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JEE (Main) Syllabus :

Ordinary differential equations, their order and degree. Formation of differential
equations. Solution of differential equations by the method of separation of
variables, solution of homogeneous and linear differential equations of the type :
dy + p(x)y = g(x)dx.

Determining areas of the regions bounded by simple curves in standard form.

JEE (Advanced) Syllabus :

Formation of ordinary differential equations, solution of homogeneous differential
equations, separation of variables method, linear first order differential equations.
Application of definite integrals to the determination of areas involving simple curves.




Differential Equation & Area Under the Curve

DIFFERENTIAL EQUATION

1. DIFFERENTIAL EQUATION :

An equation that involves independent and dependent variables and the derivatives of the dependent
variables is called a differential equation.

A differential equation is said to be ordinary, if the differential coefficients have reference to a

d’y 2d -
single independent variable only e.g. d—)g—d—gwtcosx =0 and it is said to be partial if there are
ou ou au
two or more independent variables. e.g. &+5+8_ =0 is a partial differential equation. We are

concerned with ordinary differential equations only.
2. ORDER OF DIFFERENTIAL EQUATION :

The order of a differential equation is the order of the highest differential coefficient occurring in it.
3. DEGREE OF DIFFERENTIAL EQUATION :

The exponent of the highest order differential coefficient, when the differential equation is expressed
as a polynomial in all the differential coefficient.

Thus the differential equation :

m p dm—l a
f(X’y)Bxﬂ +¢(X,y)[ dxm()f):I S ST =0isof order m & degree p.

Note:

(1)  The exponents of all the differential coefficient should be free from radicals and fraction.
(i)  The degree is always positive natural number.

(i)  The degree of differential equation may or may not exist.

[llustration 1:  Find the order and degree of the following differential equation :

()\/7 \fdy 3 () ‘Sln( J(III)——\/3X+5

d? d
Solution : ()  The given differential equation can be re-written as (d%j ( di 3j

Hence order is 2 and degree is 3.

(i)  The givendifferential equation has the order 2. Since the given differential equation
cannot be written as a polynomial in the differential coefficients, the degree of the
equation is not defined.

(i)  Its order is 1 and degree 1. Ans.



2. \? 3
[llustration 2:  The order and degree of the differential equation (?j + 3(%j +4=0 are -

t? dt
(A)2,2 B)2,3 ©)3,2 (D) none of these
Solution : Clearly order is 2 and degree is 2 (from the definition of order and degree of differential
equations). Ans. (A)
Doyourself - 1:

Find the order and degree of following differential equations
Q) [1+@)2=xt+y (i) @+y)2=y" (i) y=siny

4. FORMATION OF A DIFFERENTIAL EQUATION :

In order to obtain a differential equation whose solution is
(X, ¥, € €y Cornnnnn ,c)=0

n

where ¢, C,....... c, are 'n’ arbitrary constants, we have to eliminate the 'n constants for which we
require (n+1) equations.
A differential equation is obtained as follows :

(@ Differentiate the given equation w.r.t the independent variable (say x) as many times as the
number of independent arbitrary constants in it.

(b)  Eliminate the arbitrary constants.
(c) The eliminant is the required differential equation.
Note:

(i)  Adifferential equation represents a family of curves all satisfying some common properties.
This can be considered as the geometrical interpretation of the differential equation.

(i)  For there being n differentiation, the resulting equation must contain a derivative of n™ order
i.e. equal to number of independent arbitrary constant.

[llustration 3:  Find the differential equation of all parabolas whose axes is parallel to the x-axis and
having latus rectum a.

Solution : Equation of parabola whose axes is parallel to x-axis and having latus rectum 'a' is
(y-B)=a(x-a)

Differentiating both sides, we get 2(y — B) g—i =a

Again differentiating, we get

d dy ) d dy )
:>2(Y—B)d—X¥+2(d—ij =0 = aTy +2( y} =0, Ans.
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Illustration 4:  Find the differential equation whose solution represents the family : ¢ (y + ¢)* = x°

Solution : ciy+cf=x ..(0)
Differentiating, we get, ¢.[2(y + c)]g—y = 3x°
X
Writing the value of ¢ from (i), we have
2x° dy ) 2x° 2x° )
(y +¢)? W+e)gx =3 y+Ccy+cC
2x_dy _ 2x | dy | _
" Vicdx C 7 3 [dx} TyTe
2x | dy
Hencec= —|—=| -
3 [dx} y

Substituting value of ¢ i tion (i tZ—Xd—y—y xyl
ubstituting value of ¢ in equation (i), we ge 3 | dx 3 dx =X,

which is the required differential equation. Ans.

[llustration 5:  Find the differential equation whose solution represents the family : y = a cosox + b
sinBx, where 6 = fixed constant

Solution : y = a cosox + b sinbx, 6 = fixed constant (1)
d
Differentiating, we get d_i = — 0a sinBx + Bb cosOx

2

d
Again differentiating, we get d—;g = -6 a cosHX — 62 b sinBXx

d2
using equation (i), we get d—XBZ/: -0’y Ans.

Doyourself - 2
Eliminate the arbitrary constants and obtain the differential equation satisfied by it.

a
(i) y=2x+cer (i) vy =(FJ+ bX (i) y=ae*+be*+c

5. SOLUTION OF DIFFERENTIAL EQUATION :
The solution of the differential equation is a relation between the variables of the equation not containing
the derivatives, but satisfying the given differential equation (i.e., from which the given differential
equation can be derived).

Thus, the solution of d—i =€" could be obtained by simply integrating both sides, i.e., y=¢e*+c and

dy _ px? N
that of, ™ =px+qisy= 7+ gx + ¢, where c is arbitrary constant.



(i)

A general solution or an integral of a differential equation is a relation between the variables
(not involving the derivatives) which contains the same number of the arbitrary constants as the
order of the differential equation.

2

. . : . d°x . .
For example, a general solution of the differential equation e =-4xis x = A cos2t + B sin2t

where A and B are the arbitrary constants.

Particular solution or particular integral isthat solution of the differential equation which is
obtained from the general solution by assigning particular values to the arbitrary constant in the
general solution.

o . . . . _d’)
For example, x = 10 cos2t + 5 sin2t is a particular solution of differential equation e =—4X.

Note:

(i)

(i)

The general solution of a differential equation can be expressed in different (but equivalent)
forms. For example

logx—1log (y+2) =k )
where K is an arbitrary constant is the general solution of the differential equation xy' =y + 2.
The solution given by equation (i) can also be re-written as

log| X | =k or —==€*=c (ii)
_— = 1
. y+2 y+2
or x=c,/(y+2) ..(iin)
where ¢, = e“is another arbitrary constant. The solution (iii) can also be written as
y+2=cX

where ¢, = 1/c, is another arbitrary constant.
All differential equations that we come across have unique solutions or a family of solutions.

dy

For example, the differential equation i +]y|=0 has only the trivial solution, i.e. y = 0.

dy

The differential equation [ 1+ |y|+c=0, ¢>0 has no solution.

ELEMENTARY TYPES OF FIRST ORDER & FIRST DEGREE DIFFERENTIAL
EQUATIONS :

@)

Separation of Variables:
Some differential equations can be solved by the method of separation of variables (or “variable
separable”). This method is only possible, if we can express the differential equation in the
form A(X)dx + B(y) dy=0
where A(X) is a function of X' only and B(y) is a function of 'y only.
A general solution of this is given by,
[ A(X) dx + [ B(y)dy =c
where 'c' is the arbitrary constant.
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[llustration 6:

Solution :

[Hlustration 7:

Solution :

[llustration 8:

Solution :

2
Solve the differential equation xy dy L yz (1+x+x5).
dx 1+x

Differential equation can be rewritten as

xyﬂ:(1+y2)(1+ X J:> Y dy:(1+ L de
dx 1

e 1+y? X 1+%
Integrating, we get

1
Eén(l +y)=/nx+tan x+/inc= J1+y? =cxe™ ', Ans.
. . . 3 23 0y 5 503
Solve the differential equation (X" —y'X )&ﬂ/ +X%y" =0,
. . 3 230y 3 504
The given equation (X —y'X )&er +X°y" =0
Case-1 : y =0 is one solution of differential equation

Case-11 : If y =0, then

y=0 or |og(§j:£[%+%}rc Ans.
y) 2\y" X

. ﬂ— 2/3
Solve : i (x=3)(y+1)
Case-1 : y=-1is one solution of differential equation
Case-11 : Ify = -1, then
Y x-gy+1"
X
dy _
-[W = '[(X —3)dX
1
Integrate and solve fory: 3(y + 1) = > x=-3)2?+C

1 3
(y+1)¥#=—-(x-3)+C, = y+1= l(x—3)2+C
6 0 6 °

3
y=-1lor y:(%(x—3)2+coj -1 Ans.



Doyourself - 3:
Solve the following differential equations :

2d 1 d
0 XD ) i adayoyax @) (any) g =sinGory) + sine-y)

(i) Equation of theform:
= Yy =f(ax+by+c),b=0
To solve this, substitute t = ax + by + ¢. Then the equation reduces to separable type in the
variable t and x which can be solved.

d
[llustration9:  Solve A cos (X +y) —sin (X + ).

dx
. dy .
Solution : o 08 (X +y) —sin (x +V)
Substituti +vy=t td—y:E 1
ubstituting, x +y = t, we get =" -

dt
Therefore ——-1=cost-sint
dx

t
sec? —dt
dt 2

:fm=fd”1m=1dx =t
2

1—tanX—J2ry‘: X + C.

Ans.
Illustration 10:  Solve : y' = (X +y + 1)?
Solution : y=(xX+y+1)> ...(i)
Let t=x+y+1
a_,, 9
dx dx
Substituting in equation (i) we get
at ., at e B
ooUH= =i s anrtt=x+ Co t=tan(x + )

x+y+l=tan(x+C)=y=tan(x+C)-x-1 Ans.

Doyourself - 4:
Solve the following differential equations :

0] % = (y - 4x)? (i) tan’(x +y)dx—dy=0
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(i) Equationoftheform: = &Y _3XFDY+C,
dx a,x+h,y+c,

a b, c

Casel : If a, b, c, then
a b
Let —=-=% then a, =%a, .. @i); b=ab, ... (ii)
a'2 b2

from (i) and (ii), differential equation becomes

dy _ ra,X+Aby+c, dy _A(a,x+b,y)+c,

dx a,x+byy+c, = dx a,Xx+by+c,
dy

orwe cansay, = f(a,x+b,y)

which can be solved by substituting t =a,x + b,y

[llustration 11: Solve : (x + y)dx + (3x+ 3y—4)dy =0
Solution : Let t=x+y

= dy=dt-dx

So we get, tdx+ (3t—4) (dt—-dx) =0

t—4 2
2dx+(3 Jdt:O = 2dx-3dt+ ——dt=0
2—t 2t

Integrating and replacing t by x +y, we get

2x—3t-2[/n|(2-1)[]=c,

=  2X=3(x+y)-2[/n|2-x-y)[]=c,

= Xx+3y+2/n|(2-x-y)|=c Ans.

Casell : Ifa +b, =0, thenasimple cross multiplication and substituting d(xy) for xdy + ydx and
integrating term by term, yield the results easily.

_ dy _ x-2y+1

llustration 12:  Solve dx _2x+2y+3
_ dy x-2y+1

Solution: dx  2x+2y+3

= 2xdy + 2y dy + 3dy = xdx — 2y dx + dx
= (2y +3) dy = (x + 1) dx — 2(xdy + ydx)
On integrating, we get

= [(2y+3)dy = [ (x+1)dx— [ 2d(xy)

2

X
Solving : y2+3y=?+x—2xy+c Ans.



