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JEE (Main) Syllabus :

Integral as an anti derivative. Fundamental integrals involving algebraic, trigonometric,
exponential and logarithmic functions. Integration by substitution, by parts and by
partial fractions. Integration using trigonometric identities. Evaluation of simple integrals
ofthe type Integral as limit of a sum. Fundamental Theorem of Calculus. Properties of
definite integrals. Evaluation of definite integrals.

JEE (Advanced) Syllabus :

Integration as the inverse process of differentiation, indefinite integrals of standard
functions, definite integrals and their properties, Fundamental Theorem of Integral
Calculus. Integration by parts, integration by the methods of substitution and partial
fractions.
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ALLEN Indefinite Integration

INDEFINITE INTEGRATION

If f & F are function of x such that F' (x) = f(x) then the function F is called a PRIMITIVE OR
ANTIDERIVATIVE OR INTEGRAL of f(x) w.r.t. x and is written symbolically as

d
jf(x) dx =F(x)+C < % {F(x)+C} =f(x), where C is called the constant of integration.
GEOMETRICAL INTERPRETATION OF INDEFINITE INTEGRAL :

I f(x)dx =F(x)+C = y(say), represents a family of curves. The different values of ¢ will correspond

to different members of this family and these members can be obtained by shifting any one of the

curves parallel to itself. This is the geometrical interpretation of indefinite integral.

Let f(x) = 2x. Then If (x)dx =x’ +C. For different values of C, we get different integrals. But

these integrals are very similar geometrically. Y
Thus, y = x>+ C, where C is arbitrary constant, X
represents a family of integrals. By assigning ymxs
different values to C, we get different members of Pl y=x+2
the family. These together constitute the indefinite
integral. In this case, each integral represents a
parabola with its axis along y-axis.

If the line x = a intersects the parabolas y = x%,
y=x*+1,y=x*+2,y=x*~1,y=x*-2atP_,P,P

0172

. dy c \

P_, P etc., respectively, then — at these points X<
T dx

equals 2a. This indicates that the tangents to the

curves at these points are parallel. Thus,

[2xdx =x* +C = () +C (say), implies that the

tangents to all the curves f(x) + C, C € R, at the

Weaiaizid

X=a
points of intersection of the curves by the line M
X =a, (a € R), are parallel.
STANDARD FORMULAE :
(ax +b)""! dx 1
i ax+b)'dx=——+C; n=-1 ii =—( +b [+C
@ -[( ) a(n+1) (i) I ax+b a n| " |
von ax+b 1 ax+b . px+q perd
(iii) je dx =—"" +C (iv) '[a dx=— +C, (a>0)

a p /na

) j sin(ax + b)dx = —lcos(ax +b)+C (vi) j cos(ax +b)dx = lsin(ax +b)+C
a a

) ]
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(vii) j tan(ax +b)dx = 1 In|sec(ax+b)|+C  (viii) Icot(ax +b)dx = 1 /n|sin(ax +b)|+C
a a

(ix) [sec’(ax+b)dx = 1 an(ax +b)+C
a
(x) Icos ec’(ax +b)dx = 1 cot(ax +b)+C
a

(xi) .[cosec (ax +b).cot(ax + b)dx = 1 cosec(ax+b)+C
a

3)

1
(xii) Isec (ax + b).tan(ax + b)dx = sec(ax +b)+C

T
tan| —+
3

(xiii) jsecxdx=£n|secx+tanx|+C=€n +C

. X
(xiv) jcosecxdx =/n |cosecx—cotx|+ C=/n tanE +C=—/n|cosecx+cotx |+ C
(xv) J. =sin" —+C :ltan’li_pc

Va®—x’ a a

. —=l 1 X dx
(XVll)J.Xm aSGC a-i—C (xviii) jﬁ=€n[x+\lxz+azJ+C

. dx _ 2 2 dx =i€n a+Xx L C
o [ i wo [amaegtl
- 2
(xxi) J- 2dX 2:i£n = +C (xxii) J'VaZ_deXZEVaz_Xz +a—Sin71§+C
X" —a 2a X+a 2 5 )
2
(xxiii) IVX2+a2dX=§\/xz+az+%€n(x+\/x2+a2)+c
2
(XXiV)_[sz—ade=§\/x2—a2 —%ﬁn(x+\/x2—a2)+c
(xxv) J.eaX_sinbxdx = 26 - (aSian—bcosbx)+C=e—sin(bx—tan1 EJ+C
gy a’+b’ a

eax eax b
o | e™.cosbxdx = acosbx + bsinbx)+C =————cos| bx—tan"' — |+ C
(xxvi) J. a2+b2( X ) SR ( x aj

3. TECHNIQUES OF INTEGRATION :
(@) Substitution or change of independent variable :
If ¢(x) is a continuous differentiable function, then to evaluate integrals of the form

[£@()P'(x)dx , we substitute ¢(x) =t and ¢'(x)dx = dt.

Hence 1= j f(9(x))d'(x)dx reduces to j f(t)dt .

(i) Fundamental deductions of method of substitution :

J[f(x)]“ f'(x)dx OR j [ff(g;" dx put f(x) =t & proceed.

2 -]
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3
cos’ X
Hllustration 1 : Evaluate .[2— dx
sin” X +sin x
. 1—sin’ x)cos X 1—sin
Solution : I=J.( - ). dx=j - X cosx dx
sin x(1+ sin x) sin x

Put sinx =t = cosx dx = dt

1-t
= I=ITdt=£n|t|—t+C=£n|sinx|—sinx+C Ans.
*—1)d
Illustration 2 :  Evaluate '[ (x? ~1)dx I
(x*+3x*+1)tan™ (x + j
X
Solution : The given integral can be written as

Ll
e e

1
Let (x +—j = t. Differentiating we get [1 —sz dx = dt
X X

dt
Hence 1= iy

o _ d
Now make one more substitution tan 't = u. Then =duandI = I At lu|+C
u

241

Returning to t, and then to x, we have

tan™' (x +l)
X

+C Ans.

I=/n|tan"' t|+C=/n

Do yourself -1 :

2

(i) Evaluate: I #dx
+16x

@) Evaluate: Icos3 x dx
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Illustration 4 : Evaluate I

Solution :

(b—a)sinOcosO b-a

1J_1
1+\/;x

Put x = cos’0 = dx = —2sind cosd dO

fl—cos@ 1 ) 0
1= . —2sin0cos0)d0 =—| 2tan—tan 6dO
= I 1+cos0 cosze( ) -[ 2

_ 41%9(;2) do = —2[ 10 Cosede——2€n|sec6+tan6|+26+C

cos0
1+41-x
Jx

"]

+2cos ' Vx +C

=—2/n

ALLEN
(i) Standard substitutions :
J-L or J.\/a2+x2dx;put x=atan® orx =acotg
Va?+x?
dx
jﬁ or J.\/az—xzdx;put X =asind or x =a cos @
dx —
jﬁ or J.\/x —a“dx ;put x=asecO or x=acosecq
X —a
_[ /a—x dx ;put x=acos20
a+x
.[ X—«o dx or j./(x—a)(B—x) ;put X= a cos2 o+ P sinze
-X
I i:g dx or Iw/(x—a)(X—B) ;put X = o secze -B tan? 0
2 2
put X— g =t" or x — 3 =t
J‘«/(x o)(x — P P
Hllustration 3 : Evaluate _[ dx
Jx-a)(b—x)
Solution : Put x = acos’0 + bsin’0, the given integral becomes
- 2(b—a)sin6cos 6dO
- 1
{(a cos’ 0+bsin’ 0—a)(b—acos’ 0 —bsin’ (9}E
2(b—a)sin O cos 6dO 4 _
- (b—a)sinBeos =(b ajj2d6:26+C:2sin‘ (X aj+c Ans.
-a
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Do yourself -2 :

. / -3 . dx
(i) Evaluate: X dx (i) Evaluate: | ———
I 2-x '[ xVx* +4

(b) Integration by part : I uwvdx=u J v dx — J [? .IV dx} dx where u & v are differentiable
X

functions and are commonly designated as first & second function respectively.

Note : While using integration by parts, choose u & v such that

(1)

I vdx & (i1) I [j_u ) I de} dx are simple to integrate.
X

This is generally obtained by choosing first function as the function which comes first in the
word ILATE, where; I-Inverse function, L-Logarithmic function, A-Algebraic function,

T-Trigonometric function & E-Exponential function.

Hustration 5 :

Solution :

Hustration 6 :

Solution :

Evaluate : I cos \/; dx

Consider 1= I cos «/;dx

1
Let Jx =t then dx =dt
2Vx
Le. dx = 2+/xdt or dx=2tdt
SO 1= Icos t.2tdt

Taking t as first function, integrate it by part

= 1 =2{t.|.costdt—I{%Icostd‘[}dt}
1 =2[tsint—jl.sintdt} =2[tsint+cost]+C

1 =2[x sinvx +cosvx | +C

Evaluate : j ——dx
I+sinx
Let I=[———dx=][ x(zsinx)
I+sinx (1+sinx)(1—sinx)

Ans.

=dex=j)((l_—sznl)()dx :.[)(sec2 xdx—jxsecxtanxdx

1—sin’x cos’ X

={x.[sec2 xdx — j{%jsecz xdx} dx}

—{x.[secx tan xdx — .[ {j—x.[secx tan xdx} dx}
X

)
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=[x tanx—J.tan xdx}—[x secx—J.sec xdx}
=[x tanx — /n |secx ||-[xsecx — /n |secx + tan x ||+ C
—x(tanx —secx)+/n (seexttanx)l,
secx
=M+£n|l+sinx|+C Ans.
COS X
Do yourself -3 :
(i) Evaluate: Ixe"dx (ii) Evaluate : jx3 sin(x”)dx
Two classic integrands :
@) Ie"[f(x) +f'(x)]dx =e* .f(x)+C
1 2
Hllustration 7 :  Evaluate .[ ex( _Xj dx
1+x?
1-x Y - 2
Solution : Iex( ij dx=.|‘exwdx
1+x (1+x%)
1 2 *
='[e" == Xzz dx =— >+C Ans.
(1+x7) (d+x7) I+x
) ( x*+2 )
Hlustration 8 :  The value of J. e ——5 |dx is equal to -
(1+x%)
e*(x+1) e*(1-x+x7) e’ (1-x)
A —— 2+ B) ——— -+ C (C) ———=+ C (D) none of these
( ) (1+X2)3/2 ( ) (1+X2)3/2 ( ) (1+X2)3/2 ( )
x*+2 1 1-2x°
Solution : Letl=|¢"| ——— |[dx =|¢* )
J ((1+x2)5/zj Je [(1+x2)“2 )" dx

A 1 X X 1-2x*
_Ie 2NI/2 N N 215/2 dx
(1+x7) (I+x7) (I+x7) (1+x7)

e" xe* e {1+x* +x}
(1+X2)1/2 (1+X2)3/2 (1+X2)3/2 AnS (D)
Do yourself - 4 :
(i)  Evaluate : je" (tan1x+ ! 2jdx (i) Evaluate : _[ xe* (sinx2 +cos xz)dx
I+x

@) [IFG)+xE(0)]dx = xf(x)+C

6 -]
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X +sinx
IHllustration 9: Evaluate Il— dx
+Ccos X

. s
Solution : I=dex='[ Xrsmx dX:.[ xlseczi+‘[a,ni dx=xtan§+ C Ans.
1+cosx 2 X 2 2 2 2
2cos
2
Do yourself -5 :
(i) Evaluate: j(tan(e") +xe* sec’(e* )) dx (ii) Evaluate: j((nx +1)dx

(c) Integration of trigonometric functions :
@) Isinm x cos” xdx

Case-I : When m & n € natural numbers.

* If one of them is odd, then substitute for the term of even power.
* Ifboth are odd, substitute either of the term.

* If both are even, use trigonometric identities to convert integrand into cosines of
multiple angles.

Case-II : m + n is a negative even integer.

* In this case the best substitution is tanx = t.

Hllustration 10 : Evaluate j sin’® x cos’ x dx
Solution : Put cos x =t; — sin x dx = dt.

so that T=—[(1-¢*).tdt

8 6 8 6
='[(t7—t5)dt=t——t—=cos X  cos X+C
8 6 8 6

Alternate :
Put sinx =t; cos x dx =dt

so that I = It3(1—t2)2dt = j(ﬁ —2t°+t7)dt
_sin*x  2sin’x N sin® x

4 6 8
Note : This problem can also be handled by successive reduction or by trignometric

+C

identities.

Hlustration 11 : Evaluate I sin? x cos” x dx

. . 9 4 1—cos2x \( cos2x +1Y
Solution : Ism X COS XdXZJ dx

2 2

- J%(l—cost)(cos2 2x+2c052x+1)dx

) 7
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:%j(cos2 2x +2c0s2x +1—cos’ 2x —2cos’? 2x —cos 2x)dx

:%j(—cos3 2X —co0s” 2X 4 cos 2X +l)dx

_ _lj cos6x +3cos2x N 1+ cos4x —cos2x —1 ldx
8 4
1 [sin 6x 3sin 2x} 1 sindx sin2x X
=—— + ——X- + +—+C
32 6 2 16 64 16 8
= —w—w+isin2x+i+c
192 64 64
Hllustration 12 : Evaluate I% dx
cos '“ x
sin'’? x dx
Solution : Let I= dx =
J‘cosg/2 X -[sin*”2 x cos’’? x
Here m+n= %—% =—4 (negative even integer).

