Then [On-line 2014]
(1) h'(x) is differentiable at x =0

(2) h'(x) is continuous at x = 0 but is not differentiable at x = 0

(3) h(x) is differentiable at x = 0 but h’(x) is not continuous at x = 0

(4) h(x) is not differentiable at x = 0

Let f, g: R = R be two functions defined byf(x) = XSi”[xj’X 0 and g(x) = xF(x) -
0 ,X=0
Statement | : fis a continuous function at x = 0. [On-line 2014]
Statement Il : g is a differentiable function at x = 0.
(1) Statement I is false and statement 11 is true
(2) Statement | is true and statement 11 is false
(3) Both statement | and Il are true
(4) Both statements | and Il are false
Let f: R — R be a function such that [f(x)| < x2, for all x € R. Then, at x =0, f is:
(1) Neither continuous nor differentiable [On-line 2014]
(2) differentiable but not continuous
(3) continuous as well as differentiable
(4) continuous but not differentiable
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For x € R, f(x) = |log2 — sinx| and g(x) = f(f(x)), then : [JEE(Main)-2016]

(1) g is differentiable at x = 0 and g'(0) = -sin(log2)

(2) g is not differentiable at x =0

(3) 9'(0) = cos(log2)

(4) 9'(0) =—cos(log2)

Let S={t e R: f(x) = |x — n|-(eX = 1) sin|x| is not differentiable at t}. Then the set S is equal to:
[JEE(M ain)-2018]

(1) {0} (2) {n} @3) {0, 7} (4) ¢ (an empty set)

EXERCISE (JA)
Let f : R —> R be a function such that

fx+y)=f() +fly), VxyeR
If f(x) is differentiable at x = 0, then
(A) f(x) is differentiable only in a finite interval containing zero
(B) f(x) is continuous V x € R
(©) f'(x) is constant V x € R

(D) f(x) is differentiable except at finitely many points [JEE 2011, 4M]
—X _E , X S _E
2
T
If f(X)=4-COSX , —§<XS0 then - [JEE 2011, 4M]
x-1 , 0<x<1
mnx x>1
(A) f(x) is continuous at X = —g (B) f(x) is not differentiable at x = 0
(C) f(x) is differentiable at x = 1 (D) f(x) is differentiable at X = —g
x2|cos =~ X #0 _
Let f(x)= X X € R, then f is - [JEE 2012, 3M, —1M]
0 , x=0

(A) differentiable both at x = 0 and at x = 2
(B) differentiable at x = 0 but not differentiable at x = 2
(C) not differentiable at x = 0 but differentiable at x = 2

(D) differentiable neither at x = 0 nor at x = 2



Limit, Continuity & Differentiability

Letf :R—>R,f,:[0,0) >R, f,:R—->Randf,: R [0, ) be defined by
x| if x<0,

1,09 = {ex if x>0;

f,(¥) =%

sinx if x<0,
f3(x)—{ x if x>0
and f,(x) = { Fa(1,09) ff x<0,
fo(fi(x)-1 if x=>0.

Ligt-I Ligt-I1
P. f,is onto but not one-one
Q. f,is neither continuous nor one-one
R. f,of, is differentiable but not one-one
S. f,is continuous and one-one
Codes:

P
(A) 3
(B) 1
€ 3
(D) 1 [JEE(Advanced)-2014, 3(-1)]
Let f : R —> Rand g: R — R be respectively given by f(x) = [x| + 1 and g(x) = x> + 1. Define
max{f(x),g(x)} if x<0,
min{f(x),g(x)} if x>0.
The number of points at which h(x) is not differentiable is [JEE(Advanced)-2014, 3]
Leta, b e Rand f: R — R be defined by f(x) = acos(jx’ — x|) + blx|sin(x> + X|). Then f is -
(A) differentiable at x =0ifa=0and b =1
(B) differentiable at x =1 ifa=1and b =10
(C) NOT differentiable at x =0 ifa=21and b =0
(D) NOT differentiable at x = 1ifa=1landb =1 [JEE(Advanced)-2016, 4(-2)]