Doyourself -5:
Solve the following differential equations :

L dy  2x-y+2 .. dy  3x-b%y
) dx 2y-4x+1 (i) dx 5x+y+3

(i) Equation of theform :

= yf(xy)dx+xg(xy)dy=0 ... ®
The substitution xy = z, reduces differential equation of this form to the form in which the
variables are separable.

Let xy=z L (i)
xdz —zdx
dy = s (iii)
using equation (ii) & (iii), equation (i) becomes Zf(z)dx + xg(2) [Xdz—fdx} -0
X X

:>if(z)dx+g(z)dz—§g(z)dx:0 N i{f(z)—g(z)}dx+g(z)dz:0

Ly, o
X 2{f(2) -9(2)}

=

[llustration 13: Solve y(xy + 1)dx + x(1 + xy + x??)dy =0

Solution : Let xy =v
\Y; xdv —vdx
y=2 = dy="—p—
X X

Now, differential equation becomes = %(v +1)dx + x(L+Vv+Vv?) (MJ =0
On solving, we get

Vidx - x(1+v+v?)dv=0

separating the variables & integrating we get

:Id_x_ i+i+ld\,:0 = (nx+i+1—£nv:c
X v v v V¢ v

\Y

= ZVZEn(
X

J— 2v—1=-2cv® = 2x¥%%ny-2xy-1=Kx%?  where K=-2¢

Doyourself - 6:
Solve the following differential equations :

(i) (y=xy?)dx - (x+x?%)dy =0 (i)  y(1+2xy)dx +x(1-xy)dy=0
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(iv) Transformation topolar-co-ordinates:
Sometimes conversion of cartesian co-ordinates into polar coordinates helps us in separating
the variables.

(1) x=rcosb,y=rsin0
then x?+y?2=r?
xdx + ydy = rdr
xdy — ydx = r’do
(20 x=rsecH, y=rtan0
then x?—y?=r?
Xdx — ydy = rdr
xdy — ydx = r? sec 6 do

dy
X+y—— 4
: : . dx _ 2 2, Y
lllustration 14: Solve : ——=>=X"+2y" +=—
dy X
y—-X—-=-
dx
Solution : The given equation can be reduced to

xdx+ydy  (x*+y?)?
ydx — xdy x°

Substituting X =r cos 0
y=rsin®
dar

1
F: Iseczede: —F:—tan9+c

rdr — —(r?)? . j

we get, =
g r’dd r?cos*0

Substituting, ﬁ =¥+ K Ans.

Doyourself - 7:
Solve the following differential equations :

() xdx + ydy = xdy — ydx (i) ydx —xdy = xy dy — x?dx

(b) Homogeneousequations:
A function f (x,y) is said to be a homogeneous function of degree n, if the substitution
X = AX, Y = Ay, A >0 produces the equality

f (A, Ay) = A" f (xy)
The degree of homogeneity 'n' can be any real number.



[llustration 15: Find the degree of homogeneity of function
) fxy)=xt+y* (i) fxy)=E2+yP)(x+y) (i) fXxy) =Sin[§j
Solution : @) f O Ay) = A2+ A%y? = A2 (X2 + y?) = A°f (XY)
degree of homogeneity — 2
}L3/2X3/2 +7\‘3/2y3/2
f (%, hy) =22 f (xy)
degree of homogeneity — 1/2
RS
@iy f O Ay) = sm[ﬁ} =k°sin[§] =1° f (xy)
degree of homogeneity — 0
[llustration 16 : Determine whether or not each of the following functions is homogeneous.
i 2 .. Xy .
() F (y) =x"=xy (i) f (xy) = 7 Y (iii) f (x,y) = sin xy
Solution : (i) fOx,Ay) =A% =A%y = A3 (X* —xy) = A> f (x,y) homogeneous.
. Ay N
(i) f AXAY) = ———=— =1 [ (XY) not homogeneous.
AX+AY
(iii) f (Ax, Ay) =sin (A’xy) = A"f (x.y) not homogeneous.
Doyourself - 8:
(i)  Find the degree of homogeneity of function f (x,y) = x3/n [\/X +y 1% —y}
(i)  Find the degree of homogeneity of function f (X,y) = ax?® + hx? y1® + py??
(i)  Determine whether or not each of the following functions is homogeneous.

(@) f (xy) = yx*+2xy+3y* (b) f (xy) = x+ycos¥ (©) f (x,y) =xsiny+ysinx.

10

@)

Homogeneousfir st order differential equation

A differential equation of the form dy = fxy)
dx g(x,y)
where f (x,y) and g(x,y) are homogeneous functions of x,y and of the same degree, is
said to be homogeneous. Such equations can be solved by substituting
y = VX,
so that the dependent variable y is changed to another variable v.
Since f (x,y) and g(x,y) are homogeneous functions of the same degree say, n, they can be

written as

rop=xe (2] e g =xa[ Y],
X
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dy
= —==V+X—.
As y = vx, we have i ix

The given differential equation, therefore, becomes
vay V_fi Gvdv__dx
dx g (v)  fi(V)-vgi(v) X

so that the variables v and x are now separable.
Note : Sometimes homogeneous equation can be solved by substituting x = vy or by
using polar coordinate substitution.

[llustration 17 : The solution of the differential equation ﬂ= - SIy+Xx IS -
dx sin2y-—xcosy
2 X2
(A) siny = xsiny + e (B) siny = xsiny - e
2 X2
(C)sinfy=x+siny+ > *e (D) siny = x—siny + > *e
_ dy  siny+x
Solution : Here, dx  sin2y—xcosy
dy siny + X .
cosy — = ———, utsiny =t
= y dx  2siny-x G y=1
dt _ t+x f(t=
= dx 2t—x (put t=vx)
xdv VX + X v+1
— V = =
dx 2vXx—-X  2v-1
dv v+l _V+1-2vi 4y
Xax “2v-1 VT T ova
o 2Vl gy- o on solving, we get
—2vZ +2v+1 X
2
siny = x siny + ~re Ans. (A)

lllustration 18:  Solve the differential equation ( 1 + 2¢’”) dx + 2 (1 - x/y) dy = 0.
Solution : The equation is homogeneous of degree 0.
Put x = vy, dx=vdy + ydy,
Then, differential equation becomes
(1+2e") (vdy+ydv)+2e (1-v)dy=0 = (v+2e)dy+y(1+2e)dv=0

ﬂ+1+2e"
y v+2e'

dv=0

Integrating and replacing v by x/y, we get /ny + /n ( v+ 2e") = /nc and X + 2 yeX/y =C
Ans.
11
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Doyourself -9:
Solve the following differential equations :
-y

X+Yy
(i) (X=ylny + yinx) dx + x(¢ny — ¢nx) dy = 0
(i) (Bxy+yddx+ (x*+xy)dy=0,y(1) =1

(i)

Equationsreducibleto homgeneousform

The equation of the form % = m—lii? where % # %
2 2 2 2 2
can be reduced to homgeneous form by changing the variable x, y to u,v as
X=u+h,y=v+Kk
where h,k are the constants to be chosen so as to make the given equation homgeneous.
We have

dy _av
dx du
dv au+byv+(ah+bk+c,)

The equation becomes, . a,u+b,v+(a,h+b,k+c,)

Let hand k be chosen so as to satisfy the equation
ah+bk+c =0 ()
ah+bk+c,=0 ..(i)

Solve for h and k from (i) and (i)
du _au+hbyv

Now gy ~ a,u+b,v

is @ homgeneous equation and can be solved by substituting v = ut.

[llustration 19:

Solution :

12

So|\/e d_y = M
dx 2x+3y+4

Putx=X+h y=Y+Kk
dY = X+2Y+(h+2k+3)

We have —- =
Ve ax 2X +3Y +(2h +3k +4)

To determine h and k, we write
h+2k+3=0,2h+3k+4=0=>h=1k=-2

dyY X+2Y

Sothat < =+ 3y

Putting Y = VX, we get

Vax OV _1e2v 2esv o odX
dX ~ 2+3v  3vVi-1 VT TX
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2+\/§ B 2—\/§ _ X
= | 203v-y 203v+y |V T
2+4/3 2-/3

= 7 log (\/3V-1) - 273 log (\/3V + 1) = (- log X +c)

2++/3 2-+/3
e log (\/3Y =X)- ﬁ log (+/3 'Y + X) = Awhere A is another constant
and X=x-1,Y=y+2 Ans.
Doyourself - 10:
_ _ ; . dy x+2y-5
(i)  Solve the differential equation : ax —2x+y— 4

(9 Linear differential equations:
A differential equation is said to be linear if the dependent variable & its differential coefficients
occur in the first degree only and are not multiplied together.

The n™ order linear differential equation is of the form;

dny dn—ly
8.0 (X) an +a1(x) dxn—l

coefficients of the differential equation.

Fo, +a,(xX)y = ¢ (X), where a, (x), a, (X) .... a (x) are called the

Note that a linear differential equation is always of the first degree but every differential equation

2

3
of the first degree need not be linear . e.g. the differential equation %+ (j—ij +y* =0 isnot

linear, though its degree is 1.

[Hlustration 20:  Which of the following equation is linear ?

d_y - 2d_y — X dy - dy —ci
(A) dX+xy2—1 (B) x o ty=e (C) i + 3y = xy* (D)x& +y?=sinx

Solution : Clearly answer is (B)

[llustration 21: Which of the following equation is non-linear ?

d2
A Y =cosx  (B) X+y=0  (C)dx+dy=0 (D)x(d—yj+ 3oy
dx X dx

Solution : Clearly answer is (D)

13
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Linear differential equationsof first order :

The most general form of a linear differential equation of first order is %+ Py=0Q,
X

where P & Q are functions of x.

To solve such an equation multiply both sides by ol

Sothatweget © [g—i + Py} —Qel™ 0
d Pdx Pdx
&(ej -yj ~ Qel (i

On integrating equation (ii), we get

yeI g '[ er " dx + ¢
This is the required general solution.
Note:
(i)  The factor ej Pa< on multiplying by which the left hand side of the differential

equation becomes the differential coefficient of some function of x &, is called
integrating factor of the differential equation popularly abbreviated as |.F.

(i)  Sometimes a given differential equation becomes linear if we take y as the
independent variable and x as the dependent variable. e.g. the equation ;

(x+y+1)% —y? +3 can be written as (y2 +3)j_x =X +Yy+1 which is a linear
X y

differential equation.

[llustration 22 :

Solution :

14

Solve (1 +Y?) + (x — V) Y 0.
dx
Differential equation can be rewritten as (1 + y%) j—§+ X =etn'Y

dx 1 gy

=+ X = i
dy 1+y° 1+y? (1)

or

—=_dy
2 -1
lLF=¢e™ =e*

tan"ly etan’l y

. o e

so solution is xe™" :j —dy
l+y
tan"ly
tan~t

Let " ' =t=—— dy=dt
xe™ Y = _[ tdt [Putting g™ ¥ =1t]

tany _tz c tanty _ j2tanly
or Xe —E+E = 2Xe =e + C. Ans.



Illustration 23:  The solution of differential equation (x* - ) + 2Xy =

Solution :

Differential Equation & Area Under the Curve

is -

(A) y(xz—l):%log ;‘jw (B) y(x?+1) = —Iog

X1 .
X+1

5 x-1
x*-1)==lo +C
(C) ¥( ) 100 L (D) none of these

The given differential equation is

1 dy 2X 1

2y _ _ .
x l)der2 Vel = i x2-1’ (x* =1)? ()

This is linear differential equation of the form

dy 2 1
dX+Py Q, whereP— 1andQ:m

|E = ejpdx _ e.[zx/(xz,l)dx _ gloatén _ (x 1)

multiplying both sides of (i) by I.F. = (x* - 1), we get

— 2 Xy =
0¢-1) Lr2 xy =

integrating both sides we get

y(x*-1) :szl_ldx+C [Using:y (L.F.) = IQ.(I.F.) dx +C]

Xx-1

= y(x—l)-—log l+C.