Divide Numerator & Denominator by cos*x.
I= I\/tan x sec’ xdx = I\/tanx(l +tan’ x)sec’ xdx
= I«/I(l +t%)dt (using tan x = t)

zgtm +%t7/2 +C:§tan3/2x+gtanmx+C

Do yourself -6 :

(i) Evaluate: I

—dx (i) Evaluate:

sin® x J~ /sin xdx
cos’’? x

(iii) Evaluate : jsinz x cos’ x dx

cos® x
(i) J‘ dx R j dx 8 I dx
ii — g , ,
a-+bsin’ x a+bcos’ x asin’® X + bsin x cos X + ¢ cos” X

Divide N* & DF bycos’x & puttanx=t.

d
Hllustration 13:  Evaluate : I—Xz
2+sin” x
Solution : Divide numerator and denominator by cos’x

[ j sec” xdx _ J sec? xdx

2sec’ x + tan® x 2+3tan’ x

Let \/gtanx:t \/§S6C2XdX=d'[

1o d 1 1t 1 l(x/gtanxj
[=— — =——.—tan —+C=—tan —_— +C
o =5l et m A E T T

8 -]

>
2
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Hustration 14:  Evaluate : J dx
(2sinx +3cosx)’
Solution : Divide numerator and denominator by cos’x
2
I z_[ sec” xdx :
(2tanx +3)
Let 2tanx+3=t, o 2sec’xdx = dt
LY T P N Ans.
27t 2t 2(2tanx +3)
Do yourself -7 :
dx dx
i Evaluate: | —— ii) Evaluate:
® J‘1+4sin2x @) ~[3sin2x+sinxcosx+l
(i) | _ & or [ _ & R | i
a+bsinx a+bcosx a+bsinx+ccosx
Convert sines & cosines into their respective tangents of half the angles
X
&puttan—=t
PR
2t 1-t?
In this case sin x = 5,COSX = T, X= 2tan*1t; dx = 2dt2
1+t 1+t 1+t
Hlustration 15:  Evaluate : I - <
3sinx +4cosx
, X
d sec” —dx
Solution : I =j - gx =J. 2 = 2
DI TS 2 tan = 1—tan? > 4+6tan > —4tan® >
1+tan2§ l+tan2§
X I ,x
let tan—=t, oo —sect—dx =dt
2 2
2dt 1 dt 1 dt
o e[ lp_a L &
4+6t—4t° 2 (2 3 j 2725 ( 3)
-t ="t = lt-=
2 16 4
5 3
11 4+(t—4j 1 1+ 2tan—
——. ) +C==/In —i +C Ans.
2 3 4—-2tan —
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Do yourself-8 :
dx

dx
1+4sinx +3cos x

@ Evaluate:j (ii) Evaluate:j

3+sinx

J-acosx+bsinx+c

(iv) dx

pcosx+qsinx+r

Express Numerator (N') = /(D") + mi (D) + n & proceed.

dx
Mlustration 16 :  Evaluate : j 2+3cos0
sin®+2cos0+3
Solution : Write the Numerator = /(denominator) + m(d.c. of denominator) + n

= 2 +3 cos 0 = /(sin@+2cosO +3) + m(cosO — 2sinf) + n.
Comparing the coefficients of sinf, cosd and constant terms,
weget3/+n=2, 2/+m=3, /(-2m=0 = (=6/5 m=3/5 and n=-8/5

_2 1
Hence I=J.§d9+§.[ .cose sing d6—§I - .
5 57sinB+2cosO+3 57 sinB+2cos0+3
6 3 : 8 do
56+5£n|s1n6+2<:0s6+3| 5 L where I, Isin6+2cos6+3

In I, put tang =t = sec’ gde =2dt

t t tan0/2+1
13 =2J.2d—=2j.%= 2.ltan_1 (t—ﬂjz tan_l (—)
t* +2t+5 (t+1)*+2 2 2 2

) ot 2+1
Hence I=6—e+§€n|sm6+2cose+3|—§tan 1(%)+C Ans.
5 5 5 2
Do yourself -9 :
(i Evaluate: J‘& dx (i) Evaluate: J SSinX +2 C(_)S = dx
SIn X +COS X 3cosx +2sinx

(d) Integration of rational function :

(i Rational function is defined as the ratio of two polynomials in the form Px) , Where

Q(x)
P(x) and Q(x) are polynomials in x and Q(x) # 0. If the degree of P(x) is less than the
degree of Q(x), then the rational function is called proper, otherwise, it is called improper.
The improper rational function can be reduced to the proper rational functions by long
is improper, then P _ T(x) +¥X; , where T(x) is a
X

(x) Q(x)

is proper rational function. It is always possible to write the

division process. Thus, if

P, (x)
. Q(x) . . . .
integrand as a sum of simpler rational functions by a method called partial fraction
decomposition. After this, the integration can be carried out easily using the already known
methods.

polynomial in x and
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S. No.| Form of the rational function Form of the partial fraction
2
. pX +qx+r A N B N C
' (x—a)(x—-b)(x—c) Xx—a XxX—-b x-c
2
) px+2qx+r A L B2+C
' (x—a) " (x—b) x—a (x—a)" x-b
px>+qx+r A N Bx+C
3. (x—a)(x’+bx+c) X—a X +bx+c
where x>+ bx + ¢ cannot be factorised further
Hustration 17:  Evaluate : j S
(x=2)(x+5)
) X A N B
Solution : (x=2)(x+5 x-2 x+45
or x=AX+t5)+Bx-2).
by comparing the coefficients, we get
A =2/7 and B = 5/7 so that
‘[— :—J dx =—€ |(X 2)|+ 51’1|(X+5)|+C Ans
(x—=2)(x+5) X— 2 7%+5 7 )
4
Hustration 18:  Evaluate I X—de
(x+2)(x"+1)
luti X—4—(X_2)+3X2—+4
Solution : x+2)(C+]) x+2)(C+])
1X+2
3 _xaZ
Now, 3x"+4 - 16 L3 5
(x+2)(x*+1) 5(x+2) x*+1
1 +2
x* - 16 5575
T (x+2)(xP+1) 5x+2) x*+1
1 2
16 “5*ts
Now, x—2)+ + d
ow, J| 6=2) 5x+2) x4+l |
2
=X——2X+gtan’lX+E€n|x+2|—i€n(xz+1)+C Ans.
2 5 5 10
Do yourself - 10 :
(i) Evaluate: I _ s X (i) Evaluate : J.Xz—_lzdx
(x+1)(x+3) (x+D(x+2)
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dx dx >
oo b d
(ll) J.aX2+bX+C,'[ ax2+bx+c,'[ pe b Ted

Express ax” + bx + ¢ in the form of perfect square & then apply the standard results.

px+q | px+q

(i) '[ax +bx+c Jax® +bx+c

Express px +q = ¢ (differential coefficient of denominator ) + m.

dx

2

Illustration 19 : Evaluate jﬁ
X +xX—

Solution : I= I dx = —I = —I

2x +x—1 2
22 216162

=lj dX _l dX
(x+1/4)>-9/16 27 (x+1/4)* —(3/4)

11 |x+1/4-3/4| : dx 1. |x
——. log +C using, | ——— =—log
220/4) Elx+1/4+3/4] x>—a’ 2a

< +C}

X+a

=—log

Ans.

x—1/2‘+czllog 2x-11,
3 7|2(x+1)

x+1

3x+2
— - &
4x* +4x +5
Solution : Express 3x+ 2 =/(d.c. of 4x° + 4x + 5) + m

or, 3x+2=/8x+4)+m

Illustration 20 : Evaluate I

Comparing the coefficients, we get
8/=3and4/+m=2=/(=3/8andm=2—-4/=1/2

Ly I 8x+4 +_I—
4x* +4x+5 279 4x* +4x +5
3 1 dx
==log|4x’ +4x+5|+—
8 ‘ T ‘ ij X+

=glog‘4x2 +4x+5‘+ltan’l (x +lj+C Ans.
8 8 2

Do yourself -11 :

. dx e 5x+4
i) Evaluate: | —— @ii) Evaluate:
jx +x+1 I\/x +4x +1
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2 2
-1 )
(iv) Integrals of the form .[ X—+i dx OR j 4X—2dx , where K is any constant.
X +Kx®+1 x +Kx"+1
Divide N* & D' by x> & proceed.
Note : Sometimes it is useful to write the integral as a sum of two related integrals, which can be

evaluated by making suitable substitutions e.g.

X +1 x? -1 2 x?+1 x> -1
* = dx * dx = dx — —dx
Ix +1 J.x +1 J.x“+1 jx4+1 -[x4+1 x*+1

These integrals can be called as Algebric Twins.

4
Hustration21:  Evaluate : jﬁ dx
sin® x + cos” x

4
dx=4jﬂdx

Solution : 1
1+tan” x

[=4
J.sin“x+cos4x
2 2
:4‘[(tan X:-I)SCC X ix
(tan” x +1)

Now, put tanx = t = sec’x dx = dt

=1=

1+t 1/t* +1
= fﬁ t
t"+1/t

Now, putt-—1/t=z = (1+i2jdt= dz
t

1 =4j£:itarﬁi+0=2ﬁmrr1 3\t

Z2+2 2 2 2

22 tan”! [$)c Ans.
2

+C

Hustration22:  Evaluate : J‘; dx

x*+5x% +1

Solution : 1 =1J‘%dx
X +5x"+1

1+x?
=_Ix +5x? +1 _jx +5x? +1

_.[ 1+1/x? lJ' 1-1/x?

X__ —_—
x> +5+1/%x* 29 x?+5+1/%x*

{dividing N" and D" by x’}
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I (1+1/x%) _[ (1-1/x*)dx
(x-1/x) +7 (x+1/x)"+3

Il
N | —
"—;
|
N | —
"—;

ALLEN

Ans.

Do yourself -12 :

(i) Evaluate: I &dx (i) Evaluate: j
xt x4l '

1
dx
1+x*

(e) Integration of Irrational functions :

sput px+q=t2

0 J‘ dx & J‘ dx
(ax +b)y/px+q (ax® +bx +c)y/px+q

1 1
put ax+b=—;

(i) J. L I g put x=-
(ax +b)y/px’ +qx +r ’ t" 7 (ax> +b){/px* +q ’ t

Hllustration23:  Evaluate I(X +3::§) \/:
Solution : Let, 1= j(x +3§:32)\/: X Putx+1=t = dx=2tdt
I=.[ : (t*=1)+2 (20)dt= 2J~ t? +1 dt=2j 21+1/t2 Lt
(8 1) +3( 1)+3}\/> t2 +1 2 +1+1/t
El a-f/fﬁ/fim =2 ﬁ {Whem:t_%}

Fo (e g (F e g (e

Ans.
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dx
(x—DVx2 +x+1

Hustration24:  Evaluate j

Solution : Let,

1
put x — 1 =¥ = dx=-1/t" dt

I=J. dx
(x-DVx*+x+1

J —1/t*dt I dt

1Y (1 3243t +1
1/t z+1 + 11+1

=—%j at = log|(t+1/2) +(t+ 1727 +1/12]+C
3 2 3
\/(Hlj +1/12 V3
2
2
1 1 1 12(1+1j +1
——log (—+—j+ x-1 2 +C Ans.
NE) x-1 2 12
. dx
Hustration25:  Evaluate : J.
(1+x*)V1-x>
Solution : Let, I:J' dx Putx=l, So that dx =_—21dt
(1+x7)V1-x* t t
= _[ —1/t%dt _[ tdt
(1+1/)W1-1/¢ 2 +)VEE -1

Again let, t* = u. So that 2t dt = du.

-l du
=— - Wthh reduces to the form j Lx where both P and Q are linear
(u+DVu-— P/Q

so that we put u — 1 = z* so that du = 2z dz

1 2zdz
[=——
'[(z IR I(Z +2)

I= —Ltan’1 ij+c

V2 V2

I= —%tan1 %} +C = —%tanl [%j +C
:—%tanl j/%j:z j+C Ans.
Do yourself -13 :
(i) Evaluate: .[M;Xm dx (ii) Evaluate : sz(iﬁ
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(® Manipulating integrands :
. dX n -1
@) I—, ne N, takex" common&put 1 +x " =t.
x(x" +1)
. dx n -n _4n
(ii) Gy neN, takex" common & put 1 +x " =t
X*(x"+1) 7
dx n -n n
(i) j—l/, take x" common and put 1 +x " =t".
x"(1+x")""
. dx
Illustration 26 : Evaluate : .[ —_—
x"(I+x")""
d
Solution : Let I =JLU=.[ z T
x"(L+x")" .m( lj
X 1+—
X
1, 1 .
Put 1+—=1t" then —dx =—t""dt
X X[l+
n-1
t"dt 5 " -1 [ 1 j
=_ =—|t"dt=- +C=——|1+—| +C
J t J n-1 n-1 x" Ans.
Do yourself -14 :
d
(i) Evaluate: I+
x(x”+1)
(i) Evaluate: | dx
ii N
valuate 2+
(iii) Evaluate : I %
X (x”+1)
Miscelleneous Illustrations :
cos” xdx

Hlustration27:  Evaluate J. 3

sin’ x{sin’ x +cos’ x}’

4 4
. cos” X cos” X
Solution : I=I édx=j 3 ='[
sin’ x{sin’ x + cos’ x}* sin® x {1 +cot’ x}*
Put 1+ cot’x =t
5cot*x cosec’xdx =—dt
_ o lpdt T _ 1 s \2/5
—EJ‘ET——Et +C = 2(1+C0t X) +C

cot* xcosec’xdx

(1+cot’ x)**

Ans.
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dx .
Hlustration 28 : J‘ﬁ is equal to -
cos’ X +sin” x

(A) /njtanx — cotx|+C (B) /n|cotx — tanx|+C

(C) tan”'(tanx — cotx) + C (D) tan '(—2cot2x) + C
6 1+tan” x)* sec” xdx
Solution : Let] =J. dx — =I > )6( dx=j( ) 3
cos’x+sin”x 7 1+tan®x 1+tan” x

If tan x = p, then sec” x dx = dp

1+p*)°d 1+
N IZI( 13)6 p - ( pil o[ P dp
p p'—p pz(pz+2_1J
dk _
=I > = tan 1(k)+C where p_l:k’ 1+L2 dp=dk
k™ +1 P P

=tan (p —lj +C = tan"'(tan x —cot x) + C= tan '(—2cot2x) + C Ans. (C,D)
P

Tllustration29:  Evaluate : I 2sin2X —cOSX dx

6—cos’ x —4sinx

Solution : 1= dx

J‘2$in2X—COSX dx=j (4sinx —1)cosx dX:J-(4sinx—1)cosx

6—cos’ x —4sinx 6—(1-sin’ x)—4sinx sin’ x —4sinx +5

Put sin x = t, so that cos x dx = dt.

j Ny Q)
—4t+5)
Now, let (4t — 1) =A(2t—4) +
Comparing coefficients of like powers oft, we get
=4, 4r+p=-1 L. (ii)
A=2,u=7
-[2DT fusing (i) and (ii)}
t* —4t+5
2t—4 dt dt
=2| —dt+7| ———=2log|t> -
It2—4t+5 J‘t2—4t+5 elt 4t+5|+7jt2_4t+4_4+5
dt 2 -1
=2log|t? —4t+ 5|+ 7[———— = 2log|t’ — 4t + 5+7.tan'(t —2) + C
J (t-2)° +(1)
= 2log|sin’x— 4sinx + 5| + 7 tan"'(sinx — 2) + C. Ans.
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Hlustration30:  The value of .[ .sin”! ( 3-x J dx, is equal to -

(A) — { (cos l(zjj +249—-x7.cos” (%)+2x}+€
B) — { (cos1 %D +249—-x".sin”" (%j+2x}+€
©) { (sm1 %D +24/9—x*.sin™ (%j+2x}+€

(D) none of these

S (g

Put x =3c0s20 = dx=-6smn20d0O
.[ f3 3c0526 3 3c0520 | (6 sin 26)d6
3+3cos 26

[= O in"'(sin ) (~65in 20)d0 = — 6 [o.25in” 6)do
cos©

Solution : Here, 1 = I

62
—6]9(1—cosze)de=—6{7—jecoszede}+c
2 ] . .
6 6__(esm29_J~1.(sm29jdej +C=_362+6{esm26+cos26}+c
2 2 2 2 4