Let f:[—%,z}_ﬂ[{ and g;[_%,z}_n}g be function defined by f(x) = [x* - 3] and

M owbdh e

W R weE 0
NN ABMTD
AR NN OD

h:R—> R by h(x):{

g(x) =[x f(x) + |4x = 7| f(x), where [y] denotes the greatest integer less than or equal to y
for y € R. Then

(A) f is discontinuous exactly at three points in [—%,2}

(B) f is discontinuous exactly at four points in [_%,2}

(C) g is NOT differentiable exactly at four points in (_%,2j

(D) g is NOT differentiable exactly at five points in (_l,zj [JEE(Advanced)-2016, 4(-2)]
2
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Let f : R —> R be a differentiable function with f(0) = 1 and satisfying the equation
fx+y) = fO)f(y) + f(Q)f(y) for all x, y € R.

Then, then value of log (f(4)) is : [JEE(Advanced)-2018]
T T x _ )

Letf :R>R,f,: (_E’EJ >R, f,: [—1, e? 2} — Rand f, : R — R be functions defined
by

(i) .00 = sin(\/l—e‘sz

} Isinxl i v 40 _ _ _ e

(i) f,(x) = tan x , Where the inverse trigonometric function tan "x assumes values

1 if x=0

(53,

(iii) f,(x) = [sin(log (x + 2)], where for t € R, [t] denotes the greatest integer less than or equal

tot,
() 100 = x? sin(%j if x=0
0 if x=0
List-I Lig-11

P.  The functionf is 1. NOT continuous at x =0

Q.  The functionf, is 2. continuous at x =0 and NOT
differentiable at x = 0

R.  The functionf, is 3. differentiable at x = 0 and its derivative is NOT
continuous at x = 0

S.  The functionf, is 4.  differentiable at x = 0 and its derivative is continuous
atx=0

The correct optionis :

AP>2Q->3R>1S—>14

B)P>4Q->1LR—>2S->3

CP>4Q->2R>1 S>3

DP>2Q0>15R—>4S>3 [JEE(Advanced)-2018]



Limit, Continuity & Differentiability
ANSWER KEY

LIMIT
EXERCISE (O-1)
1. A 2. C 3. D 4, C 5 D 6. B 7. B 8 C
9. B 10. B 11. A 12. A 13. C 14. B 15. A 16. C
17. A 18. D 19. A 20. A 21. C 22. D 23. D 24. C
25. B 26. D 27. A 28. A 29. C 30. A 31. D 32. B
3. D 34. C 35. D 36. B,C 37. AC 38. AB,C 39. AD

40. B,C,D 41. AB,CD42. B,C,D 43. (A)—>(PR); (B)—(P.R); (C)—(Q); (D)—(Q)

44. (A)—>(R);(B)—>(S);(C)—>(P);(D)—>(Q)  45. (A)—>(P.Q,R,S,T);(B)—>(P.R);(C)—>(PRY); (D)—(S)
EXERCISE (0-2)

1. B 2. C 3 A 4. D 5 A 6. C 7. B 8 C

9. D 10. A 11. D 12. C 13. BCD 14. ABD 15  ACD 16. AC

17. B,C 18. BD 19. BC,D 20. AB 21. AD 22. AC 23. B,C 24. AD
25. AB,CD

EXERCISE (S-1)
1 1 V3

1. 2 2. 5050 3. 2 4. —- 5 m 6. > 7. 12

8. -2 9 -3 10 (i)azl,b:—l(ii)a:—l,b:% 1. 1

12, g2(/n3)? 138. (@m2ifa>0;0ifa=0and-n2ifa<0; (b)f(x)=]x]

14. -1/2 15. 16 16. e® 17. c=1In2 18 e! 19. e 20. %
EXERCISE (S-2)

1. et 2. (aa,a,..a) 3 e 4. 167 5. 12 6. 8

1 X . X sinXx 1 1. ... 3 .
7.  T(x)=>=tan’=sinX or tan=—-"—=, S(X) ==x —=sinx, limit=—= 8. X) =sinxand ¢ =e
(X) S > (x) X5 > 9(x)