This is the required solution. Ans.(A)

(i)

Doyourself - 11:
Solve the following differential equations :

@) ylnydx+(x-¢ny)dy=0

?—y:2y+x4+6x2+2x,x¢0 (i) (x—a)j—i:+ y=12(x—a)},x>a>0
X

(i) Equationreducibletolinear form:

d N _
The equation of the form d—i+ Py =Qy", where P and Q are functions of x,

is called Bernoulli’sequation.
On dividing by y", we get y™" g_i LPy =0

15



dy dt
Let y™=t sothat (-n+1)y™" I dx

. dt
then equation becomes pes + P(1-n)t = Q(1-n)

which is linear with t as a dependent variable.

[llustration 24:

Solution :

[llustration 25 :

Solution :

16

. . . dy . a6
Solve the differential equation x ——+y=X"y".

dx
The given differential equation can be written as
EL
y  dx xy

Putting y_5 = v so that
s dy dv , sdy 1ldv

— —=—0 -
Y dx dx y dx 5 dx we get
AW L s WS ge L 0)
5dx x X X
This is the standard form of the linear deferential equation having integrating factor
Sux
1F= el g :%

Multiplying both sides of (i) by I.F. and integrating w.r.t. X

1 , 1
We get v.;—j—Sx .?dx

v 5 ,
= — =—X"+C
x> 2
-5 -5 5 -2 . . . R
=Yy X :EX +C which is the required solution. Ans.
. . : . . d
Find the solution of differential equation d—y—y tan X = —y*secx.
X
ldy 1
—Z—y——tanx=—secx
y dx y
1 -1 dy dv —dv
—=V;—2—y=— i—v'[anx:—secx
y y® dx dx dx
dv
d—X+vtanx=secx, Here P =tan x, Q =sec X
J‘tanxdx 2
ILF.=e = |sec x| v[secx| = [sec’xdx+c
Hence the solution is y™ |sec x| =tan x + c Ans.



Differential Equation & Area Under the Curve

Doyourself - 12:
Solve the following differential equations :

() y+3y=e*y (i) xdy-{y+xy®(1+/mx)}dx=0 (iii) %+y:y2(cosx—sinx)

7. TRAJECTORIES:
A curve which cuts every member of a given family of curves according to a given law is called a
Trajectory of the given family.
The trajectory will be called Orthogonal if each trajectory cuts every member of given family at
right angle.
Workingrulefor finding orthogonal trajectory

1.  Form the differential equation of family of curves

r’de
for dy or ———for dr if differential equation is in the polar form.
dy /dx dx dr de

3. Solve the new differential equation to get the equation of orthogonal trajectories.

2. Write —

Note: A family of curves is self-orthogonal if it is its own orthogonal family.

Illustration 26:  Find the value of k such that the family of parabolas y = cx* + k is the orthogonal
trajectory of the family of ellipses x* + 2y* —y = c.

Solution : Differentiate both sides of x* + 2y* — y = ¢ w.r.t. x, We get
dy dy _
2x + 4y dx  dx =0

d
or 2x + (4y - 1) d—i = 0, is the differential equation of the given family of curves.

d
Replacing Y by — j—;(/ to obtain the differential equation of the orthogonal trajectories,

dx
we get
(1-4y) _ dy _4y-1
2x dy - dx | 2x
dx
dy _gdx _ 1 _1 1 -
= Im = ~[2x = 4 /n@dy-1)= > /nx+ 2€n a, where a is any constant.
= /M@y -1)=2/Mmx+2/maor,dy—-1=ax
1.,, 1 ) . L
or,y= Za X~ + a1 is the required orthogonal trajectory, which is of the form

1

a’
=cox® + = — = A
y=CX k where ¢ 4 k 4 ns.

17
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y

[llustration 27 : Prove that + =1 are self orthogonal family of curves.
1+A 4+A
_ X2 yz )
: + =
Solution: TR 0]
Differentiating (i) with respect to x, we have
Xy dy ..
Ten dendx (1)
From (i) and (ii), we have to eliminate A.
Now, (ii) gives
—[4x +ydy}
d
A=——"7—=
X +yd—y
dx
1o (1-4)x 4= —(1-4)y(dy /dx)
X +y(dy/dx) X +y(dy/dx)
Substituting these values in (i), we get
dy dx
X+y— || X— -3
( ydxj( ydyj ...(1)

as the differential equation of the given family.
Changing dy/dx to —dx/dy in (iii), we obtain

(x yjyj(ijij -3 ..(iv)

which is the same as (iii). Thus we see that the family (i) as self-orthogonal, i.e., every
member of the family (i) cuts every other member of the same family orthogonally.

Doyourself - 13:
(i)  Find the orthogonal trajectories of the following families of curves :

@ x+2y=C (b) y=Ce=
Note:
Following exact differentials must be remembered :
) _ Xxdy—ydx y _ydx—xdy X
(i) xdy +ydx=d(xy) (i) 2 d (;J (i) —yz =d ;
xdy +ydx dx +dy xdy —ydx ( y}
i ————=d(/nx - iy ————=d|/n
(iv) Xy (¢nxy) (v) oty d(¢n(x+y)) (vi) Xy »
dx —xd X dx —xd 2 X
(vii) Sy Xy y=d[€n;j (viii) —xdy zdx—d(tanlyJ (ix) —yx Ry y d[t n 1;}
xdx+ydy PR 1 xdy + ydx e’ ) ye*dx-—e*dy
=27 —d| InyxP + iy d—|=—7F——— (xiiy d|— |=—5—
(X) X1y [ y J (xi) ( ij X7y (xii) [yj ¥
e’ | xe’dy-e’dx
d ARy TR PR
(xiii) [ ” j 2

18



Differential Equation & Area Under the Curve

H 2
lllustration 28: Solve y+smxzcos &) X + >——+siny |dy = 0.
cos”(Xxy) cos”(xy)
Solution : The given differential equation can be written as;
ydx+xdy . ) _
T Cos2(xv) (xy) + sin x dx + sin y dy = 0.

sec? (xy) d (xy) + sin x dx + siny dy = 0
d(tan (xy)) +d (-cosx) +d (-cosy) =0
tan (xy) — cos X — cos y = C. Ans.

udd

Doyourself - 14 :
Solve the following differential equations :
(i) xdx+ydy+4y3(x*+y3)dy = 0. (i) xdy-ydx-(1-x?dx=0.

8. APPLICATION OF DIFFERENTIAL EQUATIONS:
(@ MixingProblems
A chemical in a liquid solution with given concentration ¢, gnv/lit. (or dispersed in a gas)
runs into a container with a rate of a_ lit/min. holding the liquid (or the gas) with, possibly,
a specified amount of the chemical dissolved as well. The mixture is kept uniform by
stirring and flows out of the container at a known rate (a_ litre/min.). In this process it is
often important to know the concentration of the chemical in the container at any given
time. The differential equation describing the process is based on the formula.

Rate of change ( rate at which rate at which
of amount =| chemical |-| chemical 0]
in container arrives departs

Arrival rate = (conc. in) x (inflow rate) =c, xa_ 2. = inflow rate

If y(t) denotes the amount of substance in the o

tank at time t & V(t) denotes the amount of mixture
in tank at that time

V,= initial volume

a,,= outflow rate

concentration in

Departure rate = [ j . (outflow rate)

container at time t
()
T V(@) (@)
where volume of mixture at time t, V/(t) = initial volume + (inflow rate — outflow rate) x t
A A . = VO + (ain - a‘out)t
Accordingly, Equation (i) becomes

o _ (chemical's given arrival rate) ﬂ (out flow rate) (i)
s g = V() ut flowrate) ...
dy® _ . y®
dt o VO + (ain _aout)t o
This leads to a first order linear D.E. which can be solved to obtain y(t) i.e. amount of chemical
at time 't'.

19



[llustration 29: A tank contains 20 kg of salt dissolved in 5000 L of water. Brine that contains 0.03 kg of

Solution :

salt per liter of water enters the tank at a rate of 25 L/min. The solution is kept thoroughly
mixed and drains from the tank at the same rate. How much salt remains in the tank after
half an hour ?

Let y(t) be the amount of salt after t min.
Given y(0) = 20 kg

o.o3ng( 25L j: 0.75kg
L min. min.

rate in :(

Asa =a_, so the tank always contains 5000 L of liquid so the conc. at time ‘t’ is

out’
( y(t) J@
5000 ) L

SO rate out = (

y(t) @J(ZSLJ:y(O kg
5000 L /\ min 200 min

dy(t t
% = 0.75—%
by solving as linear D.E. or variable separable and using initial condition, we get
y(t) = 150 130 e 2%
The amount of salt after 30 min is
y(30) = 150 — 130 e = 38.1 kg

Doyourself - 15:

20

1
(i) Atank initially holds 10 lit. of fresh water. At t = 0, a brine solution containing > kg of salt per
lit. is poured into the tank at a rate of 2 lit/min. while the well-stirred mixture leaves the tank
at the same rate. Find
(@ the amount and
(b) the concentration of salt in the tank at any time t.
(b) Exponential Growth and Decay :

In general, if y(t) is the value of quantity y at time t and if the rate of change of y with respect to
t is proportional to its value y(t) at that time, then

% = ky(t), where k is a constant ()
[ it
y(t)

Solving, we get y(t) = Ae“
equation (i) is sometimes called the law of natural growth (if k > 0) or law of natural decay
(ifk <0).



Differential Equation & Area Under the Curve

In the context of population growth, we can write

@ _
dt

1dp _,

P Pt

where k is growth rate divided by the population size; it is called therelative growth rate.

[llustration 30: A certain radioactive material is known to decay at a rate proportional to the amount
present. If initially there is 50 kg of the material present and after two hours it is observed
that the material has lost 10 percent of its original mass, find (a) an expression for the
mass of the material remaining at any time t, (b) the mass of the material after four hours,
and (c) the time at which the material has decayed to one half of its initial mass.

Solution : (@ Let N denote the amount of material present at time t.
dN
——-kN =0
S0 Gt
This differential equation is separable and linear, its solution is
N = cekt (1)
At t=0, we are given that N = 50. Therefore, from (i), 50 = ceX© or ¢ = 50. Thus,
N = 50e« ...(ii)
Att =2, 10 percent of the original mass of 50kg or 5kg has decayed. Hence, att = 2,
N =50 - 5 = 45. Substituting these values into (ii) and solving for k, we have
45 =50e* ork = lén el
- 250
Substituting this value into (ii), we obtain the amount of mass present at any time t
as
1(1rn0.9)t (III)

N — 5062 .....
where t is measured in hours.

(b) Werequire N at t = 4. Substituting t = 4 into (iii) and then solving for N, we find
N = 50e-2M09) kg

() Werequire when N =50/2 = 25. Substituting N = 25 into (iii) and solving for t, we
find

1 /n0.
25 = 5065” M t=tn (%}/Eén (0.9)} hours
(c) Geometrical applications:

dx

d
Let P(x,, y,) be any point on the curve y = f (x), then slope of the tangent at point P is [—yJ
(X1, Y1)
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i . . d
()  TheequationofthetangentatPis y -y, = d—i (x—x,)
dx
x-intercept of the tangent = x, -y, E
: dy
y-intercept of the tangent =y, — x, ax
1

(i)  The equation of normalatPis y -y, =—

Ay a0 X

d
x and y-intercepts of normal are ; x, +y, g—y and Y1 +%; dy
X

(iii) Length of tangent =PT =|y, | \/1+ (dx/dy)g, v,

(iv) Length of normal =PN =|y, | \/1+ (dy / dX), v,

(v) Length of sub-tangent = ST =y, [j_xj
y (X1, y1)

(vi) Length of sub-normal = SN =y, (d_yj
dX (X1, y1)

(vii) Length of radius vector = /x? +V;

Do yourself - 16 :

(i) At each point (x,y) of a curve the intercept of the tangent on the y-axis is equal to 2xy®. Find
the curve.