2
=%{—3(cosl [%D +24/9-x".cos™' (§j+2x}+C Ans. (A)

tan ( — Xj
HNllustration31:  Evaluate : 4 dx
cos? xtan® x + tan? X + tan x

T
. tan (4 B Xj (1—tan® x)dx
Solution : I = dx = _[ — - -
cos’ xx/tan3 X 4+ tan’ X + tan X (1+tanx)” cos X\/tan X +tan” X +tanx
1 2
—| 1= ——— |sec” xdx
I= J‘ tan” X

1 1
tanx +2 + tanx +1+
tan X tan x
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let,y=\/tanx+1+ :>2ydy=(seczx— - .seczxjdx
tan x tan” x
_J —2ydy Z_J‘ dy
(y* +D.y I+y*
1
=—2tan‘1y+c=—2tan‘1(\/tanx+1+ j+c Ans.
tan x

ANSWERS FOR DO YOURSELF

1 (4% . 1.,
: i)y —ta — |+C ii) sinx——sin’x+C
1@ Fgtn [3 j @) 3
1 *+4-2
2: () Jx-2)(3-x)-sin'V3-x+C (i) Eén{L}LC
X
3i00 x-erC @ [oxcosx®esine |+ C
4: (@) etan'x+C (i) %exz sin(x?)+C
5: () xtan(e¥)+C (i) x/nx+C
6: () ltan3x+C (ii) ztanmx+C(iii) lsin3x—zsin5x+lsin7x+C
) 3 3 3 5 7
1 2 1[8tanx+lj
. N ——tan \/gtanx +C sy ——tan | —— |+ C
70 () ® JE Jis
. Ltanl(3tanx/2+lj+c ) Yo +tanx/2-2|
8+ 0 202 @) 2[ \f—tanx/2+2\
9. i lx—l£n|sinx+cosx|+C ii 2x—iﬁnBcosx+2sinx|+C
PO oxTy @ 3773
10: (G —l£n|x+l|+zﬁn|x+3|+C i) /m|x+2|+ 3 +C
0T 2 (i) X +2
2 (2x+1 : :
11: @ —tan'|=—=|+C i) SV +ax+ —6€n[(x+2)+\/x +4x+1}+C
G
2
L x -1 1 x*=1) 1. x>=2x+1
12: (@) tan [ j+C (i) —=|tan”'| Y |-=/m=——"=""—
X 2\/5 \/Ex 2 x2+\/§x+l
Vx+1 2 1
s @) 2Vx+1+= é i)y ——V1+x*+C
13: Sxai+2l @
1 X2+1 l 1/3 l l 2/3
. o __gn +C .o _ - voe _ - -
14: @) > (ij (ii) (1+X3J +C (iii) 2(1+X3J +C
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EXERCISE (O-1)
;
1. I 1_—X7dx equals -
x(1+x")
2 2
(A) lnx+7 In(l1+x")+c (B) lnx—;ln(l—x7)+c
2 2
©) lnx—; In(1+x")+c (D) lnx+7ln(1—x7)+c
e of 3x* -1 :
2. Primitive o —(x4+x+1)2 w.r.t. X1s -
A) o B) ————+c C S D __x#l
( )x4+x+l (B) x*+x+1 ( )x4+x+1 (D) x*+x+1

ICOSX_SinX+1_XdX—l + + C where C is th tant of integrati d
o sinxtx = n(f(x)) g(x) where C is the constant of integration an

f(x) is positive, then f(x) + g (x) has the value equal to
(A) e*+sinx +2x (B) e* + sin x (C) e*—sinx (D) e*+sinx +x

4.  Integral of \/l +2cot x(cot X +cosecx) W.I.t. Xis

(A) 21nc0s§+c (B) 21nsin§+c
©) %ln cos% +c (D) In sinx — In(cosecx — cotx) + ¢
In (x+,/l+x2)

5. Ix . dx equals -

l+x2

(A) VJ1+x2 In [XJF\/HXZ) —x+c (B) % . In? [X+w/1+xzj N S

l+x?
(©) % . In? [x+\/1+x2j - +c (D) V1+x7 ln[X+\/l+X2j +x+e

6. Let g (x) be an antiderivative for f (x). Then In (1 + (g(x))z) is an antiderivative for

2/(x)g(x) 2/(x)g(x) 2/(x)
1+ (f(x)) 1+(g(x)) 1+(f(x))

7. A function y = f (x) satisfies f "(x) = —Lz —n? sin(nx) ; f'(2) = n+% and (1) = 0. The value of
X

/)

(A) In 2 (B) 1 (C)g—ln2 (D)1 —In2

1+x

(A) B © (D) none
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X2

8.  Consider f(x) = T ; g(t)= I f(t)dt. If g(1) = 0 then g(x) equals-
P 1, (X 1, (14X 1, (X
(A) 5 n(1+x7) (B) 3 2 © 2 3 (D) 3 3
R
9. J.\/;(er\/;)dx
(A) 2" [x-x+1]+C B) e[ x-2vx +1]
© e&(x+\/§)+c (D) e&(er x+l)+C

J- dx
10. i/XS/z(X + l)7/2

(A) _(X_Hj +C (B) 6(%“} +C (C)( Xj +C (D)_(LJ +C

X x+1 x+1

2sin® x —1 N cosx(2sinx +1)

11. Let f(x)= then Iex (f(x)+ f'(x))dx where c is the constant of

COSX 1+sinx
integration)

(A) e¥tanx + ¢ (B) e* cotx + ¢ (C) e* cosec’x + ¢ (D) e*sec’x + ¢

2
1-/
12. J‘Ln?)dx equals

In*x —x
1 X 1 2 2 I (mx—-x) 1 _l(lnxj
—In| — |-—h|lh"x-x" )+ C —1 ——t — |+C
(&) 2 ! lnxj 4 n(n ) ) (B) 4 n(lnxvtxJ 2 . X
I (hx+x) 1 _(;hx 1 Inx—x 4 Inx
—1 +—t — |+C —| !/ +t — | |+C
© 4 ! lnx—x) 2 - ( X j (D) 4[n(lnx+xj . ( X JJ
j (2x+3)dx 1 . 5
13. If XX+ D(x+2)(x+3)+1 C —@, where f(x) is of the form of ax* + bx + c then
(a+b+c)equals
(A)4 (B)S5 ©)6 (D) none

2_
14. J.e" x -3 dx is equalto -
(x—1)"

(A) YL/ (B) eX(X_3j+c (©) e"(x—ﬂjw (D) e"( ! j+c
(x-1) x—1 -1 x—1

(where C is constant of integration)
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3
15. jx—3dx is equal to-
(2x* +1)
2 -2
1 1 1 1
—|2+—| +C ——|2+—| +C
(A) 4( XZJ (B) 4( XZJ
-2 2
1 1 1 1
—|2+—| +C —124+—| +C
(C)z( XZJ (D)4( XZJ
(where 'C' is integration constant)
EXERCISE (0-2)
1. j L()dx is equal to -
e’
—1/.x —1/.x
(A) lﬁn(ezx%rl)—L(e)Jr)Hrc (B) lEn(ez"ntl)%rL(e)+x+c
2 e 2 e
1 - cot™'(e") 1 0 cot™'(e")
(C) Eﬁn(e +1)—e—X—X+C (D) Eﬂl’l(e +1)+e—X—X+C
2. I(sin(lle)-sin” x)dx equals
@) sin(100x)(sin x)'%° i c ®) cos(100x)(sin x)!%° »;
100 100
©) cos(100x)(cosx)'? e D) sin(100x)(sin x)'*! i C
100 101
p+2q71 q-1
3.  The evaluation of J.pzp+2q N 2;3:“ X is
xP xJ x1 xP
_ +C - C +C
(A) Xp+q +1 + C ( ) P+q +1 (C) Xp+q +l + (D) Xerq +1

4. Isecz O(sec O + tan 0)°dO

(secO+tan 0)

(A) 5 [2 +tanB(secO +tanB)] + C

(secH+tan 0)
3

5.  The integral J. Jeotx eV "* Jcosx dx equals

A) Jtanx em
A/ COSX

©) [2 +tanB(secO + tanB)] + C

+C (B) 2¢¥sinx 4+ C

(secO+ tan 0) /i
3 [2 +4 tanB (secO +tan0)] + C ¢
3(sec 0+ tan 0) f

D) - 5, [2 +tanO(secO +tanf)]+C  J
:

E,

2 2«/ COSX %

3

E
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Paragraph for Question Nos. 6 to 8

A curve is represented parametrically by the equations x = e' cos t and y = €' sin t where t is a
parameter. Then

6.  The relation between the parameter 't' and the angle oo between the tangent to the given curve and
the x-axis is given by, 't' equals

0 B) Zta O a-E 0y
() 5 (B) (©) a- D)
’y
7.  The value of F at the point where t =0 is
X
(A1 (B)2 (©)-2 (D)3
8. If F(t)= I(x +y)dt then the value of F[g} -F(0)is
(A)1 B)-1 (C) e™ (D)0
Multiple Correct :
9.  Which one of the following is FALSE ?
(A) X.J.%=xln|x|+c (B)X.Id—x=xln|x|+Cx
X X
.[cosx dx =tanx+C Jcosx dx =x+C
© cosX I D) CoSX I

10. IfI = I(sin x)"dx n e N, then 5I, — 6 is equal to-
(A) sin x.(cos x)°> + C (B) cos x.(sinx)>+ C

sin 2x sin 2x

[cos® 2x +1—2cos2x]+C D [cos® 2x +1+2cos2x]+C
(D)

27 47
11.  Let f(x) = sin®x + sin? (X +?J + sin’ [X +?j then the primitive of f(x) w.r.t. X is

3sin 3x
4
where C is an arbitrary constant.

cos3x
4

+C

(A) -

sin 3x LC D)

+C (B)%cosz(?’?xJ+C (C) J

sin’ X +sin x cos’ X +cos X

12. Suppose J = J. dx and K = I dx . If C is an arbitrary constant of

1+sin X +cosx 1+sin X +cosx

integration then which of the following is/are correct?

1
(A)J=E(x—sinx+cosx)+C (B)J=K-(sinx+cosx)+C

1
C)J=x-K+C (D)K=E(x—sinx+cosx)+C
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Match the column :
13. Column-I Column-II
. - 2
(A) Let f(x)= Ixsmx (I1+xcosx-Inx +sin x)dx and f(EJ = (P) rational
then the value of f(7) is
I1+2cosx o
(B) Let g(x)= .[ (cosx—+2)2 dx and g(0)=0 (Q) irrational

s
then the value of g [EJ is
(R) integral
(C) Ifreal numbers x and y satisfy (x + 5)? + (y — 12)? = (14)? then

the minimum value of /(x? +y?) is (S) prime
(x? +1)dx
(D) Let k(x)= J. \/7 andk (-1) = %/— then the value
of k(—2)is
14. Column-I Column-II
1
x*(x° +x° =1)dx 1( 1 3 )2
@ ] 2x° +3x° +2)? (P) g(;+7) +C
(x’ + x*+ Xz)dX 1 o _5\2
B —(I+x7 +x +C
®) '[\/4x7+5x6+10x4 Q5 )
(2x"? +5x”)dx -1, , e
© [T s R) = x'+3¢+2x) 4 C
1
x> x> 1)
(where C is the constant of integration.) (S) X 2_5+2_0+E +C
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11.

13.

15.

17.

18.

20.

22,

24.

Indefinite Integration

EXERCISE (S-1)

I(&H)(x —f)
X X+X+\/_

A function g defined for all positive real numbers, satisfies g'(x?) = x* for all x > 0 and g(1) = 1.

Compute g(4).

J[sin asin(x — o) +sin’ (% — ocﬂ dx

d
I X Xx

X
cot—.cot—.cot—
2 3 6

Im(m[l_deX

1-x*

x> +3x = x* +8x —x+8
J. > dx
X" +1

. X
Ism ! dx
a+x

J.[\/xz +1 [ﬂn(x2 +1)2£nx]]dx

4
X

J‘ 3x*+ 1 X
-1

(e& —e‘&)cos(e& +e‘& +Zj+(e‘/— +e“/;)cos(e& —e‘& +RJ

x*+3
————dx
4. J‘xé(xz +1)
cosecx —Ccotx  secx
6. |

cosecx + cotx \/1 +2secx

*
—
1
TN
o | >
~—
+
TN
“ |
—
S
~
=)
>
o
]

J~(\/;+1)dx
( x+1)

x/nx
12. I(XT dx

10.

=

1)3/2'
tan20
4. | ———
cos’ O +sin” O
2
16. (ax” —b) dx

'[ x\/czx2 —(ax’ +b)’

4dx

J

J. x> +X X
(e +x+1)°

I 5x* +4x°
(x> +x+1)°

J- dx
sin X +secx

COQX

(xsin’ x +c0sx) dx

19. |2

Sll’l X

21. I(sin x)""(cosx) " dx

I4x5 —7x +8x* —2x? +4x -7
X’ (x* +1)°

23.

dx

ot [ OOy, _ @m-l[ /f(x)—g(x)}c
(£ + 20O F (0200 - 8 (1) ng(x) ’

where m;neN and 'C' is constant of integration (g(x) > 0). Find the value of (m® + n?).
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1—(cotx)*™
2009

25. Ifthe value I dx =%ln | sin® x + cos* x | +C, then find k.

tanx + (cot x)

j dx
26 ) o fx- o -p)

1_ 2
27.  Suppose J- : 77c0s X dx = g(x)

sin’ x cos® x sin” x

+C, where C is arbitrary constant of integration. Then find the

value of g'(0) + g" (EJ

EXERCISE (S-2)
tan(lnx)tan[ln;}an(lnb e* (2—x2)
—=d
1. " dx 2. I(l—x) o X
dx J‘ dx

> '[ (x + M)z 4. \/sin’ xsin(x + o)

I S (1+x%)dx
> J‘(7X—10—Xz)3/2 dx 6. '[1—2x2 cosa, +x* o (0,m)

[sin(x —a) cos’ X
Shillhis | d
7. '[ sin(x +a) : B J‘1+‘[anx 8

9.  Let f(x) is a quadratic function such that f{0) = 1 and I% is a rational function, find the value
X (X+
of £'(0)
COSX —sinx cosO+sin 0
R . 20./n—— do
10 I 7 —9sin2x * 1 ICOS B cosO—sin0
Match of Column :
12. I, = Itanxtan(ax +b)dx and I, = Jcotxcot(ax +b)dx
Column-I Column-II
-b
(A) value of | fora =1 is P) X—cotblnMvLC
CoSX
sin X
(B) value of 1, for a = 1 is Q) cotblnm—ﬂc
CosX
=_13 tbin| ——— |-x+C
©) value of [ for a 1is (R) co H(COS(Xer)J X
sin X
=1 i tbin| ——— [+ C
(D) value of [ for a =1 is (S) x+cotbin [Sin(b—x)]+
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1.