0 1 2L
9. ano 10. % 11. a=-5/2,b=-3/2 13. 3

14. (a)2, (b)D.N.E.,(c)0,(d)0 15. (a)2; (b) 1/2
EXERCISE (IJM)
1. 1 2 3 3 1 4 4 5 1 6 4 7. 3 8 2

EXERCISE (JA)
1. AC 2. D 3. B 4 B 5 0 6. 2 7. 7 8 AC 9. D
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CONTINUITY
EXERCISE (O-1)

A 2. C 3. D 4. A 5 B 6. A 7. D

C 9. D 10. B 11. B 12. A 13. B 14. D
EXERCISE (0-2)

C 2. B 3. B 4. D 5 C 6. D 7. ABCD

AB 9. ABC 10. BCD 11. ABCD 12. ACD 13. A /C,D
A ,C,D 15. A/B,C,D 16. (A)—(Q); (B)—>(R); (C)—(S); (D)—(P)
(A)—(P.QR); (B)>(P.Q,T); (C)—>(P.Q,T); (D)—>(P.Q,S)

EXERCISE (S1)
-1 2. a=0,b=1 3. a=0;b=-1 4. (a)-2,2,3; (b)K=5; (c)even
P not possible. 6. (a)4-3v2+a (b)a=3
gx)=2+xfor0<x<1,2-xforl<x<2,4-xfor2<x<3,gisdiscontinuousatx=1&x=2
f(0*) =-2; f(0") = 2 hence f(0) not possible to define 9. a=1/2,b=4
a=-3/2,b=0,c=1/2

EXERCISE (S-2)

A=-4,B=5f0)=1
f(0) = g - £(0) :% — fisdiscont. at x=0; g(0*) = g(0) = g(0) = /2 = g is cont. at x = 0

discontinuous at all integral values in [-2, 2]
locus (a, b) = x, yis y = x — 3 excluding the points where y = 3 intersects it.

c=1abeR 6. e*+e?

Mm(tanx) if 0<x<-=

k=0;0(x) = 4 . Hence g(x) is continuous everywhere.
0 if T<x<I
4 2
[ 39
g(x)=4(x+1)and Ilmltz—T 9. (a)5(b)30

EXERCISE (JM)
4 2.1 3.1 4 4 5 3 6 1

EXERCISE (JA)
Discontinuousatx=1;f(1*)=1and f(17) =-1 2. BD 3. AD 4. ACD
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Limit, Continuity & Differentiability

DIFFERENTIABILITY
EXERCISE (O-1)

B 2. C 3. A 4. A 5. C 6. B 7. D
A 9. B 10. D 11. B 12. B 13. A 14. D
D 16. A 17. D 18. D 19. D

EXERCISE (O-2)
ACD 2. ABC 3 BC 4 ABC 5 BC 6 ABCD 7. ABCD
BCD 9 ABD 10.BD 11. (A)R (B)P (C)Q, (D)R

EXERCISE (S-1)

f(x) is conti. but not derivable atx =0 2. conti. VxeR,notdiff. atx=0,1&?2

O<n<1 4. conti. but not diff. at x = 0; diff. & conti. at X = /2
conti. but not diff. at x=10 7. fiscont. but not diff. atx=0

Rf'(1) =3, Lf'(1)) =-1 9. a=1/2,b=3/2 10. 3

EXERCISE (S2)
not derivable atx=0&x =1
fisconti. at x = 1, 3/2 & disconti. at x = 2, fis not diff. at x =1,3/2, 2
Ifa e (0,1) Rf'(0)=-1; Lf'(0) =1 = continuous but not derivable

a=1;f(x) = 0 which is constant = continuous and derivable

Ifa>1, Lf'(0) =-1; Rf'(0)=1= continuous but not derivable
8 5. fisconti. but not diff. at x = 1, disconti. at x = 2 & x = 3. cont. & diff. at all other points
5150 7. 74 8. f(X)=2x+c 9. 4 10. 120
EXERCISE (IM)
1 2. 4 3. 4 4. 2 5. 3 6. 3 7. 3 8. 4

EXERCISE (JA)
B,C 2. ABCD 3. B 4, D 5 3 6. AB7. B.C 8 2
D
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