(i)  Findthe equation of the curve for which the normal at any point (x,y) passes through the origin.

Miscellaneouslllustrations:

[llustration 31: Solve (y log x — 1) ydx = xdy.

Solution : The given differential equation can be written as
x%+y:yzlogx ..... (i)
Divide by xy* . Hence y—lz%+x—ly=§ log x
Let $=V:>—%j—z=% so that %—%v:—élogx ..... (ii)

22



Differential Equation & Area Under the Curve

[llustration 32:

Solution :

1 1
(i1) is the standard linear differential equation with P = - Q= % log x

LE. = o)™ _ ol = gy

The solution is given by

1 1/ 1 log x log x 11 logx 1
V. —= I—(——'Ongdxz_I 92 dx:i_ —.—dx:i+—+c
X X X X X X X X X

= Vv=1+logx+cx=1logex+ cx
1

or — =logex+cxory(logex+cx)=1. Ans.
y

2
For a certain curve y = f(x) satisfying % = 6Xx — 4, f(x) has a local minimum value 5

when x = 1. Find the equation of the curve and also the global maximum and global
minimum values of f(x) given that 0 < x < 2.

2

Integrating %: 6x — 4, we get g_i =3 —4x + A

When x = 1, %: 0, so that A = 1. Hence
X

dy ., .
ix - X —-4x+1 ()]

Integrating, we gety = x* - 2x* + x + B
When x =1,y =5, so that B = 5.

Thus we have y = x> — 2x° + X + 5.

From (i), we get the critical points x = 1/3, x =1

. . 1 d?y . .
At the critical point x = 3 ol IS negative.

Therefore at x = 1/3, y has a local maximum.
Atx=1 ﬂis ositive

5 PP '
Therefore at x = 1, y has a local minimum.

e f 112189 oo _
Also f(1) = 5, f&}— > .f(0)=5,1(2) =7

Hence the global maximum value = 7, and the global minimum value = 5.
Ans.
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[llustration 33:

Solution :

[llustration 34 :

Solution :

24

Solve dy_ tany cotx — secy COSX.

dx

dy
& = tany cotx — SeCy COSX.

Rearrangeit :

(sin x—siny)cos x dx + sin x cosy dy = 0.
Put u=siny, So, du=cosydy:
Substituting, we get

(sinx—-u)cosxdx +sinxdu=0, ———U———=-C0SX

The equation is first-order linear in u.
The integrating factor is

| = expj—cf)idx =exp{-In(sin x)}:_L
sin X sin X

dx =—Infsinx|+C

1 COS X
Hence, u— =—I .
sinx sin X

Solve for u: u=-sinxIn|sin x|+ C sin x.

Put y back : siny = —sin x In |sin x|+ C sin x.

Solve the equation x_[y(t)dt =(X +1)_[ty(t)dt, x>0
0 0

Differentiating the equation with respect to x, we get

xy(X) +1.jy(t)dt =(xX+1)xy(x) +1.jty(t)dt

i.e., _X[y(t)dt = X*y(X) + _X[ty(t)dt

Differentiating again with respect to x, we get y(x) = x? y'(x) + 2xy(x) + xy(x)

e, (1-3x)y(x)= %

o (1-3x)dx _ dy(x)

X2 y(x)

integrating we get

Ans.

Ans.
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ANSWERS FOR DO YOURSELF

11 :

12 :

13 :
14 :

15 :

16 :

0!
0!

N0
N0
N0
N0
(1)
N0

(i)
10 :

(i)
(i)

()

(i)
()

(i)

()

one, two (i) two, two (iii) one, one
y-y=2(1-X%) (i) x3y" +2xy' =2y =0 (i) y" =4y’

fny? = x + (njx| + k (ii) —2—)1/2 =%m+ k (i) secy = -2 cosx + C
YZAXHZ oo (i) 2(x—y) =c +sin2(x +Y)

y—4x-2

X+2y+/n2x-yl+c=0 (i) y72+3y—%+5xy=0

X = cyeY (i) y=cxleW

/m(x?+y?) = 2tan™ (§J+c (i) m =sin™ (%JH?

3 i) 2/3 (iii) (@) homogeneous  (b) homogeneous  (c) not homogeneous
(Bx+y) (x—y) = ¢, (i) y/n GJ—erxznxmx =0 (i) xey(2x +y) = 3

X+y-3=C(x-y+1)’

x* N 3 c
y=?+6x2€n |x|-2x+cx? (i) y=2(x=2a)" +

(i) 2x ny = /n?y + C.

(x—a)’
y:# (ii) X_2=_EX3(E+“‘XJ+C (iii) 1 sinx+ce.
(c—x)e* y> 3 3 y
@ y-2x=K (b)y’=x+K
Yo In(x*+y?)+y'=C (i) y+x*+1=0Cx

(@) -5e°%+5kg  (b) %(_e”‘ +1)kglf

X
;=X2+C (i) XX +y*=C

25
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EXERCISE (O-1)

Number of values of m € N for which y = e™ is a solution of the differential equation
D3y —-3D%y-4Dy + 12y =0, is

(A)O B)1 (©)2 (D) more than 2
d 2

Number of straight lines which satisfy the differential equation % +X [%j —-y=0is:

(A)1 (B)2 (€)3 (D) 4

The value of the constant 'm' and 'c' for which y = mx + ¢ is a solution of the differential equation
D?y— 3Dy - 4y = — 4x.

(A)ism=-1;c=3/4 (B)ism=1;c=-3/4 (C)nosuchrealm,c (D)ism=1; c=3/4
Consider the two statements

Statement-1: y=sinkt satisfies the differential equation y" + 9y =0.

Statement-2: y = ekt satisfy the differential equation y" +y —6y=0

The value of k for which both the statements are correct is

(A)-3 (B)O (©)2 (D)3

X
Ify= m (where c is an arbitrary constant) is the general solution of the differential equation

dy _y 4 X X
i x d{y} then the function d{y} is

x2 x2 2 2
® 2 ®)- 7 © % (D)- %

The differential equation corresponding to the family of curves y=e¢*(ax+b) is

d?y . d d?y .d
(A 72 V=0 ®) &y Zd—y y =0 (C)—y+2d—y+y 0 (D) Y =0

Water is drained froma vertical cylindrical tank by opening a valve at the base of the tank. It is known that
the rate at which the water level drops is proportional to the square root of water depth y, where the
constant of proportionality k > 0 depends on the acceleration due to gravity and the geometry of the hole.

d’y , ,dy dyzdy

1
Ift is measured in minutes and k = 15 then the time to drainthe tank if the water is 4 meter deep to start

with is
(A)30min (B) 45 min (C) 60 min (D) 80 min

. . : dy _1-x : : .
The general solution of the differential equation ™ = T is a family of curves which looks most like

which of the following?

(A)E;;iléjg




10.

11.

12.

13.

14.

15.

16.

17.

18.

Differential Equation & Area Under the Curve

Spherical raindrop evaporates at arate proportional to its surface area. The differential equation corresponding
to the rate of change of the radius of the rain drop if the constant of proportionality is K > 0, is

dr dr dr
(A)E+K—O (B)E—K—O (C)E:Kr (D) none
The x-intercept of the tangent to a curve is equal to the ordinate of the point of contact. The equation of the
curve through the point (1, 1) is

X y y

X
(A) ye¥ =e (B) xe¥ =e (C) xex =e (D) yex =e
1
Afunction f (x) satisfying j f(tx) dt=nf (x), where x>0, is
0

1-n _n 1
Af(x)=c-xn B)f(x)=c-x" ©C)f(x)=c-xn (D)f(x)=c-x{1-N
Which one of the following curves represents the solution of the initial value problem

Dy =100-y, wherey (0) =50

y y y
I T - w 1;;0
(A) o (B) 74_” (€) . (D) .
OATX (6] (0] (0]

The real valué of m for which the substitution, y = u™ will transform the differential equation,

d . .
2x4y§ +y* =4x5 into a homogeneous equation is :

(A) m=0 (B) m=1 (C) m=3/2 (D) novalue ofm
A curve C passes through origin and has the property that at each point (x, y) on it the normal line at that
point passes through (1, 0). The equation of acommon tangent to the curve C and the parabola y? = 4x is

(A)x=0 (B)y=0 Cy=x+1 (D)x+y+1=0
A function y=f(x) satisfies (x+1).f' (X)—2 (x?+x) f(x) = (Xe+1) , Vo x>-1
If f(0)=5,then f(X)is

(3x+5} o (6x+5} o2 6X+5 o (5—6XJ o2
A Y51 ) ®) %1 ) ©) (x+1)? ) ®) (%31 )
The equation to the orthogonal trajectories of the system of parabolas y = ax? is
W Xyt =c @ x+L =c © Xy =c o) x-L =

2 - 2 , VT 2

X
If jty(t)dt =x2 +y (x) then yas a function of x is

) ¥2_g2 ¥2_g2
(A)y=2-(2+a%e 2 (B)y=1-(2+a%e ?

¥2_g2

(CO)y=2-(1+ade 2 (D) none

If f(x) and g(x) are two differentiable functions on R™ such that xf'(x) + g(x) = 0 and xg'(x) + f () = 0 for all
x € R"and f(1) + g(1) = 4, then the value of f"(2).g"(2) is -

1 1 1 1
A) > (B) 2 ©) 3 (D) 16
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EXERCISE (O-2)

Oneor morethan onecorrect

1.

28

The differential equation, x 3_2(/ + g—z =y?:

(A) isoforder 1 (B) isofdegree 2 (C) islinear (D) isnon linear
Which of the following pair of curves is/are orthogonal?

(A) 16x2 +y?=c and y=kx (B)y=x+ce* and x+2=y+ke?
(C)y=cx? and x?+2y?=k (D) x?—y?=c and xy=Kk

where ¢ and k arbitrary constant.

sinx 0<x<—= 5
Consider g(x) = and a continuous function y = f(x) satisfies d—y+ By =g(x),
cosX X zg X

f(0) =0, then-

T efrc/4 b B efrc/4 _1
A1 (ZJZ 10 B) 1 (Z)_ 10
© f@: == (D) f(g}e’“z

A curve y =T (x) has the property that the perpendicular distance of the origin from the normal at any point
P of the curve is equal to the distance of the point P from the x-axis. Then the differential equation of the
curve

(A) ishomogeneous.

(B) can be converted into linear differential equation with some suitable substitution.
(C) isthe family of circles touching the x-axis at the origin.

(D) the family of circles touching the y-axis at the origin.

The function f(x) satisfying the equation, f2(x) +4f'(x) . f(x) + [f' (x)]>=0.

(A) T =c. e B) fx)=c. el
©) f) =c. el* (D) f) =c. e *
where c isanarbitrary constant .

. L . . _dy . sin?x .
Afunction y =1(x) satisfying the differential equation ol sinX—YyCcos X + N =0issuchthat, y >0
as X — oo then the statement which is correct is

/2
(A) Limit f(x)=1 (B) | f(x)dx is less than g
X — 0
/2
© j f(x) dx is greater than unity (D) f(x) isanodd function
0



10.