EXERCISE (JM)
If the integral I L dx=x+a Injsin x — 2 cos x| + k then a is equal to : [AIEEE-2012]
tanx—2

(12 (2)-1 (3)-2 P 1
If I f(x)dx =¥(x), then _[xs f(x*)dx is equal to : [JEE-MAIN-2013]

1 3 3 2 3 1 3 3 3 3
(1) g[x Y(x )—J.x Y(x )dx}LC (2) gx Y(x )—3J.x Y(x)dx+C
3) %x3‘P(x3)—J.x2‘I’(x3)dx+C (4) %[x3‘P(x3)—J.x3‘I’(x3)dx}+C

1
The integral I (1 +X —l)ex *dx is equal to : [JEE-MAIN-2014]
X
x+l erl x-;—l x+l

(1) x=1e *+c (2) xe *+c 3) x+De *+c (4) —xe *+c

. dx
The integral [———— equals : [JEE-MAIN-2015]

X (x*+1)*

1

D) (iDiie @ [Xx”j e 0 [ ”] be @ (e

The integral J(Z’:—”Xl)dx is equal to - [JEE-MAIN 2016]
X
10 5 10 5

— = _iC — = __iC — = _iC — _iC
(1) 2(x°+x°+1)° @) (x> +x° +1)° 3) 2(x°+x°+1)° ) 2(x°+x°+1)°
where C is an arbitrary constant.

Let 1 :jtan“ xdx,(n>1). I, + I, = a tan’x + bx> + C, where C is a constant of integration, then the

ordered pair (a, b) is equal to :- [JEE-MAIN 2017]
1 1 1 1
—=,0 =1 -0 -1
(1)( 5 ) 2) ( 5’] (3) (5’ j “) (5’ j
. 2 2
The integral I . Sin X0053 X ——dx is equal to [JEE-MAIN 2018]

(sin® x +cos’ xsin” x + sin® x cos? X + cos° x)

+C —_—t
1+ cot’ x ) 3(1 + tan’x)

(1) 3(1+‘[an3 x)+C 2) 1+c0t3xJrC (3)

(where C is a constant of integration)
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2sin(x2 —1)—sin2(x2 —1)
2sin(x2 —1)+sin2(x2 —1)

dx is

For x2#nmn + 1, n € N (the set of natural numbers), the integral .[x \/

equalto:
(where c is a constant of integration)

sec
2
2_
secz(X IJ
2

1-x° m
If j 4X dx = A(x) (\/1 - x ) + C, for a suitable chosen integer m and a function A(x), where C
X

(1) log, +c (2) log, +c

%secz(x2 —1)

1 1
3) —log, +c 4) —1
3) 3 4) ; log.

sec(x” = )| +¢ [JEE-MAIN 2019]

is a constant of integration then (A(x))™ equals : [JEE-MAIN 2019]
) — 2) — 3) — 4) —
( ) 3X3 ( ) 27X9 ( ) 9X4 ( ) 27X6

The integral Icos(loge x)dx isequal to : (where C is a constant of integration) [JEE-MAIN 2019]

(1) %[sin(loge x)—cos(log, x)]+C (2) %[cos(loge x)+sin(log, x)]+C
(3) x[cos(log, x)+sin(log, x)]+ C (4) x[cos(log, x)—sin(log, x)]+C
EXERCISE (JA)
x> -1
dx i l1to - EE 2006, (3M, -1M
ey & et LIEE 2006, (3M, 1)
(A) 2X4_2X2+1+c (B) \/2X4_2X2+1+c
x’ x’

V2xt=2x2+1 V2xt=2x3 +1

© f-‘_c (D) T+c
Let f(x) =ﬁ for n > 2 and g(x) =(feofo...of)(x). Then J.X“_2 g(x)dx equals.
( X ) f occurs n times

L L
A (1+nx") " +K B) ——(1+nx") " +K JEE 2007, 3
O s (B) —(I+nx") [ 3]

1+i 1 1+l

l+nx") "+K - "y n

© n(n+1)( ) (D) n+1(1+nx) R

"]
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3.

Let F(x) be an indefinite integral of sin’x. [JEE 2007, 3]
Statement-1 : The function F(x) satisfies F(x + m) = F(x) for all real x.
because

Statement-2 : sin’(x + w) = sin’x for all real x.

(A) Statement-1 is True, Statement-2 is True ; Statement-2 is a correct explanation for Statement-1.

(B) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for
Statement-1.

(C) Statement-1 is True, Statement-2 is False.

(D) Statement-1 is False, Statement-2 is True.

dx . Then, for an arbitrary constant c, the value of

e” e *
Let I Ie4x+62x+1 ,J Ie_4x+e_2x+1

J — T equals [JEE 2008, 3 (-1)]
lgn e¥ —e™ +1 e lﬁn e +e* +1 e
(A) 2 e +e> +1 (B) 2 e —e* +1
lfn e —e* +1 e lfn e +e™ +1 A
© 2 e +e* +1 (D) 2 et —e® +1
2
The integral I See X 55dx equals (for some arbitrary constant K) [JEE 2012, 3M, -1M]
(secx +tanx)
1 1 1
(A) - = {———(secx+tanx)2}+K
(secx +tanx) 11 7
1 { 11 2
B ———(secx+tanx }+K
®) (secx+tanx)m2 11 7( )
1 1 1
©) - e {—+—(secx+tanx)2}+K
(secx+tanx) ~ U1 7
1 1 1
(D) e {—+—(secx+tanx)2}+K
(secx+tanx) ~ U1 7
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ANSWER KEY
INDEFINITE INTEGRATION
EXERCISE (0O-1)
1. C 2. B 3. B 4. B 5. A 6. B 7. D 8. B
9. A 10. B 11. A 12. B 13. B 14. C 15. A
EXERCISE (0-2)
1. C 2. A 3. C 4. C 5. B 6. C 7. B 8. C
9. ACD 10. B.C 11.BD 12. B,C 13. (A)Q;(B)P;(C)P,R; (D) P,R,S
14. (A)R;(B)S; (O)Q
EXERCISE (S-1)
x* 67 1 ) 2 2 3
. —x+C . — . —(x—-sinx)+C . C-Z+— —— _Dtan"!
L —-x 2. 3 3. S ) 4 —t g 2t x
5. 2ln[sec—j 3ln[sec§J—6ln[sec%j+C 6. sin 1(—sec —j+C
7 {l (”—le (ln“_—xj—ln(“_—xﬂ+c 3 (i) _(_j e
2 —-X -X 1-x X
'y 1 2 1 t 1
9. 7 X% +5X+Eln(x +1)+3tan"' x+C 10. 6 Z—E+t+5ln(1+t2)—tan‘1t +C where t =x"¢
11. (a+x)arctan\/§—\/§+c 12. arcsecx — Z?X +C 13. (< +1) X" +1 {2 3In ( —2ﬂ
x“—1 X
2
14, | VIS 0 00 g5 oo X 16, sin![ 0y
cos20 x* =1 cX m
17. 2\/§(c0s(e"&))(sin(e&)+cos(e&))+C 18. C—ln(1+(x+1)e"x)—;f 3;‘”
I+(x+1)e™ B
19. C— e ¥(x + cosec X) 20. C—m or C+m . S(tanx)"” i
3
2
1 «/§+s1nx COSX . 7 6X
. +arctan(sinx + cosx) +C . 4lnx+—+6tan"'(x)+ +C :
22 2\/_ \/_ sinX + cosx ( ) 23. dlnx x o ) 1+x> H
5 H
24. 8 25. 2010 26, — X ¢ 27.°5
a—-PVx—a ]
3
30 E




m nodeD6\BOAI-BO\Kota\JEE(Advanced)\Enthusias\Maths \Sheer\Indefinite & Definite Infegration \Eng\O1_Indefinite

ALLEN Indefinite Integration
EXERCISE (S-2)

1+
1. ln( sec(/nx) J+C 2. e",/ﬁﬂ 3. 2In t + ! +C, when t=x+vx"+x

sec(Inx/2)x“"? 2t+1 2t+1

. 2
4., C- .2 ,/ Sm(.x *o) 5. _27x-20) +C 6. l[cosecg) tan™' H X 1jcosecgj
sino sin X 9v7x =10 —x> 2 2 2x 2

CoSX . . 2 2
7. cosa.arccos —sina./n(sinx ++/sin“x—sin"a |+ C

cosa

1 1
8. 1 In(cos x + sinx) + %Jrg(sin 2x +c0s2x) + C 9. 3

1 |(4+3sinx+3cosx)|
—/(n +
24 |(4—3sinx—3cosx)|

10.

11. %(smze)m(—cose*sme} !

: ——In(sec20)+C
cosO—sin® ) 2

12. AR;B) Q@) P (DS
EXERCISE (JM)

1. 1 2. 3 3. 2 4. 2 5. 3 6. 3 7. 1 8 lor3
9. 2 10. 2

EXERCISE (JA)
1. D 2. A 3. D 4. C 5. C
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b
A definite integral is denoted by J' f(x)dx which represent the algebraic area bounded by the curve y =

f(x), the ordinates x =a, x =b arfd the x axis.
THE FUNDAMENTAL THEOREM OF CALCULUS :

The Fundamental Theorem of Calculus is appropriately named because it establishes a connection
between the two branches of calculus : differential calculus and integral calculus. Differential calculus
arose from the tangent problem, whereas integral calculus arose from a seemingly unrelated problem,
the area problem. Newton's teacher at Cambridge, Isaac Barrow (1630-1677), discovered that these
two problems are actually closely related. In fact, he realized that differentiation and integration are
inverse processes. The Fundamental Theorem of Calculus gives the precise inverse relationship
between the derivative and the integral. It was Y.
Newton and Leibnitz who exploited this relationship
and used it to develop calculus into a systematic
mathematical method. In particular, they saw that the
Fundamental Theorem enabled them to compute areas

and integrals very easily without having to compute

them as limits of sums.

The Fundamental Theorem of Calculus, Part 1
If fis continuous on [a, b], then the function g defined by

g(x) = jf(t)dt a<x<b

is continuous on [a, b] and differentiable on (a, b), and g'(x) = f(x).

The Fundamental Theorem of Calculus, Part 2

If fis continuous on [a, b], then

[£()dx = F(b) - F(a)

where F is any antiderivative of f, that is, a function such that F '=f.

b
Note : If j f(x)dx = 0 = then the equation f(x) = 0 has atleast one root lying in (a, b) provided fis

a continuous function in (a,b).

PROPERTIES OF DEFINITE INTEGRAL :

b b
@) '[ f(x)dx = '[ f(t)dt provided fis same

-]
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j‘f(x)dx = —i f(x)dx

b c b
_[f(X)dX = _[f(X) dx +j f(x)dx , where ¢ may lie inside or outside the interval [a,b ]. This

property is to be used when f'is piecewise continuous in (a, b).

1 on1: Iff(x)= X, 0<x<2 th luat if(X)dx
ustration 1 : x)= 3x—4, 2<x <3 en evaluate J
3 2 3 2 3
Solution : j f(x)dx = j f(x)dx + j f(x)dx = j x2dx + j (3x —4)dx
0 0 2 0 2
Y (32 Y 8 27
S 2 2 ax | =242 12-64+8=37/6 Ans.
3), 02 , 32
. -5l xx0 | |
Hllustration 2 :  1ff(x)= X then _[ f(x)dx is equalto ([.] denotes the greatest integer
2, x=0 -2
function)
11 7 17
(A)—— B)—— (©) -6 D) ——
2 2
Solution : 3[x ]—SM_S[X]—S,if x>0 v
2
=3[x]+5, ifx<0 [
-2 -3/2 12
I_ L
N j f(x)dx = j (~1)dx + j (2)dx + j (-5)dx + j (-2)dx . B
-3/2 -3/2 =
3 1 11
=-1 —1+2 +2(D)+1(=5)+(-2) = —5+2 5- 2_—? Ans. (A)

2
Illustration 3 :  The value of j (x"™ 1 +[x*]")dx , where [.] denotes the greatest integer function, is equal

1
to -

(A)—+ 3+(2" - 2f)+ (9 3

B N2 B2 5
(B)4+ 34+— 3 log —2% -2 )+ (9 3*%)
© 5+ —f R TCAREAD T 03

0g2

(D) none of these
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2 . 2 ND) 2
Solution : We have, =[x +[x*)dx = [ (x+Ddx+ [ (" +2%)dx+ [ (x> +3%)dx
1 i NG 5
(xz Jﬁ x> 2F b xt 3 Y
| —+x | +|—+ +| —+
2 | 3 log2); \ 4 log3)s
5 V21 s s L s g
B — (P -2y —— (32 -3
2 3 10g2( ) 10g3( ) Ans. (B)
20
Hlustration 4 :  Evaluate : ‘[ [cot ™' x]dx. Here [.] is the greatest integer function.
-10
20
Solution : I= J. [cot ' x]dx, we know cot ' x € (0, 1) V x € R
-10
3, xe(—x, cot3)
B 2, xe(cot3, cot2)
Thus [cot ™ x] =
I, xe(cot2, cotl)
0 xe(cotl, o)
cot3 cot2 cotl 20
Hence I = [ 3dx+ [ 2dx+ [ ldx+ [ 0dx=30+ cotl + cot2 + cot3 Ans.
-10 cot3 cot2 cotl

Do yourself -1 :
Evaluate :

3
@) I|x2—x—2|dx
0

4

(i) I{X}dx, where {.} denotes fractional part of x.

0

/2

(iif) I |sinx —cosx [dx
0
) 2 0<x<l1 , , I
(v) If f(x)= , where [.] denotes the greatest integer function. Evaluate _[f (x)dx
x+[x] 1<x<3 0

0 ;1f f(x) is an odd function

a

@ [ £ dx =[[£(0)+f(-x)Jdx =

—a

2 '[ f(x)dx ;if f(x)isan even function
0

3 1+x
Hlustration 5 : Evaluate j cosx /n " dx
—X
-1/2
Solution : f(-—x) = cos(—x) /n ( I-x j =—cos/n ( I+ Xj = —(x)
1+x 1-x

= f(x)is odd

Hence, the value of the given integral = 0. Ans.
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2
2
cosx ¢ 2xcos x/2 %2

Hlustration 6 :  Iffix)=| x> secx sinx+Xx° |,thenthe value of _[ (x> + D(f(x) +£"(x))dx

-n/2

1 2 X +tan X
(A) 1 (B) -1 (©€) 2 (D) none of these
cosx e°  2xcos’x/2
Solution : As, fix) = | x>  secx sinx+x’
1 2 X +tan X
= f(x)=-1x) = f(x)is odd
= f(x) is even = f'(x) is odd

Thus, f(x) + f"(x) is odd function let,
0(x) = (" + ). {fx) + £'(x)}

= 0x) = - ()

i.e. ¢(x) is odd

n/2

[ 6(0dx =0 Ans. (D)
—n/2
Do yourself -2 :
Evaluate :
7\2/2 TE/2 4 Sin e
: x? sin’® X + cos x)dx o /n 2( _ j do
@ 7}‘;2( ) (ii) 7}[/2 { 4+sin0

b b a a
If(X)dX = If(a +b-x)dx | In particular jf(x)dx = Jf(a —x)dx
a a 0 0

Hlustration 7 :  1If f, g, h be continuous functions on [0, a] such that f(a — x) = —f(x), g(a — x) = g(x) and

3h(x) — 4h(a — x) = 5, then prove that jf(X)g(X)h(X)dX =0
0

a

Solution : j f(x)g(x)h(x)dx = j f(a—x)g(a—x)h(a—x)dx = —j f(x)g(x)h(a —x)dx

0

71 =31 + 41
if(x)g(x) {3h(x)-4h(a—x)} dx = 5j f(x)g(x)dx =0

(since f(a — x) g(a — x) = —f(x)g(x))
= 1=0

Ans.
35
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Hllustration 8 :  Evaluate j xsmxdx
Joet+l1
0 . T .
Solution : I= IXSlnde+IXSIHXdX=II+IZ
Joet+l1 o € +1
0 .
where I = J-xsmxdx
Joet+l1
Putx=—t=dx=—-dt
- .[( t)sm( t)(—dt) j‘-tsintdt_ ettsintdt_jfexxsinxdx
L a e +1 . e +1 e +1 e e+l
0
Hence I=1 +1,= je XSInXd)HrJ‘XSlnde
e’ +1 o € +1
I=Ixsinxdx=I(n—x)sin(n—x)dx=n_[sinxdx—1
0 0 0
= 2I= n'[sinxdx=n|—cosx|g =2n = I==x Ans.
0

2
Hlustration 9:  Evaluate j 500
. (17+8x—4x° )[e +1]

S5}

Solution : LetI= d); R
o (17+8x —4x*)[e®"™ +1]
2 dX a a
Also I = v f(x)dx = | f(a—x)dx
-([(17+8x—4x2)[e6(1") +1] [ -([ ®) -([ ( )

Adding, we get

I ( ! + ! jdx
 17+8x—4x* \e®™W 41 e 4]

1 17 dx
- —de:__jz—
17 +8x —4x 49x"-2x-17/4

0

ey

__le__lx ' |
49 (x—17-21/4 4 XJE 8
2

0

[ ex=2- J|[ I {10g|2 i |2+J_|
war| Clax—2+421l | ICNCTY R PRSVCTY B Ny

1 \/ﬁ—zq

=— lo
PN R NSl

Ans.
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Hustration 10 :

Solution :

Hllustration 11 :

Solution :

Hlustration 12 :

Solution :

Definite Integration

1
.[ cot™'(1-x+x*)dx equals -
0

(A) = log2 (C)m—

1
1= J“[&ln’1 (%de = J“[&ln’1 [dex
0 I-x+x 0 1-x(1-x)

1 1 1
= JA[‘[an’1 x+tan'(1-x)] dx = JAtan’1 x dx +.[0 tan”' (1-x) dx
0 0

log2 (D) none ofthese

1 1
:2J.tan’lx dx =2 {X tanlx—%log(1+xz)}
0

0

T T
=2Z—10g2=5—10g2 Ans. (B)

dx

/2 .
“J‘ asin X +bcosx

o sSInX+cosx

n/2 .
- _[ asmx+bc0sxdx ()

o SInX+cosx

1=nj

0

asin(n/2—-x)+bcos(n/2—-x)
sin(m/2—x)+cos(m/2 —x)

/2 .
acosX+ bsinx

_I d
¢ SinxX+cosx

/2 .
N J- (a+b.)(s1nx+cosx) dx
Sin X +COSX

/2
= j(a+b)dx=(a+b)n/2 = I=(a+b)t/4 Aps.
0

/2

2511’1)(
J ————dx equals -
0 27" +2

T T
()2 (B) © 7 D) 5

/2 /2 n/2

du | S

sin X
I= sin X cos X dX=
0 27 +2

2sin(rc/2—x) 2cosx

2COSX + 2511’1 X

2sin x(m/2-x) + 2cos(n/2—x)
0

/2

L i
2= | dx=— == .
_[ X 5 = 1 1 Ans. (C)

Do yourself - 3 :
Evaluate :

P Jx " dx
o dX 3
® '!\/6—x +/x () n-|/‘61+1;an5 X

2a a a 21f(x)dx ;> if f(2a—x)=1(x)
® j f(x)dx = jf(x)dx+jf(2a—x)dx= !

° ° ° 0 ; if f(2a—x)=—f(x)
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Hustration 13:  Evaluate I
1+cos?x

I t (m—x)dx [

Solution : Letl = _[ _[ ) _[
l+cos’x 7 1+cos’(n—x) 3 1+cos’x
b n/2 /2 2
N _[ 7tdx2 zsz‘ dx2 zsz‘ sec x<2ix
o L+cos™x o 1+cos”x o 2+tan”x

Let tan x = t so that for x - 0, t — 0 and for x —> ©/2, t — oo. Hence we can write,

I TCT @ T— ! {tan1 t T T A
_ _ - ns.
2+t 2 V2], 22
n/2 n/2

. T
Hlustration 14:  Prove that [ log(sinx)dx = [ log(cosx)dx =—log2
0 0

/2

Solution : Let I= J log(sinx)dx ... (1)
0

n/2 /2
then 1= I logsin (g — xj dx = I log(cosx)dx ... (ii)
0 0

adding (i) and (i), we get

/2 /2 m/2

2l = Ilogsmxdx+ _[ logcosxdx = j(lOgSIHX+logcosx)dx

/2 /2 .
. 2
= 2= I log(sinx cosx)dx = I log (—sm );COS X ) dx
0

0

/2 /2 /2
= Ilog(SIHZde = Ilog(s1n2x)dx— I (log2)dx = Ilogs1n2x dx - (10g2)(x)g/2

0
n/2 T
= 2= | log(sin2x)dx——log2 ... (iif)
0
/2
Let I, = I log(sin2x)dx, putting 2x =t, we get
0

n/2

= _([log(sint)% =%.([log(sint)dt =%.2 _([ log(sin t)dt

log(sin x)dx

0
(iii) becomes ; 21 =1— glogZ

n/2

Hence _[ logsinx dx = —g log2 Ans.
0
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n/2

Hllustration 15 : '[ (2logsinx —logsin 2x)dx equals -
0

(A)mlog?2 (B)—mlog2 (C) (n/2) log 2 (D) «(n/2) log 2
n/2 /2
Solution : I= j (2logsinx —log2sinx cosx)dx = j (2logsinx —log2 —logsinx —log cos x)dx
0 0
n/2 /2 n/2
= [ logsinxdx — [ log2dx— [ logcosxdx = (n/2) log 2 Ans. (D)
0 0 0

Do yourself -4 :

Evaluate :

NG dx n/2

. @ - /n(sin® x cosx )dx

i ii

@ J.g (1+e")(1+x2) (@) ;[ ( )
" sinx —cosx el

(i) I ——dx (iv) I Jeosx —cos® x dx

o 1+sinxcosx
—1t/2

nT

T
(2) I f(x)dx = n_[ f(x)dx, (nel);where ‘T’ isthe period ofthe functioni.e. f{ T +x) =f(x)
0 0

T+x T
Note that : I f(t)dt will be independent ofx and equal to .[f(t)dt
0

X

b+nT b
(h) .[ f(x)dx = .[ f(x)dx where f(x) is periodic with period T & n € 1.

a+nT

nT T
@ J f(x)dx=(n —m)_[ f(x)dx, (n, m € I) if f(x) is periodic with period ‘T".
0

mT

47
Hlustration 16 :  Evaluate '[ |cosx |dx
0

Solution : Note that |cos x| is a periodic function with period r. Hence the given integral.

cosxdx—jcosxdx =4[[sin xIt"% ~[sin x];J =4[1+1]=8 Ans.

O 0 | 3

I=4'[|cosx|dx =4
0

r
2
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ALLEN
16m/3
Hustration 17:  Evaluate _f |sinx | dx
0
16m/3 Sn+n/3 /3
Solution : J |sinx|dx = ‘[|smx|dx+ I |sinx |dx = 5_[|smx|dx+ '[ |sinx | dx
0 5t 0 0
= 5[—cosx] +[-cosx]i” =10 + (_%4_1):% Ans.

2nm

Hllustration 18:  Evaluate : '[ [sin x +cosx]dx . Here [.] is the greatest integer function.
0

2nm 2n
Solution : Letl= j [sinx +cosx]dx =n '[ [sin x +cos x]dx
(" [sinx + cosx] is periodic function with period 2]
1, 0<x<X
2
0, Tex< BT
2 4
-1, 3_75 <x<T7
[sinx +cosx] = 4 3
-2, T<X< -
2
-1, 3—“ <x< E
2 4
0, I <x<Z2m
4
/2 3n/4 m 3n/2 Tn/4 2n
Hence I = n{ '[ Idx + .[ 0dx + .[ —ldx + .[ —2dx + .[ —ldx + I 0dx
n/2 3n/4 n 3n/2 Tn/4
I= [ +0- n+3——3n+2 —E+E+O}:—nn Ans.
2 4 4 2
Do yourself -5 :
Evaluate :
20n+§
@ I {2x}dx , where {.} denotes fractional part of x. (ii) _[ (sinx + cosx)dx
=15 20m+2
6

40 -]
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ALLEN

Definite Integration

3.  WALLI'S FORMULA :

Ifm,ne N &m, n>2, then

(@)

(b)

/2 n/2
J sin” xdx = J cos" xdx = (n=D(n=3)....(1 or 2) K
0 0 n(n-2).....(1 or 2)
n/2 1f n is even
where K=1 ¢ 1 is odd

[(n-1)(n-3)(n-75)....1 or 2][(m —1)(m —3)....1 or 2]K
(m+n)(m+n-2)(m+n—4)...1 or 2

sin” x.cos™ xdx =

I if both m and n are even
Where K= 42
1

otherwise

n/2

Hustration 19 : j sin*x cos®x dx =

Solution :

-n/2

3n
(A) 64 B) 575 572 © 756 256 (D) 155 128
/2 /2
. . 3.)(53.1) = 3n
I= | sin*x cos’x dx= 2 | sin*x cos®x.dx =2( Z= Ans. (C
J/z { 108642 2 256 Ans-(O

4. DERIVATIVE OF ANTIDERIVATIVE FUNCTION (Newton-Leibnitz Formula) :

h(x)

Ifh(x) & g(x) are differentiable functions of'x then, 3 I f(t)dt = fTh(x)].h'(x) - f{g(x)].g'(x)

g(x)

2 _5t4
2+¢

Hustration20:  Find the points of maxima/minima of [~————dt
0

Solution :

S —5t+4 y
Lat ) =[5 ANANYA
/ 2 -1
x'—5x" +4 _ x-Dx+1)(x-2)(x+2)2x \/‘ \/

P(x) = e 2x -0

2 4et 24eX Graph of f(x

From the wavy curve, it is clear that f(x) changes its sign at x =+ 2, +1, 0 and hence
the points of maxima are —1, 1 and of the minima are -2, 0, 2.
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t
HNllustration21:  Evaluate d .[ ! dx
dt > log x
y 3t2 2t t(t—1
Solution : 4 j ! dx = ! 3.i(t3)— ! z.i(tz) = - = =D Ans.
dt -log x log t° dt log t= dt 3logt 2logt log't

Do yourself - 6 :

(@ If f(x)= | sintdt, then find £ '(1).

St

X y d
(ii) I V3 —sin® tdt + _[ costdt = 0, then evaluate d_z .
/3 0

S.  DEFINITE INTEGRAL AS LIMIT OF A SUM :

b b
An alternative way of describing j f(x)dx is that the definite integral _[ f(x)dx is a limiting case of

the summation of an infinite series, provided f(x) is continuous on [a,b]

b n—1 _
i.e. '[ f(x)dx =lim hz f(a+rh) where h = o—2 . The converse is also true i.e., if we have an infinite
n—o0 =0 n

a

series of the above form, it can be expressed as a definite integral.

StepI:  Express the given series in the form zlf (Lj
n

n

StepII: Then the limit is its sum when n — oo, i.e. lim z f (Lj
noopn \n

r 1 .
Step III: Replace Hby x and Hby dx and }11_1}010 z by the sign of I

Step IV :  The lower and the upper limit of integration are the limiting values of % for the first and

the last term of r respectively.

1 1 1
Hustration 22 : EltLim( + o +—j
ustration vauate e 2n+1 2n+2 6n
1 1 1 & 1 &
jon : = + F oo +— = =) —.
Solution : Let S, 2n+1 2n+2 6n ;2n+r ;n 2+(rj
n
t dx
= S=LimS, =[——=[/n|2+x|]} = 6 /n2 = (n3 Ans.
n—oo X

0

42 -]
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Hlustration 23 :

Solution :

Definite Integration

\/H + \/H + \/H F vt +L:|
(344vn) V2(3v2+4vn) VB3 +4vn)

Letp=lim|: \/H >+ \/H >t + \/H 2}
| (5radn) V2(42+44m) Vi (3 +44m)

Analyzing the expression with the view of increasing integral value we get the expres-

n—o0

Evaluate Liml:

sion in terms of r as

n n 1
1mz \/H 2:1imz ! 2:.[ g
n—0 4= \/;(3\/;+4\/H) n=0 7 r(3 r+4] 0
n

n -
n
Put 3Vx +4=t, 3 dx=dt
N
20dt 2 17 2( 1 1) 1
Hence p == | =7 =—(——+—j=— Ans.
3¢ 3] tf, 30 7 4) 14
Do yourself - 7 :
Evaluate :
1 1 1 1 e 1
: lim + S ——— — s lim ) ——
@ n—m[n+2.1 n+22 n+23 3n} (i) n_m; [ _ 2

6. ESTIMATION OF DEFINITE INTEGRAL :

(@) Iff(x)is continuous in [a, b] and it’s range in this interval is [m, M], then

m(b —

2) < j f(x)dx < M(b—a)

Hlustration 24 :

Solution :

3
Prove that 4 < j\/3 +x3dx <2430
1

Since the function f(x) = /3 +x* increases monotonically on the interval
[1,3],m=2,M=,30,b-a=2.