Differential Equation & Area Under the Curve

Ifafunctiony = f(x) satisfies the differential equation f(x) - sin 2x—cos x + (1 +sin?x) f' (x) = 0 with initial
conditiony (0) = 0. Then-

(A) Range of f(X) is [—%ﬂ (B) f(D<f(2)

©) D> (D) f(x) is odd function
A functiony =f (x) satisfies the condition f'(x) sin x + f (x) cos x= 1, f (x) being bounded whenx — 0. If

/2
| = jf (x)dx then
0

/I TCZ T TCZ T T n T
(A)E<|<T (B)Z<I<? (c:)f(ﬂq&j (D)f(4J>f(3j
Ify=f(X) is solution of the differential equation, ng—i.cosi —ysin% =-1, wherey ——-1 as Xx— oo,
then
(A) f(x):siné—cos% (8) lim(~f(x)) =%

. X 2 .1
(©) lim(-f(x)) =e (D) £'(9) + 2x'(x) +X2f"(x) === Sin—

X—00 X

Consider the differential equation % +ytanx=xtanx+1. Then
X

(A) The integral curves satisfying the differential equation and given by y = x + ¢ cos x.

T
(B) The angle at which the integral curves cut the y-axis is E

(C) Tangents to all the integral curves at their point of intersection with y-axis are parallel.
(D) none of these

EXERCISE (S-1)
(E-1)
[FORMATION & VARIABLES SEPARABLE]
State the order and degree of the following differential equations:

x| Tdx]' d?y dy 2
. d*x ax | i ay |, [(dy
0 {dtz} {dt} =0 W 5 [{dxj ]
(@) Form a differential equation for the family of curves represented by ax* + by” = 1,
where a & b are arbitrary constants.

(b) Obtain the differential equation of the family of circles x>+ y?+ 2gx + 2fy + ¢ =0 ; where g, f

& c are arbitrary constants.
(c) Obtain the differential equation associated with the primitive,
y=c,e*+c,e”+c,e*, wherec,c,, c,are arbitrary constants.
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Solvethefollowing differential equation for Q.3to Q.9.

3.

10.

11.

12.

13.

14.

15.

16.

30

4., (1-x3)(1-y)dx=xy(1+y)dy

/n(secx + tanx) dx = /n(secy + tany) dy
COSX cosy

x> —1)(y* -1
ﬂ+\/( )( ):0 6. y—xd—yza(y2+d—y)
dx Xy dx dx
dy _ ﬂ: X(2/nx +1)
R—SIH(X+V)+COS(X+V) 8 Ux siny + ycosy
(a) Y L sinX Y i X =Y

dx 2
(b) Sinx.d—y=y Iny if y = e, when x==

dx 7 ’ 2

The population P of a town decreases at a rate proportional to the number by which the population

exceeds 1000, proportionality constant being k > 0. Find

(@ Population at any time t, given initial population of the town being 2500.

(b) I 10 years later the population has fallen to 1900, find the time when the population
will be 1500.

(c) Predict about the population of the town in the long run.

It is known that the decay rate of radium is directly proportional to its quantity at each given instant.

Find the law of variation of a mass of radium as a function of time if at t = 0, the mass of the radius

was m and during time t, a. % of the original mass of radium decay.

Anormal is drawn at a point P(x,y) of a curve. It meets the x-axis at Q. If PQ is of constant length k,

d
then show that the differential equation describing such curves is, Y§ =+k* —-y® . Find the equation

of such a curve passing through (0,k).

A curve is such that the length of the polar radius of any point on the curve is equal to the length of the
tangent drawn at this point. Form the differential equation and solve it to find the equation of the
curve.

d .
Given y(0) = 2000 and d—i = 32000 -20y*, then find the value of Limy(x).

Let f(x) is a continuous function which takes positive values for x > 0 and satisfy J'f(t)dt =X/f(X)
0

with (1) =% - Find the value of (v2 +1).

dy L .
-7 = d - =0
dx y+ {y X given y 1, where x



Differential Equation & Area Under the Curve

(E-2)
[HOMOGENEOUS]

dy _ x® +xy

dX X2 + y2

Find the equation of a curve such that the projection of its ordinate upon the normal is equal to its
abscissa.

The perpendicular from the origin to the tangent at any point on a curve is equal to the abscissa of the
point of contact. Find the equation of the curve satisfying the above condition and which passes
through (1, 1).

Find the curve for which any tangent intersects the y-axis at the point equidistant from the point of
tangency and the origin.

(x—y)dy=(x+y+1)dx

dy x+2y-3

dx 2x+y-3

dy _y-x+1
dx y+X+5
dy _ x+y+1
dx 2X+2y+3
dy _ 2(y+2)°
dx ~ (x+y-—1)?
(E-3)

[LINEAR]

If y = y(X) is solution of differential equation g—y—y =1-e™ and y(0) =y, has a finite value, when
X

X — oo, then find y,.
ﬂ+ X 3 1
dx 1+x2° 2x(1+ x%)

(1- x2)%+ 2xy = X (1 — x3)12
X

(@ Find the curve such that the area of the trapezium formed by the co-ordinate axes, ordinate of
an arbitrary point & the tangent at this point equals half the square of its abscissa.

(b)  Acurve in the first quadrant is such that the area of the triangle formed in the first quadrant by
the x-axis, a tangent to the curve at any of its point P and radius vector of the point P is 2sq.
units. If the curve passes through (2,1), find the equation of the curve.

x(x—l)% - (x=-2)y=x3(2x-1)

. dy
Sin X — + 3y =C0S X
dx y

x(x2+1)% =y (1-x%)+x3./nx

dy
X —= —y =2 X% cosec 2x
dx y
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9. (1+y?dx=(tanty—x)dy
10. Let the function In f(x) is defined where f(x) exists for x >2 & k is fixed positive real number,

prove that if % (x.f(x)) < —kf(x) then f(x) < Ax~1-k where Aisindependent of x.

11. Find the differentiable function which satisfies the equation f(x) = — J' f(t)tantdt + J'tan(t —X)dt where
0 0

X € (-n/2, ©/2)
12. y—xDy=Db(1 + x2Dy)

13. Find all functions f(x) defined on (—g gj with real values and has a primitive F(x) such that

sin2x

f(X) + COS X . F(X) :m .

dy
14. 2 v

15. x2y—x3%:y4cosx

16. y(2xy+e)dx—e*dy=0

17. Atank contains 100 litres of fresh water. A solution containing 1 gnv/litre of soluble lawn fertilizer
runs into the tank at the rate of 1 lit/min and the mixture in pumped out of the tank at the rate of 3 litres/
min. Find the time when the amount of fertilizer in the tank is maximum.

(E-4)
(GENERAL — CHANGE OF VARIABLE BY A SUITABLE SUBSTITUTION)
1. (xX-y?)dx+2xydy=0
2. (C+y+2)dx+2ydy=0

y sec X = y3tan X

3. xﬂ+ y Iny = xye*
dx

dy tany
4. a—m:(1+x)exsecy
dy e 1
> dx x* x
dyY d
6. £y —(x+y)—y+xy:0
dx dx
dy __y'-x
/. dx 2y (x+1)
8 (L-xy+xy)dx=x2dy
9. d—y:ex'y(ex— eY)
dx

10. (X*+ y)d—y = 6x
dx
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10.

11.

Differential Equation & Area Under the Curve

EXERCISE (S-2)
(MISCELLANEOUS)

d _
% —yIn2 = 25" (cosx — 1)In2, y being bounded when x — + oo.

The light rays emanating from a point source situated at origin when reflected from the mirror of a
search light are reflected as beam parallel to the x-axis. Show that the surface is parabolic, by first
forming the differential equation and then solving it.

ydx-xdy  dx
(x-y)*  241-x2

d
Consider the differential equation, d_i: +P(X)y =Q(X)

, giventhat y =2 when x = 1.

()  Iftwo particular solutions of given equation u(x) and v(x) are known, find the general solution of the
same equation in terms of u(x) and v(x).
@) Ifaand B are constants such that the linear combinations o - u(x) + p-v(x) is a solution of the

given equation, find the relation between ocand 3.
V(X) — u(x)

@)  Ifw(x) is the third particular solution different from u(x) and v(x) then find the ratio W) - U(x)”

Find the integral curve of the differential equation, x (1 — X /ny) % + y = 0 which passes through
X

1)

A tank consists of 50 litres of fresh water. Two litres of brine each litre containing 5 gms of dissolved

salt are run into tank per minute; the mixture is kept uniform by stirring, and runs out at the rate

of one litre per minute. If 'm' grams of salt are present in the tank after t minute, express 'm' in

terms of t and find the amount of salt present after 10 minutes.

Find the orthogonal trajectories for the given family of curves when 'a' is the parameter.

(i) y=ax? (i) cosy=ae X (iii) XK+ yk=ak

(iv) Find the isogonal trajectories for the family of rectangular hyperbolas x2 —y? = a? which
makes with it an angle of 45°.

Let f(x,y,c;) =0andf(x Y, c,) =0 define two integral curves of a homogeneous first order

differential equation. If P, and P, are respectively the points of intersection of these curves with an

arbitrary line, y = mx then prove that the slopes of these two curves at P, and P, are equal.

Let f(x) be a differentiable function and satisfy f(0) = 2, f(0) = 3 and f"'(x) = f(x). Find

(@  the range of the function f(x)

(b) the value of the function when x =1n2

(c) the areaenclosed by y = f(x) in the 2" quadrant

Show that the curve such that the distance between the origin and the tangent at an arbitrary point is equal

£ tantY

to the distance between the origin and the normal at the same point, /x* +y* =ce X,

Find the curve possessing the property that the intercept, the tangent at any point of a curve cuts off on
the y-axis is equal to the square of the abscissa of the point of tangency.
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EXERCISE (JM)
dy

If o =Y + 3 >0 and y(0) = 2, then y(In 2) is equal to :- [AIEEE-2011]
(1) 13 (2) -2 (3)7 4)5

Let | be the purchase value of an equipment and V(t) be the value after it has been used for t years.
The value V(t) depreciates at a rate given by differential equation d:)— —k(T - t), where
k> 0is aconstant and T is the total life in years of the equipment. Then the scrap value V(T) of the
equipment is :- [AIEEE-2011]

I kT2
(1) | _M (2) e—kT (3) T2 — E (4) | —

The curve that passes through the point (2, 3), and has the property that the segment of any tangent
to it lying between the coordinate axes is bisected by the point of contact, is given by : [AIEEE-2011]

(1) @J +%} =2 (22y-3x=0 (3)y=§ (4) X2 +y2 = 13

Consider the differential equation y?dx + (x —%} dy =0.Ify(1) =1, thenxis given by : [AIEEE-2011]

1 1 1 1
(1) 132 () 4-2-2 (3) s-3+2 (4) 143-2
The population p(t) at time t of a certain mouse species satisfies the dlfferentlal equation
dp(t . . .
% = 0.5 p(t) — 450. If p(0) = 850, then the time at which the population becomes zero is :

[AIEEE-2012]
1

(1) In18 (2) 2 In18 (3) In9 4 > In18

At present a firm is manufacturing 2000 items. It is estimated that the rate of change of production

. dp ,
P w.r.t. additional number of workers x is given by &=1OO —12J/x . If the firm employs 25 more

workers, then the new level of production of items is : [JEE (Main)-2013]
(1) 2500 (2) 3000 (3) 3500 (4) 4500

If the surface area of a sphere of radius r is increasing uniformly at the rate 8cm?/s, then the rate of
change of its volume is : [JEE-Main (On line)-2013]

(1) proportional to r? (2) constant (3) proportional to r (4) proportional to /¢

. . : dy_ Y
Consider the differential equation . 2(xy? —x?) -

Statement 1 : The substitution z = y transforms the above equation into a first order homogenous
differential equation.

¥

Statement 2: The solution ofthis differential equation is y?e * =C. [JEE-Main (On line)-2013]
(1) Statement 1 is false and statement 2 is true. ~ (2) Both statements are true.
(3) Statement 1 is true and statement 2 is false.  (4) Both statements are false.



10.

11.

12.

13.

14.

15.

16.

17.