3 3
Hence, 2.2£I\/3+x3dxﬁ2x/3—0 - 4Sj\/3+x3dxﬁ2x/3_0 Ans.
1 1

() Iff(x) <o (x)fora <x < bthen j f(x)dx < j o(x) dx
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Hlustration 25 :

Solution :

1
Prove that Te j
6 0

Since 4 — x* >4 —

4x—x

X—xX24-2X>0Vxe[0,1]

T
N

Ja-x2 >Ja-x2—x* >J4-2x2 >0 ¥ x [0, 1]

:>0<1

1

< <
\/4—)(2 \/4—)(2 -x’

Ja-2x

vV xel[01]

- Vx €[0, 1]

ALLEN

v £ e

.Tf(x)dx

S“ f(x) |dx-

Hlustration 26 :

Solution :

44

Prove that

' sinx
.[ dx| <
101+x

To find

10l

Since

| sinx |

19 .
S1n X
=

107

+x°

dx

sin x
8

19
<]
oll+x

|sinx |<1 for x =210

1

The inequality e |
X

also, 10 <x
= 1+x8

1
1+x*

from (i) and (iii) ;

=

sin X ~
<107®

1+x°

|1+x8|

<19
> 108

1

<_

10°

1
|1+x|

19
dx| < J.IO*de

—dx[<(19-10).10° <107

— <10

... (i)

Ans.
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Hustration 27 :

Solution :

Definite Integration

If f (x) is integrable function such that |f (x) — f (y) | <[x*—¥?|, V X, y € [a,b] then prove

[ LS @) | (@B
X+a 2
Given, J‘ f(x)-f(a) dx I f(x)—f(a) dx

X+a X+a

a a

XZ

(a—b)’
dx j|x a|dx = j(x a)dx = 5

b
<
a

X+a

b
(d) Iffix)>0 on the interval [a,b], then j f(x)dx = 0.

Hustration 28:

Solution :

8
If f (x) is a continous function such that f (x) >0 V x € [2,10] and J. f(x)dx =0, then
4

find f (6).
f (x) is above the x-axis or on the x-axis for all x € [2,10]. If f(x) is greater than zero for

8
any sub interval of [4,8], then .[ f(x)dx must be greater than zero.

But if(x)dx =0= f(x)=0Vx e [4,8]

4
= f(6)=0.
Do yourself - 8 :
3
@ Provethat 4< [v3+x’dx <43 (i) Prove that < j —— <n
| 5+3sinx
(iii) Show that 3(2”3 1)< jx—4dx< 1
5 _0(1+x°")2/3 B
Miscelleneous Illustrations :
t x° cos® xsin’ x
Hustration 29 : Evaluate : I > >
n° —3nx + 3%
o (17 —3mx +3x7)
- 7 x’cos* xsin’ x .
Solution : Let I —'([ i) e (1)
_ .’f(n—xf cos’(m—x)sin’(m—x)dx (By. Prop.)
. 1 =3n(n—x)+3(n-x)’ y- HIop
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Hustration 30 :

Solution :

46

B ]t‘(TE3 —x’ =3m°x +3nx*) cos’ xsin’ x
0

dx ... il
(n* = 3mx +3%7) * @

Adding (1) and (it) we have

dx

o — ]3(753 —3n*x +3mx*)cos’ xsin’ x
. (1 —3mx +3x%)

T /2
4 2 .
= 2]= ﬂICOS xsin“xdx = 2] = 271.[ cos* x sin’ xdx
0 0
/2
I= nj cos* xsin® x dx
0

GO

Using walli's formula, we get 1= n
642 2 32

ALLEN

Ans.

Let fbe an injective function such that f(x) f{y) + 2 = f(x) + f(y) + f{xy) for all non negative

real x and y with f(0) = 1 and f'(1) = 2 find f(x) and show that 3 I f(x)dx —x(f(x)+2)1is

a constant.

We have f(x)f(y) + 2 = f(x) + f(y) + f(xy)
Puttingx=1& y=1

then f(1)f(1) +2 = 3f(1)

we get f(1) = 1,2

(1)1 (- f{0) =1 & function is injective)
then f(1) =2

. 1.
Replacing y by — in (1) then
X

f(x)f(lJ +2 = f(x)+ f(lj 1) = f(x)f(lJ —f(x) + f( 1 J
X X X

Hence f(x) is of the type
fix)y=1+xx"
fl1)=2
fix)y=1+x"
and f(x)=nx"' = f(1)=n=2
fix)=1+x2

3j f(x)dx — x(f(x)+2) = 3](1 +x)dx —x(1+x> +2)

3
= 3[X+X?J—X(3+X2)+c= ¢ = constant

"]
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1
Hustration31:  Evaluate : .[ [x[1+sin x]+1]dx , [.]is the greatest integer function.

-1

1 0 1
Solution : Let I= I [X[1+sinx]+1]dx = j[x[l +sin x|+ 1]dx + j[x[l +sin x|+ 1]dx
1 -1 0

Now [1 +sintx] =0 if -1 <x<0

[l +sintx]=1if 0 <x<1
0 1 1

L= Ldx+ [[x+1]dx =1+1fdx =1+1=2. Ans.
1 0 0

Hlustration32:  Find the limit, when n — oo of

1 1 1 1
J@n-1%) " J(@n -2 " J(6n-3%) T

, . 1 ] 1 1
Solution : Let P= Lim + + + o
oo | on—12 Jan—-2* én—-3° n

. 1 1 1 1
=L e T T /—/—/—/—/——
nl’rg[\/l(2n)—lz +\/2(2n)—22 +J3(2n)—32 ’ Jn@n)-n’ }

. 1 e 1 0 dx
=L1mz—=L1mz =
T \Jr2n) -1t e g 5 r Y '([ (2X—X2)
n.l2——| —
n \n
Putx=t> = dx=2tdt
L 2tdt ¢\ 1
P= > 2sin™ [—j =2sin™" [—jZZ(Ej
0 t2 —t V2 ), 2 4
Hence P = n/2. Ans.

1—|x|, |X|£1

Hlustration 33 : I’ff(x)={|| L >1
x—-1, |x[>

5
, and g(x)=f(x—1)+f(x+1). Find the value of ‘[ g(x)dx.
-3
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Solution : Given,
—x-1, x<-1 —X, x—-1<-1 = x<0
I1+x, -1<x<0 X, -1<x-1<0 = 0<x<«l
fx) = ; fix-1)=
1-x, 0<x<1 2-x, 0<x-1<1 = 1<x<L2
x—1, x>1 x=2, x=-1>1 = x>2
Similarly
-x-2, x+1<-1 = x<-2
x+2, -1<x+1<0 = -2<x<-1
flx+1) =
—X, 0<x+1<1 = -1<x<0
X, x+1>1 = x>0
“2Xx-2x<-2
2, 2<x<-1
" " -2x, -1<x<0
= gx)=flx-1)+fix+1) 2x,  0<x<I
2, I<x<2
2x—2, 2<X

Clearly g(x) is even,

Now .5[ g(x)dx = 2.3[ g(x)dx + ig(x) dx

5
= 2[j2x dx+.2[2dx +j(2x—2)dx] + I(2X—2)dX =24
0 1 2 3

ANSWERS FOR DO YOURSELF

31
120 () 2 (i) 2(v2-1) ) 5
2: (@) 2 () 72
3: G 2 Gi) w/12
T 3n 4
o0 2 Gi —(ﬂznz i) 0 @ 3
23
i o i (V3-1)
70 ) %M @
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ALLEN Definite Integration
EXERCISE (0O-1)

1. Ifgx= J.cos4tdt, then g (x + m) equals
0

(A) g(x) +g(m) B) g(x)—g(n) ©) g(x) g(m) D) [gx®)/g(m)]
L tan"'x
2. { " dx =
n/2 11:/2 1 n/4
© 5 I s1nxdX (D)EI sinxdX

/2
3.  The value of the defined integral j (sinXx +cos x)., / dx equals
sin x

(A) 2Ve™? (B) e (C) 2V cos] (D) %e

dt d’y
> - The value of — is equal to
dx

y
4.  Variable x and y are related by equation x = I w
0 ar

2y
(A) /1 Ty B)y (©) Jey? (D) 4y

5. If If(t) dt =x+ It f(t)dt +Z —1, then the value of the integral If(x) dx is equal to
-1
(A) 0 (B) m/4 (C) m/2 (D)«
/2

6. Ifl= I In(sin x)dx then I /n(sin x + cos x )dx

-n/4
A 1 B 1 C L D)I
( )2 ( )4 ( )\/5 (D)
7. If f(x)=xsinx%; g (x) = x cosx*> for xe[-1,2]
2 2
A=jf(x)dx; B=jg(x)dx, then
21 i
(A)A>0;B<0 (B)A<0;B>0 (C)A>0;:B>0 (D)A<0;B<0

/2

8.  The value of the definite integral _[ sinx sin 2x sin 3x dx is equal to :
0

1 2 1 1
(A) 3 B)-7 ©) -3 D) ¢
1/2
9.  Value of the definite integral _[ (sin”' (3x—4x>) — cos' (4x” —3x) )dx
- 12
A)0 B) —— o= D)
(A) (B) © (D)
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1/x 2
) 3t Im(1+t%)
10, Lim [X _J/ Tlre dt | equals
(A)1/3 (B)2/3 O 1 (D)0
f&+&+&—0 h 1l real, th i 2 =0 has :
11. 1 1 > T3 0 where C,C,,C, are all real, the equation C,x* + C,x + C, =0 has :
(A) atleast one root is (0,1)
(B) one root is (1,2) & other is (3,4)
(C) one root is (—1,1) & the other is (—5,-2)
(D) both roots imaginary
12. The value of the definite integral I((x + l)ex.ﬁnx) dx is -
1
(A)e (B) e¢'! (C)e(e—1) (D)es(e—1)+e
13. Lim ! + | + et ! is equal to
. LIM—F—7—F7—T—F7— F7—7..... - — u =
oo Jnvn+l Jnvn+2 Jn+/4n y
(A)2 (B)4 © 2(v2-1) (D) 242 -1
37
14. The value of the definite integral I({X}z +3(sin 27‘EX))dX where { x } denotes the fractional part
19
function.
(A)O (B)6 ©)9 (D) can't be determined
I sin t*dt
15. lim—% equals -
x=0 x(1-cosx)
A 1 B)2 C ~ D 2
() 3 (B) (©) 5 (D) 3
16. If g (x) is the inverse of f(x) and f(x) has domain x € [1, 5], where f(1)=2 and f(5) = 10 then the
5 10
values of If(x) dx + jg(y) dy equals -
1 2
(A) 48 (B) 64 O 71 (D) 52
4
17. The value of the definite integral j(x(3 —x)(4+x)(6—x)(10—x) +sin x ) dx equals-
2
(A)cos2 +cos4 (B) cos2 —cos 4 (C) sin 2 + sin 4 (D) sin 2 — sin 4
1
dx .
18.  The value of is -
S Ix
1
(A) 5 (B)2 )4 (D) undefined

m nodeD6\BOAI-BO\Kota\JEE(Advanced) \Enthusiasf\Maihs \Sheet\Indefinite & Definite Integration\Eng\02_Definite
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19.

20.

21.

22,

23.

24.

25.

26.

Definite Integration

13
jwdx =aln2+b then -

71x2+2|x|+1

(A)a=2;b=1 B)a=2;b=0 (C)a=3;b=-2 (D)a=4;b=-1

The true solution set of the inequality, v/5x —6—x* + [g I dz) > X I sin® xdx is:
0

0

(AR (B) (1,6) (©) (=6,1) D) (2.3)
Let I, = n_[ e sin(x)dx; [, = n_[ e ¥ dx; I, = n_[ e (1+x)dx

and consider the statements

I I,<L oI I,<I I 1, =1

Which of the following is(are) true ?

(A) I only (B) II only

(C) Neither I nor II nor 111 (D) Both I and 11
1 /2

et =] P0G HD) 4y and v = [ In(sin2x)dx then -
, X+l 0

(A)u=4v B)du+v=0 (Cu+4dv=0 D)2u+v=0

3—
2
j{%g x—3|+|1—x|—4)}dx equals-
1

0|

R 0o ol o3
() =3 (B) 5 © D)3
Where {.} denotes the fraction part function.
. .. . sin x ¢ sin2x
Suppose that F(x) is an antiderivative of f(x) = , X >0 then I L oan be expressed as -
1
1 1
(A) F(6) —F(2) (B) 5 (F(6)-F(2)) ©) 3 (F(3)-F()) (D) 2(F(6) - F(2))

k k
Let f be a positive function. Let I, = I xf(x(1-x))dx; I, = j f(x(1-x))dx , where 2k — 1 > 0.
-k

1-k 1

12
Then I_ 1S -
1
(A) k (B) 1/2 ©)1 (D)2
x+h X
J' In’ tdt—J'ln2 tdt
Lim-2 2 =
h—0 h
2lnx )
(A)O (B) In’x ©) (D) does not exist
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1
(A) is equal to zero (B) is equal to one (C) is equal to 3 (D) cannot be evaluated
/2 :
cosO—sin0
28. : d0 equals -
! (1+cos0)(1+sin0) <4
4 1
(A) cos ﬁ (B) cos1(0) (C) cos (1) (D) cos'(-1)
29. Let f(x) be a continuous function on [0,4] satisfying f(x) f(4 —x) = 1.
The value of the definite integral j de equals-
(A)0 (B)1 (©)2 (D) 4
30. Ifg(x)= J. e’ dt then the value of Ietzdt equals
1 3
(A) g(x*) - g(3) (B) g(x*) + g(3) (C) g(x*) -3 (D) g(x*) ~3g(x)
EXERCISE (0-2)
gj}) cOoS X s 5 1
1. Letf(x)= where g (x)= |(I+sint”)dt. Also h(x) =e *land I(x) = X" sin— if x #0
o V1+ t2 '([ X
and /(0) =0 then f '[%J equals
A)1'(0 (B)h' (0- (C)h' (0% (D) Lim 170X
( ) ( ) ) x—0 Xsin x
2.  For positive integers k=1, 2, 3, ......... n, let S, denotes the area of AAOB, (where 'O'is origin) such
that that ZAOB, = ?, OA =1 and OB, =k. The value of the lim — ZS
n n—oo n k=1
2 4 8
(A) = B) = © =
/2
3. The value of the definite integral  [sin| 2x —ot[dx where o € [0, 7]
0
I+cosa I—-cosa
A1 (B) cos a © > (D) >
n/2 )
J. (xcosx +1)e™™dx
4.  The absolute value of - is equal to -
J. (x sin X —l)e“’sxdx
0
(A)e (B) me (C)e2 (D) n/e
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ALLEN Definite Integration

S.

10.

11.

1 for 0<x<l1

Let fbe a continuous function satisfying f '(/nx) =L for x>1

and f(0) = 0 then f (x) can be

defined as

- 1 if x<0 1 if x<0
(A) £(x) = o (B)f(x){ o

L 1-e” if x>0 e -1 if x>0

X if x<0 X if x<0
©Ff=| . . o=

L e if x>0 e -1 if x>0

1
Suppose f is continuous and satisfies f(x) + f(—x) = x> then the integral J. f(x)dx has the value equal to
-1

N B) + 0 D
() 3 B) 5 (© 3 (D) zero
0
The true set of values of 'a’ for which the inequality I (3 —2.3)dx >0 is true is -
(A)[0,1] (B) (—e0,-1] (©) [0,0) (D) (=e0,~1] W [0,0)

2 et
If the value of the integral jexz dx is o, then the value of Ix/ﬁnx dx is -
1 e

(A)e*t—e—a (B) 2e*—e—a (C)2(e*—¢) - a (D) 2e*—1-a
re'dt e'dt
If _1+t=Athenthevalueofj(1+t)z is -
e € € ©
~_ A——+1 LN A+—+1
(A) A+2 1 (B) > ©) A 5 1 (D) >

Which one of the following functions is not continuous on (0,7)?

o1
(A) f(x)= cotx (B) g =t sin-— dt
0
1 0<X§3_n Xxsinx , 0<x£§
4
O hx = { D)1 (x)=
2sin—x 3—n<X<ﬂZ Esin(x+Tc) T ex<n
9 4 2 2
/2
J- secx —tan x cosec X dx has the value -
0 \/ secx +tan X +/1+ 2cosec x
(A) /6 (B) n/4 (C)n/3 (D) 2n/3
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ALLEN
r=4n \/_
12. The value of Lim z is equal to
> 5 r(3vr +4v |
A L B) — C L D 1
(A) 35 ® © 14 D) -
2n
13. The value of J [2cosx]dx where [.] represents the greatest integer function, is -
Sn T

(A) 3 (B) 5 (C) —r (D) none
14. L1m I(l+sm2x) dx -

(A)2 B)1 (C)e? (D) non existent

n/3

15. The value of the definite integral .[ ln(l +/3 tan X) dx equals-

0
2

T T T T
—In?2 — —In2 —In2
(A 3 (B) 3 (€~ ln D)
Paragraph for Question Nos. 16 to 18
Let the function fsatisfies

X)) f'(=x)=f(-x) - f'(x)forallxand f(0)=3.
16. The value of f (x) - f(—x) for all x, is

(A)4 B)9 (©) 12 (D) 16

51 dX
17. .L 3+1(x) has the value equal to

(A) 17 (B) 34 (C) 102 (D)o
18. Number ofroots of f (x) =0 in [-2, 2] is

(A)0 (B) 1 (©)2 (D) 4
Multiple Correct :

L.

o A+x)(1+x7)

A) B) ~

O B) 5

O)i D tb luated

( )1ssameas£(1+x)(l+x) (D) cannot be evaluate

x2dx

dx T
V= -
& ) 4 7 2 1 then

20. Letu= 14—
o X +7x°% +1
u

(A)v> B)6v=m (C)3u+2v=>5n/6 D)u+v=mn/3
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ALLEN Definite Integration

21.

22,

23.

24.

Which of the following pair(s) of functions are the primitive of one and the same function ?
(A) f(x) = In ax; g(x) = Inx

(B) f(x) = 2 sin’x; g(x) = — cos2x

(C) f(x) = (e +e™)?; g(x) = (e*~e)

) - (eX; ), g = ) (exz_ )

n 2 2 n—1k2 2
Lets, =5 M and T, = forn=123,.... Then-

3 3

k=1 1 k=0

4 4
A)S <— BT >—
()n3 ()n3

4 4
C)S >— D)T <—
()n3 ()n3

Which of the following statement(s) is/are TRUE ?

1
(A) [tnxdx =-1
0

(B) hmlln[(nlj(ngj ..... (1+ED:1+2ln2.
n—0 1 n n n

(C) Let f be a continuous and non-negative function defined on [a.b].

If j f(x)dx =0 then f(x)=0 V x  [a,b]

b
(D) Let f be a continuous function defined on [a ,b] such that I f(x)dx =0, then there exists atleast one

¢ € (a,b) for which f(c) = 0.
<x< 0

b 0=xEl g a0 = [ A00dx fort e [1,2]
2X"—6x+6, 1<x<2 o

Let f(x)= {

Which of the following hold(s) good ?

(A) f(x) is continuous and differentiable in [0,2]
(B) g'(t) vanishes for t = 3/2 and 2

(C) g(t) is maximum at t = 3/2

(D) g(t) is minimum at t = 1
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ALLEN
EXERCISE (S-1)
sin ! X
1 3 / 2
1. Evaluate: (i) J.e’"‘a"flx.sin"l(cosx).dx (i) Jﬁdx
0 /3 X
-1
2. Evaluate: j sin \/_
VX (I-%)
™2 1+ 2cosx
3. Evaluate: J' —
o (2 + cosx)
/2 X X
4. Evaluate : I e* {cos(sin x)cos’ S sin(sinx )sin’ E} dx
0
5. Evaluate : J'{(l +x)e* +(1 —x)e_"} Inxdx
1
6 dx;Q = [ xdx and R = Td—x then prove that :
. " X’Q_‘([1+X4 01+X4, p 4
@ Q=1I, ®) P=R, © P-V2Q+R=—"—
Q=7 E 22
2 ) 1000
7. _[ (x — " Where u and v are in their lowest form. Find the value of ( Ju .
X0 A2x =2xP+1 v
. d sin X
8.  Let h(x) = (fog)(x) + K where K is any constant. If — (h(x)) =—-— then compute the
dx cos”(cosx)
£(x) )
value of j(0) where j(x) = I ot )dt where fand g are trigonometric functions.
g(x)
/2 .
1—sin2x
9. Evaluate : I ——dx
o V1+sin2x
10. Ifaa, and a, are the three values of a which satisfy the equation
/2 /2
I (sinx +acosx)’dx — > _[ xc0sXdX =2 then find the value of 1000(2112 +a + ai) ,
0 0
B ox7 +3x° —10x° ~ 7% ~12%> +x+1
11. Evaluate: 5 dx
5 X +2
2 X2 —X
12. Evaluate: J. dx
2 X2 +4
e COSX sinx +cosx ) v
13. Letu= J. _ dx and v = I dx. Find the value of —.
sinXx + cosx 0 COSX u
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14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

n/4

Evaluate :

xdx

cosx(cosX +sinx)

sin”' Vx

Evaluate : I‘d

0

X —x+1
1445
2
Evaluate : J' X+ [1+x—lex
1 }( — )( 4- X

1/n

Limn’ j (2010sinx +2012cosx) | x | dx

n—w
—1/n

If I\/ (cosx +c0s2x + cos3x)” +(sin x +sin2x +sin 3x)’dx has the value equal to (E +w J where

0

k and w are positive integers, find the value of (k* + w?).

"% asinx + bcosx
Evaluate : I—dx

. (m
0 sin| —+x
(4 j

A continuous real function f satisfies f(2x) =3 f{x) V x e R

1 2
If If(x)dx =1, then compute the value of definite integral jf(x)dx
0 1

t(ax +b)secxtanx
Evaluate : _f
0

4 +tan® x dx(a,b>0)

t(2x +3)sinx

(
Evaluate :
'('; (14 cos’ x)

Evaluate : I dx

n

LetI = I({x +1}~.{x2 +2} +{x2 +2}{x3 +4})dx , where {.} denotes the fractional part of x. Find I .

—n

alnl+ax
Evaluate : J. ( ) aeN
0
In3
e +1
Evaluate : _f e2x dx
e +1

0



JEE-Mathematics

27.

28.

29.

30.

31.

32.

33.

34.

3S.

36.

37.

58

ALLEN
1 2
Let 1= I%dx . Find the value of I>.
0 2V1+x+x
1 332 998 1668 - 691
2X7° + +4 .
Evaluate : I (2x X = x;; Smx dx
-1

p+qm

Show that I |cosx |dx =2q +sinp whereq e N & —§<p<g.
0

) : (n j
L X sin2x.sin| —.cosx
Evaluate:j 2 d
0

X
2X—T7

If ¢(x)=cosx — JX.(X —t)¢(t)dt . Then find the value of ¢"(x) + d(x).

(@) Let g(x) = x°. e* & let f(x) =Ie2‘.(3t2 +1)"?dt . For a certain value of 'c', the limit of %
0 g'(x

as X — oo is finite and non-zero. Determine the value of 'c' and the limit.
t* dt

(b) Find the constants 'a' (a > 0) and 'b' such that Lim;ﬂ =1.

x=0 bx —sinx

S Gy ¢

3Jx 4
Evaluate : Limi 3‘[—-21
x—>+0 dx o (t=3)(t"+3)

- 1 25 3 o] Limt Ly 2 o0
Evaluate (a) I;HE 1+¥ 1+F 1+F 1+F (b) e in

Find a positive real valued continuously differentiable functions f on the real line such that for all x

2(x) = _[((f(t))2 +(f'(1)’ )dt +e’
0
Let f(x) be a function defined on R such that f'(x) = f'(3 — x) V x € [0,3] with f{0) = -32 and

3
f(3) = 46. Then find the value of If(x)dx .
0

Let f and g be function that are differentiable for all real numbers x and that have the following
properties:

(@) f'(x) =f{x) —g(x); (i) gx) =gx) - f(x) ; (i) {0)=5;  (iv) g(0)=1
(@) Prove that f(x) + g(x) = 6 for all x. (b) Find f(x) and g(x)

m nodeD6\BOAI-BO\Kota\JEE(Advanced) \Enthusiasf\Maihs \Sheet\Indefinite & Definite Integration\Eng\02_Definite
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38.

39.

40.

Consider a function f(n) =

n n—1
) :lzt‘[ij and Bn :lZf[LJ for n = 1,2,3, ........
n r=1 n n r=0 n

Also o =Lima, & B= L1m[3 Thenprove (@) o <B (b)a=B (c)a, <%<Bn

n—»o0

Let U,

1 -1
= | xsin'® xdx , then find the value of (Mj )

8

o'—.w\:l

Prove the inequalities :

(@ —~ =< I \/E (b) 2 < _Z[exz“dx <2¢’
6 V4-x'-x° d ’
EXERCISE (S-2)
1
Evaluate : jx (tan'x)? dx
0
: 1+x
Evaluate : J'
) _
4/3
Let A= 2+ x + 1 dx, then find the value of e”.

3/4X3 + X +X+1

1
Evaluate : dx
J‘o (I+x) 1/ 1-x

1
1
Suppose f'is continuous, f(0) =0, f (1) =1, f' (x) > 0 and If(x)dx =3 Find the value of the
0

1
definite integral j £ (y)dy.

Prove that:
B 2 B —

@ [Jx—0)B-x) dx=w o) | E_:dx=(ﬁ—0t)g

© T here 0850 @ [ (orp)E whore o<
SxJx—a) Bmx) Jap o o) B—x) 5> Wherea

(a) Let B(n) = T\/I —sint dt. Find the value of B(2) — B(1).

1
(b) Determine a positive integer n <5, such that Ie* x-D"dx=16-6¢.
0

1
Evaluate : I I-x dx

o L HX Jx+x2 +x°
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B 2xX

- -1
. | sin dx
9. Evaluate : E‘: L3

16
10. Evaluate : J.tan_I\/\/; —1dx
1

a’+b>
f

(< —ad) (b’ —x)

2

x.dx

11. Evaluate :

]9 dx 3 j~ dx
12. (a) Show that 0 x> +2xcos0+1 0 x> +2xcos0+1
° tan~' x
- f(0) = d
(b) Evaluate : f(0) j T rrcosg [ 0 € (Om).
1 n—1 k+1
13. Evaluate: Lim— Y | k j Jx—K)(k+1-x) dx
-0 n° 1= .

2+m
14. Let y=f{(x) be a quadratic function with f'(2) = 1. Find the value of the integral J. i (x).sin[

2-m

X_2jdx .
2
sin xdt

1
15.  Find the range of the function, f(x) = [ 1 2tcosx+t2
— COSX

-1

-1 if -2<x<0 d g(x) _x[f(t)dt Define g(x) functi ¢ d test th
X)= .
x=1] if 0<x<2 e etine g(x) as a function of x and test the

-2

16. Let f(x)=

continuity and differentiability of g(x) in (-2,2).

X
Intdt

d
17. If y=x' , find =7 atx=e.
dx

dy _ & .
18. A curve C, is defined by : d_z =¢ cosx forx € [0,2n] and passes through the origin. Prove that the

. . T 3w
roots of the function y = 0 (other than zero) occurs in the ranges 2 <x < and - <x<2m.

ax+b 5

1
19. Determine a pair of number a and b for which |7 72— 779X =7.
p ! (x* +3x+2)° 2

X 1
20. Let F(x)= J' V4 +t3dt and G(x) = _f\/4 +t>dt then compute the value of (FG)' (0) where dash denotes
s} X

the derivative.
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21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

A students forgot the product rule for differentiation and made the mistake of thinking that

(f.g)' = f'g'. However he was lucky to get the correct answer. The function fthat he used was f(x) =e* .

If the domain of g(x) was the interval [%,OOJ with g(1) = e. Find the value of g(5).

REa (3n)! P
(a) Lim|— (b) LetP =p-—= (n=123....... ), then find Lim—,
now | pn" (21’1)' n—o
: : T : 21
If f(x) = x + sinx and I denotes the value of integral .[ ( f(x)+sin x)dx then the value of 3
(where [.] denotes greatest integer function)
Prove the inequalities :
1 ¢ o1 1 ¢t dx _5
a) — < (sinx+cosx) d < b —< <—
@3 !X 72 ®) 2-([2+x2 6
F 2, if the value of the definite i IT & Is —— . Find the value of
> —_—
or a > 2, i the value of the detinite integra Jal ¥ (x—(1/x)) equals = e - Fn the value of a.

Find the value of the definite integral ”\/5 sin X + 2cos x‘ dx .
0

2n dX
Evaluate : I

0

s _ll:x/1+sinx +x/1—sinx}dX

Evaluate : tan
vaiuate ! x/1+sinx—\/l—sinx

2 +sin2x

n/2 /2

LetI=J. . cosx +4 dx andJ:I . sinx +3
o 3sinx +4cosx+25 o 3sinx +4cosx +25
c c
If251 = an + blna where a,b,c and d eN and 4 is not a perfect square of a rational then find the

value of (a + b +c +d).

1
Comment upon the nature of roots of the quadratic equation x> +2x=k + “t + k| dt depending on the
0

value of k € R.

m/2
IfUnzj'

0

sin’ nx
sin® x

dx , then show that U ,U,U,,........ ,U_constitute an AP.

Hence or otherwise find the value of U.
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1. ]E[cot x]dx, where [.] denotes the greatest integer function, is equal to - [AIEEE-2009]
(1)-1 @)-5 (3) 5 ()1

2.  Let p(x) be a function defined on R such that p'(x) = p'(1 — x), for all x € [0, 1], p(0) = 1 and

p(1) = 41. Then j p(x) dx equals :- [AIEEE-2010]
(1) a1 0 2) 21 (3) 41 (4) 42

3. The value of jw X is - [AIEEE-2011]
(1) 7 log2 ) log 2 3) 7 log 2 @) glog2

4.  Let[.] denote the greatest integet function then the value of .[Ol'sx[xz]dx 18 :- [AIEEE-2011]
1> @0 O @ 5

5. Ifgkx-= Icos4t dt, then g(x + m) equals : [AIEEE-2012]

2

Mew. e® @ (e +em @ ek g

6.  Statement-I : The value of the integral :-!/‘:Hdﬁ is equal to % [JEE-MAIN-2013]

b b
Statement-TT : [ f(x)dx = [ f(a+b—x)dx

(1) Statement-I is true, Statement-II is true; Statement-I1 is a correct explanation for Statement-I.
(2) Statement-I is true, Statement-I1 is true; Statement-I1 is not a correct explanation for Statement-I.
(3) Statement-I is true, Statement-I1 is false.