Differential Equation & Area Under the Curve

1
If a curve passes through the point [2, 9 and has slope [1 - 7] at any point (X, y) on it, then the

ordinate of the point on the curve whose abscissa is — 2 is : [JEE-Main (On line)-2013]
5 5 3 3
1)-5 @) 5 (3)-3 4 5

The equation of the curve passing through the origin and satisfying the differential equation
d . .
L+ & +2xy =4 s [JEE-Main (On line)-2013]

D A+x)y=x® 23(1L+x)y=4¢ ()3 (L+x)y=2x¢ @ A+x)y=3x
Let the population of rabbits surviving at a time t be governed by the differential equation

% =%p(t) _200. 1f p(0) = 100, then p(t) equals : [JEE(Main)-2014]
(1) 400 - 300 et2 (2) 300 — 200 e2 (3) 600 — 500 et2 (4) 400 — 300 e2
d

Let y(x) be the solution of the differential equation (x log x) % +y=2xlog x, (x> 1).
Then y(e) is equal to : [JEE(Main)-2015]
(1) 2 (2) 2e 3)e 40
Ifa curve y =f(x) passes through the point (1, —1) and satisfies the differential equation, y(1 + xy) dx = xdy,
then f(-%) isequal to : [JEE(Main)-2016]

4 2 4 2
1) ¢ @) — ©) ¢ @<
If (2+sin x)g_y+(y+1)cosx=o and y(0) = 1, then y(g) is equal to :- [JEE(Main)-2017]

X

4 1 2 1

1) 3 @) 3 () -3 4) -3
d

Let y = y(x) be the solution of the differential equation sin x % +ycosx=4x x € (0, n). If
y(g) = 0, then y(%) is equal to [JEE(M ain)-2018]
1 8 2 8 3 4 4 LI
V) 557 (2) -5 (3) -5m @) 55"

Let :[0,1] >R be such that f(xy) = f(x).f(y) for all x,y,e[0,1], and f(0)=0. If y=y(X) satisfies the differential

equation, %: f (x) with y(0) = 1, then y(%}ty[%} is equal to [JEE(M ain)-2019]
X
(1) 4 (2)3 ()5 (4) 2
dy 3 1 [—n nj [Ej:i K_Ej . :
If =L = — Zlandy ,then Yy equals : JEE(Main)-2019
dx+(:os2xy coszx'Xe 3'3 4) 3 1) [ ( ) ]

(1) 5 +¢ @3 @ -5 @ 5+
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19.

20.
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The curve amongst the family of curves, represented by the differential equation,
(x2 —y2)dx + 2xy dy = 0 which passes through (1,1) is : [JEE(Main)-2019]
(1) Acircle with centre on the y-axis

(2) Acircle with centre on the x-axis

(3) Anellipse with major axis along the y-axis

(4) Ahyperbola with transverse axis along the x-axis

d .
The solution of the differential equation d—i =(x-Yy)*, wheny(1) =1, is :- [JEE(Main)-2019]
2-Y|

(1) log, 2—x‘ =2(y-1)

(2) |0ge 2_

1+X_y‘=x+y—2
1-x+y

(3) —log,

(4) ~log,

1—x+y‘=2(x_1)
1+x-y

2 —
Ifa cuve passes through the point (1, —2) and has slope of the tangent at any point (x, y) on it as X . 2y ,

then the curve also passes through the point : [JEE(M ain)-2019]

0 (~21) 2) (v3.0) (3) (-1, 2) (4) 3, 0)
EXERCISE (JA)

Match the statements/expressions in Column-I with the open intervals in Column-I11.

Column-I Column-I1
T T
(A) Interval contained in the domain of definition of non-zero (9)) (_E’Ej
solutions of the differential equation (x—3)2 y+y=0
(L
(B) Interval containing the value of the integral @ [O’EJ
5
j (X —1)(X = 2)(x = 3)(x — 4)(x - 5)dx
1
T 51
(C) Interval in which at least one of the points of local maximum (9] (gfj
of cos’x + sinx lies
(L
(D) Interval in which tan™(sinx + cosx) is increasing (s) [OEJ
® ()

[JEE 2000, 2+2+2+2]



Differential Equation & Area Under the Curve

Match the statements/expressions in Column-1 with the values given in Column-I1.
Column-I Column-I1

(A) The number of solutions of the equation P 1

xe®™ _cosx =0 in the interval [Ogj

(B) Value(s) of k for which the planes @ 2
kx +4y +z=0,4x+ky+2z=0and 2x+2y +z =0
intersect in a straight line n 3
(C) Value(s) of k for which |x=1|+x-2|+|x+1|+|x+2|=4k
has integer solution(s) (s 4
(D) Ify'=y+1andy(0)=1, then value(s) of y(In2) ® 5
[JEE 2009, 2+2+2+2]

Let f be a real valued differentiable function on R (the set of all real numbers) such that f(1) = 1. If the
y-intercept of the tangent at any point P(x,y) on the curve y =f(x) is equal to the cube of the abscissa
of P, then the value of f(-3) is equal to [JEE 2010,3]

(@ Letf:[1,0)— [2,0) be a differentiable function such that f(1) = 2. If 6_[f(t)dt =3x f(x) - X°
1

for all x > 1, then the value of f(2) is [JEE 2011, 4]

(b) Let y'(x) + y(x)g'(x) = g(X)g'(x), y(0) = 0, x € R, where f'(x) denotes f ( ) and g(x) is a

given non-constant differentiable function on R with g(0) = g(2) = 0. Then the value of y(2)
IS [JEE 2011, 4]

If y(x) satisfies the differential equation y' — ytanx = 2x sec x and y(0) = 0, then [JEE 2012, 4M]

21

T _ m n n :n_z (7] _4n
i evEs ofiE evEE

Let f: { } — R (the set of all real numbers) be a positive, non-constant and differentiable function

1 1
such that f'(x) < 2f(x) and f bjﬂ. Then the value of j f(x)dx lies in the interval

1/2

[JEE(Advanced) 2013, 2M]

(A) (2e - 1, 2e) (B)(e-1,2-1) (C) [eT—l e_1j (D) [ e— 1j
37
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7. A curve passes through the point [1, gj Let the slope of the curve at each point (x, y) be

10.

11.

38

%HGCGJ, X>0_ Then the equation of the curve is [JEE(Advanced) 2013, 2M]
. (y 1 y
(A) sm[xj 0gx+2 (B) cosec[xj 0g X +
2y
(C) sec[7jzlogx+2 (D) Cos(ﬂjzlogx—i—l
X 2

Paragraph for Question 8 and 9

Let f : [0,1] —» IR (the set of all real numbers) be a function. Suppose the function f is twice
differentiable, f(0) = f(1) = 0 and satisfies f"(x) — 2f'(x) + f(x) > €, x  [0,1].

1
If the function e (x) assumes its minimum in the interval [0,1] at X = 2 which of the following is

true ? [JEE(Advanced) 2013, 3, (-1)]
1 3 1
(A)f'(X)<f(X),Z<X<Z (B)f'(X)>f(X),0<X<Z
1 3
(C)f'(X)<f(X),0<X<Z (D)I"(X)<I‘(X),Z<X<l
Which of the following is true for 0 <x <1? [JEE(Advanced) 2013, 3, (-1)]
WO<f<e (B - <f(9<3 (O -;<[()<l  (O) <e<f()<0

) ) ) ) ) oody  oxy  x"+2x |
The function y = f(X) is the solution of the differential equation &+m—ﬁ in (-1, 1)

NE
satisfying f(0) = 0. Then _2[ fx)dx is [JEE(Advanced)-2014, 3(-1)]
ST N L
Let y(x) be a solution of the differential equation (1 + €*)y" + ye* = 1. If y(0) = 2, then which of
the following statements is(are) true ? [JEE 2015, 4M, —2M ]
(A) y(-4) =0
(B) ¥(-2) =0

(C) y(x) has a critical point in the interval (-1,0)
(D) y(x) has no critical point in the interval (-1,0)
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Consider the family of all circles whose centers lie on the straight line y = x. If this family of circles is represented

2
by the differential equation Py + Qy' + 1 =0, where P,Q are functions of x,yand y' (here y' = j—y y"= %),
X X
then which of the following statements is (are) true? [JEE 2015, 4M, —2M]
(A)P=y+x (B)P=y-x
COP+Q=1-x+y+y+(y) D)P-Q=x+y-y-(y)

A solution curve of the differential equation (x* + Xy + 4x + 2y + 4)% —y?=0,x>0, passes through
the point (1,3). The the solution curve-

(A) intersects y = x + 2 exactly at one point

(B) intersects y = x + 2 exactly at two points

(C) intersects y = (x + 2)°

(D) does NOT intersect y = (x + 3)° [JEE(Advanced)-2016, 4(-2)]
Let f : (0, ) — R be a differentiable function such that f'(x)= 2—% for all x e (0,%0) and
f(1) # 1. Then [JEE(Advanced)-2016, 4(-2)]
o imr(2) s3]

(C) XILT+ x*f'(x)=0 (D) |f(X)| < 2 for all x € (0,2)

-1
If y = y(x) satisfies the differential equation 8\/;(\/9+\/§)dy =( 4+\/9+\/§) dx, x>0 and

y(0) =+/7, then y(256) = [JEE(Advanced)-2017, 3(~1)]

(A) 80 (B) 3 (C) 16 (D) 9

If f : R — R is a differentiable function such that f'(x) > 2f(x) for all x € R, and f(0) = 1, then
[JEE(Advanced)-2017, 3(-2)]

(A) f(x) > e*in (0,0) (B) f(x) is decreasing in (0,)

(C) f(x) is increasing in (0,0) (D) f'(x) < e™ in (0,:0)

Letf : R —>Randg: R — R be two non-constant differentiable functions. If f'(x) = (€%~ %)g'(x)

for all x € R, and f(1) = g(2) = 1, then which of the following statement(s) is (are) TRUE ?
[JEE(Advanced)-2018, 4(-2)]

(A) f(2) <1-log?2 (B) f(2) > 1 -log.2

(C) g(1) > 1 -log.2 (D) g(1) <1 -log,2
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Let f : (0, ®) — R be a twice differentiable function such that

lim f(x)sint— f(t)sinx

—qin?
m T x =sIn"X for all x € (0, =).

If f r :—i, then which of the following statement(s) is (are) TRUE ?
6 12
[JEE(Advanced)-2018, 4(-2)]

(A) f@:%

4

(B) f(x)<%—x2 for all x < (0, )

(C) There exists a € (0, =) such that f'(a) = 0

o {5 3)

Let f : R —> R be a differentiable function with f(0) = 0. If y = f(x) satisfies the

differential equation j—y =(2+5y)(5y-2),
X

then the value of Xlirp f(x) is : [JEE(Advanced)-2018, 3(0)]
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ANSWER KEY
DIFFERENTIAL EQUATION

EXERCISE (O-1)
C 2. B 3. B 4, A 5. D 6. B 1. C 8. B 9. A
A 11. A 12. B 13. C 14. A 15. B 16. A 17. A 18. B

EXERCISE (O-2)

AB,D 2. AB,C.D 3. A,C 4, AB,D 5. CD
AB,C 1. AB,D 8. AB,C 9. AB,D 10. AB,C
EXERCISE (S-1)
(E-1)

[FORMATION & VARIABLES SEPARABLE]
(i) order 2 & degree 3 (ii) order 2 & degree 2

d2 dyY d ) ) &y &y, ;0
@93 E K Ly 1 vy - sy =0 @ S3-60 ey -0

dx dx ’ dx? T dx
Inz(secx + tanx) — Inz(sec y +tany) =c 4.  Inx(1- y)2 =cC _Eyz -2y + %xz
\/ﬂ—sec‘lxh/ﬁ:c 6. y=c(l-ay)(x+a)
In[1+tanx—;y}=x+c 8. ysiny=xInx+c
@ In tan% =c-25in§, (b) y = ™

(a) P = 1000 + 1500¢ ™ where k ——I n[ J (b) T =10 log,.(3) ; (c) P = 1000 as t—o0

m = m, e where k :——In(l—ij 12 X¥+y'=K 13 y=kxorxy=c
t, 100
40 15. 1/4 16. y= 3—1e Qe —e+1)
(E-2)
[HOMOGENEOUS]
1 _1 X+2y
c(X —y)?R (x2 + xy + y2) 16 = ex tan , where exp x = eX
(X —y)7= (x* +xy +y?) p{ﬁ xﬁ} P
2 4 2 _y2 2
%=fn (yi\/yz —XZ)-F , where same sign has to be taken. 3. X’ + y* — 2x = 0
2y +1 1
2 4\ = _ =Inc\/x2+ PEX+y+=
X +Yy =X 5 arc tan %l y y >
(x+y-2)=c(y-x)3 7. tan1XZ +Inc\/y+3 (x+2)2=0
X+ 2
- an’lyJr2
X+y+%zce3(x—2y) 9. e 2t X=3 _ C(y + 2)

41



(E-3)

[LINEAR]
1 . N 2 _
1. 5 2. yV1+x° =c+%| n{tan%arctanx} . Another form is y/1+ x? =c+%| nM
X
3. y=c(l-x*)++1-x? 4. @ y=cx®xx; (b) xy=2
5. y(x-1)=x2(x2-x+¢) 6. @w) tan3§:c+2tan§—x
7. 42+ y+x3(1-2Inx)=cx 8. y=cx+xIntanx
9. x=ce*™™+arctany-1 11. cosx-1 12. y(1+bx)=Db+cx
2C0SX :
13. f(x) =- Lz —Ce™s"X. cos x 14. %=—1+(c+x)cot[l+£J
(L+sin x) 2 4
;
15. x3y3=3sinx+c 16. ylex=c-x2 17. 275 minutes
(E-4)
1. y?*+xlnax=0 2. y=3x%-6x-x+ce*+4 3. xlny=e(x-1)+c
2
4. siny=(e*+c)(1+x) 5, o+ 2xev=1 6. y=cex;y=0+x7

C C 1
2= 1+(X+DIn—— orx+ (x+1)In— 8. =Ztan(/n|cx
Y' ==L+ (+DIn——— orx+ (x+1) In—— y =~ tan(¢nlex])

9. e=c.exp(-e)+e-1 10. y=3In(x*+y+3)+C
EXERCISE (S-2)
(MISCELLANEOUYS)

sin™*x
2

4. () y=u(x) + K(u(x) —v(x)), where K is any constant ; (ii) o + 3 =1; (iii) constant

_ y
— 9sinx +—=
y=2 X—y

5 xEy+lny+1)=1 6. y=5t(1+ >0 ngs; 91g gms
50+t 3
. N . 1 1 1 .
7. ()x2+2y*=c, (i)siny=ce %, (ii)y=cx if k=2 and 5 — 5 =5 if k=2
X y c
(iv) X2 —y?+2xy=C;X2—-y>-2xy=¢C
9. (a) (o) (b)% (©) 3-+5 11, y=cox—x

EXERCISE (JM)
1. 3 2. 4 3. 3 4, 4 5. 2 6. 3 7. 3 8. 2 9. 3
10. 2 11. 1 12. 1 13. 1 14. 2 15. 2 16. 2 17. 1 18. 2
19. 4 20. 2

EXERCISE (JA)
1. (A)pas;(B)pt (€ part;(D)s 2 (A)p;(B)ags (Carst;(D)r 3. 9
4. (a) Bonus; (b) 0 5 AD 6. D 7 A 8 C 9 D 10. B
11. AC 12. B,C 13. AD 14. A 15, B 16, AC 17. B.C
18. B.C,D 19. 04
42



Differential Equation & Area Under the Curve

AREA UNDER THE CURVE

AREA UNDER THE CURVES:
(@ Areabounded by the curve y = f(x), the x-axis and the ordinates at x = a and ’

b
X=Dbisgivenby A= Jde , Where y = f (X) lies above the x-axis

and b > a. Here vertical strip of thickness dx is considered at distance x.

(b) Ify={f (x) liescompletely below the x-axis then A is negative and we consider

b
jydx

the magnitude only, i.e. A=

b
(o Ifcurve crosses the x-axis at x = ¢, then A = + I ydx

c

jydx

a

(d) Sometimes integration w.r.t. y is very useful (horizontal strip) :

v
y=b
. . d c@
Area bounded by the curve, y-axis and the two abscissae at y_y

b
y=a &y =bis written as A=_[XdY-

> X

Note: Ifthe curve is symmetric and suppose it has 'n' symmetric portions, then total area = n (Area of

one symmetric portion).

Solution :

Solution : Required area

T

T
[llustration 1:  Find the area bounded by y = sec? x, x = —, X = = & Xx-axis

6’ 3

Illustration 2:  Find the area in the first quadrant bounded by y = 4x?, x=0,y=1andy=4.

["xdy=["¥ dy——[zymT )

1

l 3/2 1_38 1
S -1 =2 [8-1]

7 1 )
= — =2-—sg.units.
3 q

3

. " 12
Areabounded = L/’: ydx= L/’: sec” xdx = [tanx]%); =tan g—tang: J3- Nl /3 Sanits

43



. . . . . 3
[llustration 3:  Find the area bounded by the curve y = sin2x, x-axis and the lines x = % and x =22
/2 3n/4

4
Solution : Required area = | sin2xdx+| [ sin2xdx :(_ coszj N (_ COZZXj

nla w2 /4 /2 ’V,\

i /2 3n/4
1 . /4 i
E(O + (—1))‘ =1sg. unit l \J

n/2 3n/4

= —%[—1—O]+

Doyourself - 1:
(i)  Find the area bounded by y = x* + 2 above x-axis betweenx =2 & x = 3.

(i)  Using integration, find the area of the curve y =+/1—x* with co-ordinate axes bounded in

first quadrant.
(iif)  Find the area bounded by the curve y = 2cosx and the x-axis from x = 0 to x = 2~x.

(iv) Find the area bounded by the curve y = x|x|, x-axis and the ordinates x = —% and x=1.

2.  AREA ENCLOSED BETWEEN TWO CURVES: y y,=f%)
(@ Areabounded by two curvesy = f (X) &y = g(x) ﬁ
such that f (x) > g(x) is > Thumaty
X, Ol X ):(2 >X
A= [(y,-y,)dy
A= [f() - g09Idx
(b) Incase horizontal strip is taken we have vp oY
¥s X,=g(y)
Az'[(xl—xz)dy >x
Y1

A= [If&)-g(y)Idy

() Ifthecurvesy, = f (x) andy, = g(x) intersect at X = c, then required area

A= [(90) = FO)dx + [ () —g(x))dx = [|£(x) —g()] dx

Note: Required area must have all the boundaries indicated in the problem.
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Differential Equation & Area Under the Curve

ALLEN
Illustration 4:  Find the area bounded by the curve y = (x— 1) (x — 2) (x — 3) lying between the ordinates
x =0 and x = 3 and x-axis
Solution : To determine the sign, we follow the usual rule of change of sign.
y=+ve forx>3
y=-ve for2<x<3
y=+ve forl<x<2 Y4
y=-ve forx<l. B/TW%WT\D e
0 3> X

'[;|YIdX=_[Olly|dx+j12|y|dx+j23|y|dx

= '[:—ydx+'[12ydx+j;—ydx

Now let F(x) =[(x—1) (x—2) (x—3) dx =] (x*~ 6x? + 11X — 6) dx:%

F(0)=0, F(1) =- % F(2)=-2,F(3) =-

I NJ o)

Wl 2%%)))/

?(0, -6)

Xt =2x3+ %XZ—BX.

Hence required Area=-[F(1) - F(0)] + [F(2) - F(1)] - [F(3) - F(2)] = 2% sg.units.

[llustration 5:  Compute the area of the figure bounded by the straight lines x = 0, x = 2 and the curves
y=2%y=2Xx-X.
. . 2
Solution : The required area = '[0 (y,—Y,)dx R(2,4)
wherey, =2*andy, = 2x — x* = J.OZ (2 —2x +x%)dx \)ﬂ* o
2 3 © %
2X 2 l 3 4 8 1 4 ’ =2x—x2
= X=X | =|——b+— [=—=——— i J
{InZ 3 l (mz 3} 2 Inz 3 4N M(2.0)
Illustration 6:  Compute the area of the figure bounded by the parabolas x =— 2y? x = 1 — 3y~
Solution : Solving the equations x = -2y? x = 1 — 3y?, we find that ordinates of the points of
intersection of the two curvesasy, =-1,y, =1 %
i The points are (2, -1) and (-2, 1). -2, 1) 1 e
h: n x=1-3y
g The required area x=—2y2 WWWM
3 P
3 1 1 2 ) 2 Py
2J, 06 =%;) gy = 2 ], [A—3y*)~(-2y)Idy — OMWW
:é 1 y3 ! Aﬂﬂﬂﬂ 1
=2| @-y*dy=2|y-2-| = = sq.units. (-2,-1) -
[ @-y*)ay {y 31 3
% Doyourself - 2:
%; (i)  Find the area bounded by y = Jx andy=x.
;E (i)  Find the area bounded by the curves x = y* and X = 3 — 2y~
% (ilf)  Find the area of the region bounded by the curves x = > x=2,y=logxandy=2~
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3. CURVE TRACING :

The following procedure is to be applied in sketching the graph of a function y = f(x) which in turn
will be extremely useful to quickly and correctly evaluate the area under the curves.

(@ Symmetry : The symmetry of the curve is judged as follows :

(i) Ifallthe powers of y in the equation are even then the curve is symmetrical about the axis
of x.

(i)  Ifall the powers of x are even, the curve is symmetrical about the axis of y.

(i)  If powers of x & y both are even, the curve is symmetrical about the axis of x as well as
y.

(iv) Ifthe equation of the curve remains unchanged on interchanging x and y, then the curve
is symmetrical about y = x.

(v) If on interchanging the signs of x & y both, the equation of the curve is unaltered then
there is symmetry in opposite quadrants.

(b) Find dy/dx & equate it to zero to find the points on the curve where you have horizontal
tangents.

(0 Find the points where the curve crosses the x—axis & also the y—axis.

(d) Examine if possible the intervals when f(x) is increasing or decreasing. Examine what happens
to ‘y’ when X — oo or — oo.

Illustration 7:  Find the area of a loop as well as the whole area of the curve a%y? = x* (a? — x?).
Solution : The curve is symmetrical about both the axes. It cuts x-axis at (0, 0), (-a, 0), (a, 0)

Area of a loop = ZJ.:ydx: zjoagxlaz —x*dx

Y
- lea 53 Y2 5 e a__2 2 ,//"‘\Qi//’g‘\\
= g.[()\/a —X (—2x)dX—g[§(a -X%) } =3% «x ’A Ay

2 4 .
Total area = 2 x 3 2= 3 a2sg.units.

[llustration 8:  Find the whole area included between the curve x?y? = a?(y? — x?) and its asymptotes.
Solution : ()  The curve is symmetric about both the axes (even powers of x & y)
(i)  Asymptotesarex =*a

A= 4jydx y
0

a ax X=—a dx[x=a x
=4[ —Z—dx
lx/az—x2 /\

= 4a‘—\/a2 —x?

= 42

a
0
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Differential Equation & Area Under the Curve

ALLEN
Illustration 9:  Find the area bounded by the curve xy? = 4a%(2a—x) and its asymptote.
Solution : (i)  The curve is symmetrical about the x-axis as it contains even powers of y.