(4) Statement-I is false, Statement-II is true.

7. The integral | \/1+4sin2§—4singdx equals : [JEE-MAIN-2014]
0

()m—4 ) ——4 W3 (3) 434 () 43-4-%
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8.

10.

11.

12.

13.

14.

logx?
logx® +10g(36 —12x +x%)

4
The integral .[ dx is equal to :
2

(H1 (2)6 (3)2
3n
The integral J is equal to :-
1+cosx
i
(1)-1 (2) 2 (3)2
2 sin® x )
The value of J- dxis:
. 1427
)
T T
(D Y (2) 4n 3) "
/2
The value of dx

o [x]+[sinx]+4

(1) é(7n+5) ) %(475—3) 3) %(77:—5)

X 1
If [£(t)dt =x"+[F(t)dt, then f(1/2) is:

0

6 24 18
(1) 55 (2 25 3) 55

b
Let I= L (x* —=2x%)dx . If T is minimum then the ordered pair (a, b) is :

() (~/2:0) @) (~2:2) ©) (042)
lirn[ P n +,_,_+LJ isequal to :
ioe\n?+17 n?+2° n?+3° 5n

(1) g (2) tan!(2) (3) tan"'(3)

)

Definite Integration

[JEE-MAIN-2015]
(4) 4

[JEE-MAIN-2017]
(4) 4

[JEE-MAIN-2018]

Ok

, where [t] denotes the greatest integer less than or equalto t, is :

[JEE-MAIN 2019]

3
(4) 55 (4n-3)
[JEE-MAIN 2019]
N
OF

[JEE-MAIN 2019]

@) (v2.+2)

[JEE-MAIN 2019]

3

63
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1. Let f be a non-negative function defined on the interval [0, 1]. If J.\/l—(f'(t))2 dt =If(t)dt,
0 0

0<x<1,and f(0)=0, then - [JEE 2009, 3]
1 - 1.1 no1t
s wfl) )
©f(4)< 5 mar (5] <5 © £ (1] >3 and f(5] <3
¢ sinnx
2. Ifl = [7—~—dx,n=0,1,2,.., then- [JEE 2009, 4]
" ,n(1+n )smx
10 10
(AT =1 B) Xlma =101 (C) DLy, =0 D) I =1

3. Let f: R -5 R be a continuous function which satisfies f(x) =If(t)dt .Then the value of f(/n 5)
0

i5i...... [JEE 2009, 4]
4. The value of lim— wnfl“) [JEE 2010, 3 (-1)]
x>0 x t'+4
(A) 0 (B) - (©) (D) —
12 24 64
5.  The value(s) of J.de is (are) [JEE 2010, 3]
A) Zon B C) 0 p) 137
(A) = B) = (© D) 5

6. Let f be a real-valued function defined on the interval (—1,1) such that e™f(x) = 2+J.\/ t* +1dt,
0

for all xe(—1,1), and let f' be the inverse function of f. Then (f")' (2) is equal to-
[JEE2010, 5 (-2)]

1 1 1
(A) 1 ®) 5 © 5 (D) -
7.  For any real number x, let [x] denote the largest integer less than or equal to x. Let f be a real
valued function defined on the interval [-10, 10] by f(x) = {1 X[— [x] if[x]isodd,
+

x]—-x if[x]iseven

2 10
Then the value of 1— I f(x)cosmxdx is [JEE 2010, 3]

-10
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a3 xsmx .
8.  The value of JJ‘—smx +sin(In6—x ) 18 [JEE 2011, 3 (-1)]
In2
1.3 1. 3 3 3
“In> “In> In> 13
(4) I (B) 5> (€) (D) I3

9. Let S be the area of the region enclosed by y:e‘xz, y=0,x=0, and x = 1. Then -
[JEE 2012, 4]

1 1 1 1 1 1 1
(A) S>— B) S>1-— ©) SS—(I+—) (D)S£—+—[l——j
e e 4 Je V2 e 2
n/2
10. The value of the integral j (x +InZ XJCOS xdx is [JEE 2012, 3, (-1)]
—n/2 n—X
n’ n’ n’
A B) —-4 —+4 D) —
(4)0 B) © (D)
11. For a € R (the set of all real numbers), a # —1.
im 1 +2"+...... +n%) 1
oo (n+1)7 ' [(na+1)+(na+2) +......+ (na + n)] 60
Then a = [JEE(Advanced) 2013, 3, (-1)]
-15 -17
(A) 5 (B) 7 ©) — (D) =0

12. Let f : [a, b] > [, ) be a continuous function and let g : R — R be defined as

0 if x<a
g)=1[ f(dtif a<x<b.
[[fwatif x>b

Then [JEE(Advanced)-2014, 3]
(A) g(x) is continuous but not differentiable at a

(B) g(x) is differentiable on R

(C) g(x) 1s continuous but not differentiable at b

(D) g(x) is continuous and differentiable at either a or b but not both.

1 2
13. The value of [4x’ {%(1—#)5}@ i [JEE(Advanced)-2014, 3]
X
5
14. The following integral j(2cosecx)”dx is equal to - [JEE(Advanced)-2014, 3(-1)]
3
(A) jl"g(”f’z(e“ L) Sdu (B) j“’g“*f’( te)du
(C) jlog(1+f) e_u)”du (D) .'-IOg(1+f) u e‘“)lédu
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15.

16.

17.

18.

66

ALLEN
Let f : [0, 2] — R be a function which is continuous on [0, 2] and is differentiable on (0, 2) with

f(0) = 1. Let F(x) =]f(\ﬁ)dt for x € [0, 2]. If F'(x) = f'(x) for all x € (0, 2), then F(2) equals -

(A) e’ — 1 B) e -1 (C)e-1 (D) ¢
[JEE(Advanced)-2014, 3(-1)]
Paragraph For Questions 16 and 17

1-h
Given that for each a € (0,1), hlirgl+ I t(1- t)afl dt exists. Let this limit be g(a). In addition, it is given
h

that the function g(a) is differentiable on (0,1).

The value of g(%j is - [JEE(Advanced)-2014, 3(-1)]
T T

(A) (B) 2n ©) 5 A

The value of g'(%j is- [JEE(Advanced)-2014, 3(-1)]
T T

(A) 5 (B) (OF (D)0
List-1 List-1I

P. The number of polynomials f(x) with non-negative 1. 8

integer coefficients of degree < 2, satisfying

f0) = 0 and jol f(x)dx =1, is

Q. The number of points in the interval [_\/B A3 ] 2. 2
at which f(x) = sin(x?) + cos(x?) attains its maximum
value, is
2
R. I @ dx equals 3. 4
2(1+¢e")

[I%COSzx log[itzj dxj
5. 2

[Izcos2xlog[l+xjdxj

0 I-x

Codes :

P
(A)3
(B) 2
€3
(D) 2

equals 4. 0

SR SRV Ve
—_ = ~ b~ =
A BN = = W

[JEE(Advanced)-2014, 3(-1)]
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19.

20.

21.

22,

23.

24.

25.

. [X] , X<2
Let f : R — R be a function defined by f(x)= 0 5

2 oxf (x2 )
where [x] is the greatest integer less than or equal to x. If 1= I—
Y2+ f(x+1)

(4I—-1)1s [JEE 2015, 4M, -0M]

dx, then the value of

1

1 2
- 12
If a :j(egx+3ta“ X)[ X jdx, where tan 'x takes only principal values, then the value of
0

1+x?

3m) |
log, |1+ 0€| ) [JEE 2015, 4M, -0M]
1
Let f: R — R be a continuous odd function, which vanishes exactly at one point and f (1) = 5 Suppose

X X F
that F(x)zjlf(t)dt forallx € [-1,2]and G (x) =jlt\f(f(t))\dt forallx e [—1,2].1f133}%=i,
then the value of f(%} is [JEE 2015, 4M, -0M]

The option(s) with the values of a and L that satisfy the following equation is(are)

4n

I e'(sin® at + cos” at)dt
0 Lo [JEE 2015, 4M, —OM]
Ie‘ (sin® at + cos” at)dt
0
et 1 e +1 e'" ~1 e’ +1
(A) a=2, L= (B) a=2,L= (€) a=4, L=— (D) a=4,L="%
e —1 e" +1 g e +1

Let f(x)=7tan’x + 7tan’x — 3tan'x — 3tan’x for all x € (—g g} . Then the correct expression(s) is(are)

[JEE 2015, 4M, —0M]

/4 /4
b 1 /4 1 n/4

(A) f x f(x)dx D, (B) I f(x)dx =0 ©) j X f(x)dx =< (D) j f(x)dx =1
0 0 0 0
, 192x° . 1 L )
Let f'(xX)=——7— forallx e Rwith f| =~ |=0.If m< j f(x)dx <M, then the possible values of
2 +sin” X 2 0
m and M are [JEE 2015, 4M, -0M]
1 1
(Aym=13, M =24 (B) m=Z,M=E C)m=-11,M=0 DOD)m=1,M=12

Paragraph For Questions 25 and 26
Let F : R — R be a thrice differentiable function. Suppose that F(1) = 0, F(3) = -4, F'(x) <0 for
all x e (1/2, 3). Let f(x) = xF(x) for all x € R.

The correct statement(s) is(are) [JEE 2015, 4M, —0M]
(A) f(1) <0 (B) f(2) <0
(©) f'(x) # 0 for any x € (1, 3) (D) f'(x) = 0 for some x € (1, 3)
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26. If j x*F'(x)dx =-12 and j x’F"(x)dx = 40 , then the correct expression(s) is(are) [JEE 2015, 4M, -0M]
1 1

(A) 9£'(3) + (1)~ 32 =0 (B) [ f(x)dx =12
(©) 9£() - f(1) +32=0 (D) [ fxydx=-12
3
27. The value of j xPosx 4 equal to [JEE(Advanced)-2016, 3(-1)]
*3
n° o L4 @
(A) 7—2 (B) T+2 (C) n* —e? (D) * +e2

Ej — 3 and £(0) = 1. If

28. Let f: R —> R be a differentiable function such that f(0) = 0, f[ >

3
(x)—” £'(t) cosec t—cot t cosec t f(t )]d
T
for x € [0, 2} then lim__, g(x) = [JEE(Advanced)-2017, 3]
98 k+1 k+1
29. If1=) j dx, then [JEE(Advanced)-2017, 4]
k=l g
(A) 1<¥ (B) I <log 99 (©) o (D) I>1log 99
50 50
sin(2x)
30. Ifg(x)= j , ’ sin”'(t) dt, then [JEE(Advanced)-2017, 4]

NFC PR EHC E
31. For each positive integer n, let

Y, =l(n+ D(n+2)..(n+n)""
n

For x € R, let [x] be the greatest integer less than or equal to x. If |im y, =L, then the value of

n—o
[L]is [JEE(Advanced)-2018, 3(0)]
32. The value of the integral

1+ﬁ
1

((x+D*(1=x)°)*
is . [JEE(Advanced)-2018, 3(0)]

dx

o t— |~
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ANSWER KEY
DEFINITE INTEGRATION
EXERCISE (0O-1)
1. A 2. C 3. A 4. B 5. C 6. A 7. A 8. D
9. B 10. A 11. A 12. D 13. A 14. B 15. D 16. A
17. B 18. C 19. B 20. D 21. D 22. B 23. C 24. A
25. D 26. B 27. A 28. C 29. C 30. A
EXERCISE (0-2)

C 2. A 3. A 4. A 5. D 6. B 7. D 8. B
9. B 10. D 11. C 12. C 13. B 14. C 15. A 16. B
17. A 18. A 19. A,C 20. B.C,D 21. ALB,C,D 22. C,D 23. A,C,D
24. B.C,D

EXERCISE (S-1)
T o 1 n/n3 ? 1 1

) ———(1+In2)+=: (i T - ~[e™*(cosl+sinl)—1
1. () 2 4( +In )+2, (ii) 5 2. 2 3. 5 4. 2[e (cosl+sinl) ]
5. el*t+elt+e® —ecte—c! 7. 125 8. 1-—sec(l) 9. In2 10. 5250

T 16x/§ T T T
. —_—= . 42 -4In(V2 +1 . . —Mm2 . . <in2
. o= 12. 42-4iIn(\2+1) 13, 4 4. h2 15 = 16, oin
n(a+Db) (am+2b)m m(m+3)
17. 2012 18. 153 19. 2 20. 5 21. —3\/3 22. 5
1
23, ° 24. 2/3 25. tan'(a)Invl+a®  26. —F+ln3—ln2} 27. 3 28. mta

> 206 666

8 B
30. g 31. —cosx 32. (a) c=1and Limit will be 7; (b) a=4andb=1 33. 13.5
34. (a) 2 e @=9: (b) 3 — [n4 35. f(x)=e'  36.21 37. (b) f(x) =3 +2e*; g(x) =3 — 2e*™

39.

8.

14.

90

EXERCISE (S-2)

n(n 1 3t +8 16

-1+ = m2 — T :

1 (4 j + 2 n 2. 4 3. 5 4. 5. 2/3 7. (a)4;(b)3

T Ttx/g 16m T 70 T

= N2 22 203 2 -

3 9. = 10. — NE) 1. — 12. (b) ;o 13.
n/2 T

= i d :1 — .

I=8as J;ysmy y 15. { > 2}



JEE-Mathematics

ALLEN
—(x+2) for -2<x<0
16. g(x)is cont. in(—2,2); g(x) is der. at x = 1 & not der. at x = 0. Note that : g(x)= —2+x—X7 for 0<x<l
X—z—x—l for 1<x<2
45 1 27
17. 1+e 19. a=15 b=— 20. 0 21. g(5) =3¢’ 22. (@) — ;(b) —
2 e 4e
23. 9 25. 2525 26. 26 2. 2= 28 3 29. 62
. . 3 . \/g . 16 .
. nmw
30. real & distinct V keR 31. U = >
EXERCISE (JM)
1. 2 2. 2 3. 3 4. 4 5. 34 6. 4 7. 4 8. 1
9. 3 10. 3 11. 4 12. 2 13. 2 14. 2
EXERCISE (JA)
1. C 2. ABC 3. 0 4. B 5. A 6. B 7. 4 8. A
9. ABD 10. B 11. B 12. A,C 13. 2 14. A 15. B 16. A
17. D 18. D 19. 0 20. 9 21. 7 22. A,C 23. A.B 24. D
25. A,B,C 26. C,D 27. A 28. 2 29. B,C 30. Bonus 22. 1 23. 2
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