(i) It passesthrough (2a,0).

(i)  Its asymptote isx =0, i.e., y-axis.

a—X
X

dx

2a 2a 2
v A=2[ydx=2[2a
0 0

Put x = 2a sin%0

(2a,0) X

nl2

A = 16a° J cos? 0do
0

= 4na®

4. IMPORTANT POINTS:
(& Since area remains invariant even if the co-ordinate axes are shifted, hence shifting of origin in
many cases proves to be very convenient in computing the area.

Illustration 10: Find the area enclosed by [x — 1| + |y + 1| = ©.1)
Solution : Shift the origin to (1, -1). V2

X=x-1 Y=y+1 1,0 (1,0)
X| +1Y]=1 \‘
(0,-1)

Area =./2 x/2 = 2 sq. units

[llustration 11: Find the area of the region common to the circle x? + y? + 4x + 6y — 3 = 0 and the parabola
x>+ 4x = 6y + 14.

Solution : Circleisx?+y?+ 4x+6y—-3=0
= (x+2)2+(y+3)0=16
Shifting origin to (-2,-3).
X2+VY2=16
equation of parabola — (x + 2)2=6(y + 3)
= X?=6Y

Solving circle & parabola, we get X = + 2.3

Hence they intersect at (—2\@,2) & (2@,2)

A= Zﬁ\/G_YdY+i\/16—Y2dY}

=2 EJE[YS’Z]ZJF 1y 16—Y2+Esin’1i = ﬂ 16n $q. units
3 o |2 2 4 |, 3 3

Doyourself : 3
(i)  Find the area inside the circle x>-2x + y* — 4y + 1 = 0 and outside the ellipse
X?=2x+4y>-16y+13= 0
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(b) Ify={f (x)isamonotonic function in (a, b), then the area bounded by the ordinates at x = a,

x=b,y=f (X)andy = f (c) [where c € (a, b)] is minimum when C=——.

Proof : Let the function y = f (x) be monotonically increasing. AY y=/x)

Required area A = Jc'[f (©) — F(X)]ox + j{[f(x) — £(c)]dx y=fo

. dA <
For minimum area, e 0 0}

= [f'©c+f)-f'(a-f)+[-f(c)-f'(c).b+f'(c)c+f(c)]=0

. a+b
L (c){c——}:o
2
a+b

= o= (v [(©=0)
Illustration 12: Find the value of 'a’' for which area bounded by x =1, x=2, y=6x? and y=f (a) is minimum.
Solution: Letb=f (a). y=6x"

Va

a 2 a , d A; y=1@a)
A=[(b-6x2)dx+ [ (6x? ~ bdx =bx ~2x|| +[2x° ~bx| N
1 a

| x+ai s
x=1 x=2

&
<

=8a®-18a%+ 18

dA

For minimum area 4 0

= 24a>°-36a=0 = a=15

d
Alternatively, y = 6x* = d—i=12x

Hence y = f (X) is monotonically increasing. Hence bounded area is minimum when

a= (EJ =15
2

Doyourself - 4:

(i) Findthevalueof'a' (0O<a< g) for which the area bounded by the curve f (X) = sin®x + sinx,
y = f(a) betweenx =0 & X = is minimum.

(d) The area bounded by a curve & an axis is equal to the area bounded by the inverse of that
curve & the other axis, i.e., the area bounded by y = f (x) and x-axis (say) is equal to the area
bounded by y = f~1(x) and y-axis.

PTT  cd06\80A180\KotcEEIAdenced \Enthusioi\Mahs\Sheet\Differnticl Equction 8 Area Under he Curve\Eng p6S



node06\BOAI-BO\Kota\JEE(Advanced) \Enthusicsf\Maths \Sheet\Differential Equation & Area Under the Curve\Eng.p65

Differential Equation & Area Under the Curve
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IHlustration 13: Ify =g(x) is the inverse of a bijective mapping f : R — R, f (X) = 6x° + 4x3 + 2x, find the
area bounded by g(x), the x-axis and the ordinate at x = 12.
Solution : f(x)=12 4Y
= 6X+4C+2x=12 = x=1 F0.12) [ y=f(x) D/V—X
i ; y=g(x)
_[ g(x)dx = area of rectangle OEDF — _[ f(x)dx A(0,1) B
0 0
! 0 K10 120
=1x12- J(6x5+4x3+2x)dx =12 — 3 =9 sq. units. ’
0
Doyourself -5:

(i)  Find the area bounded by the inverse of bijective function f (x) = 4x3 + 6X, the x-axis and the
ordinates x =0 & x = 44.

5. USEFUL RESULTS:

(@ Whole area of the ellipse, x¥/a? + y*/b?> = 1 is wab sg.units.

(b) Area enclosed between the parabolas y? = 4ax & x* = 4 by is 16ab/3 sqg.units.

(¢) Areaincluded between the parabola y* = 4ax & the line y = mx is 8 a/3 m?3 sq.units.

(d) The area of the region bounded by one arch of sin ax (or cos ax) and x-axis is 2/a sg.units.

b
(& Awverage value of afunction y =f(x) over aninterval a <x <b s defined as : y(av) :bL _[ f(x)dx.
_a 2

Miscdlaneouslllustration :

[llustration 14 :

Solution :

Find the smaller of the areas bounded by the parabola 4y? — 3x — 8y + 7 = 0 and the ellipse
X2+ 4y* - 2x -8y + 1 =0.

C,is4(y*—2y) =3x-7 I

or  4y-172=3x-3=3(x-1) .. (i) / TN

A,372)
L

Above is parabola with vertex at (1, 1)
Cis(¥*=2x)+4 (y-2y)=-1
or (X-1p +4(y-12=-1+1+4

(X;)Z L 121)2 -y (ii)

Above represents an ellipse with centre at (1, 1). Shift the originto (1, 1) and this will not
affect the magnitude of required area but will make the calculation simpler.

M
1-+312)

or

Thus the two curves are

2 2 3
4Y? = 3X and %+YT = 1 They meet at [1, i%j
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Required area = 2(A + B) = ZUYldX +f dex}

= 2{?}:&@“}:@(1)(} :{gjg_:ﬂ sq.units.

2

Illustration 15:  Find the area bounded by the regionsy > \/x, x> —\/§ & curve X2 +y?* =2,

Solution : Common region is given by the diagram x=—Jy
If area of region OAB = A C o~
then area of OCD = A A y=nx

Because y =./x &X=—.Jy
will bound same area with x & y axes respectively. NG

y=Jx =¥ =x of 1)

X :—\/§ = x? =y and hence both the curves are
symmetric with respect to the line y = x

rZ
Avrea of first quadrant OBC = RT: g (v r=42)

T

2—7»

Area of region OCA =

Area of shaded region = (g -A)+A :g sg.units.

[llustration 16: Find the equation of line passing through the origin & dividing the curvilinear triangle
with vertex at the origin, bounded by the curvesy = 2x — x?, y =0 & x = 1 in two parts of
equal areas.

Solution : Area of region OBA :J.Ol (2x —x%)dx

2
3 TAYASA S
Let pt. C has coordinates (1, y)

1 1
Area of AOCB = EXlxy:E

wlrN

y:

C has coordinates (1, %j

0 2
Line OC has slope m = 10 :§
. . . 2
Equationof line OCisy=mx =y = 3 X.
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[llustration 17:

Solution :

[llustration 18:

Solution:

Differential Equation & Area Under the Curve

The area bounded by y = x* + 1 and the tangents to it drawn from the origin is :-
(A) 8/3 sg. units (B) 1/3 sq. units (C) 2/3 sq. units (D) none of these
The parabola is even function & let the equation of tangent is y= mx

Now we calculate the point of intersection of parabola & tangent
mx=x*+1

-mx+1=0 =D=0 \ B A,(12)
=> m-4=0 > m=4%2 |
Two tangents are possible y = 2x & y = -2x o, o:)
Intersection of y =x*+1 & y=2Xisx=1&y=2

1
= J((x2 +1) - 2x)dx :%sq. units

0

1
Avrea of shaded region OAB = '[ (y,-y,)dx
0

3) 3
Find the area bounded by x-axis and the curve given by x = asint, y = acost for 0 <t <.

1) 2
Avrea of total shaded region = 2 (—j = sQ. units

T i 2 m 2 H T
Area = jyd—x.dt=jacost(acost)dt=a—j(1+0052t)dt=a—t+5m2t =a—|n|=E

S 29 2 . 2 2
Alternatively,

b b 2|=® 2 - T 2
Area =de—y.dt: Iasint(—asint)dt za—I(COSZt—l)dt :a__3|n2t_t _ma

Y at T | 2| 2 2 |, 2

ANSWERS FOR DO YOURSELF

1: () % sg. units () g sg. units. (i) 8sq. units. (@iv) % sg.units
2 () % sg. units (i) 4 sq. units (i) %—glog%% sg. units
3 () 2= sq. units
. T
4r 0 7
5 (i) 60 sg. units.

51
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ALLEN
EXERCISE (O-1)

The area bounded in the first quadrant by the normalat (1,2) onthe curve y?=4x, x-axis & the
curve is given by :
10 7 4 9

A 3 ®) 5 © 3 D) 5

Suppose y = f (x) and y = g(x) are two functions whose graphs intersect at the three points (0, 4),
4

(2,2)and (4, 0) withf(x)>g (x) forO<x<2and f (x) <g (x) for2<x< 4. If I[f (x)—-g(x)]dx=10and
0

4

[T9(x)—f (x)]dx =5, the area between two curves for 0 < x <2, is
2

(A)5 (B)10 (C)15 (D) 20
Let'a'be a positive constant number. Consider two curves C,:y=¢e*, C, : y=e*~*. Let S be the area of

the part surrounding by C,, C, and the y-axis, then Lim % equals
a—0 g

(A) 4 (B) 1/2 (©)o0 (D) 1/4
The area of the region(s) enclosed by the curvesy =x2andy = m is

(A) 13 (B)2/3 (C)1/6 (D)1
Areaenclosed by the graph of the functiony =In?x— 1 lying in the 4" quadrant is

2 4 ) et
(A) 3 (B) - (©)2 e+ (D) 484
The area bounded by the curve y =f(x) (where f(x) >0) , the co-ordinate axes & the line X=X, is given
by x, . ex1. Therefore f(x) equals:
(A) e* (B) xe* (C) xex—eX (D) xex+ eX

The slope ofthe tangent to acurve y=f(x) at (x, f(x)) is 2x+1. If the curve passes through the point
(1, 2) then the area of the region bounded by the curve, the x-axisand the line x=1 is

A > ® ¢ © ¢ ©) 1

The area bounded by the curves y=x (x—3)? and y=x is (in sg. units) :
(A) 28 (B) 32 C) 4 (D) 8

Area of the region enclosed between the curves x=y?-1and x=l|y| 1/1_y2 IS

(A1 (B) 4/3 (C) 213 (D)2
The curve y = ax? + bx + ¢ passes through the point (1, 2) and its tangent at origin is the line y= x. The area
bounded by the curve, the ordinate of the curve at minima and the tangent line is

1 1 1 1
™ 5 ®) 15 © 5 ©) ¢

mmme———————
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Differential Equation & Area Under the Curve

EXERCISE (O-2)
[SINGLE CHOICE OBJECTIVE TYPE]

1.  The area bounded by the curve y = x e ; xy = 0 and X = ¢ where c is the x-coordinate of the curve's
inflection point, is
(A)1-3e (B)1-2¢e7? (C)1-¢e2 (D)1

ALLEN

d
2. Afunctiony =f(x) satisfies the differential equation d—i —y=c0s X —sin x, with initial condition that y is
bounded when x — . The area enclosed by y =f (x), y = cos x and the y-axis in the 1% quadrant

1
(A V2 -1 ®) V2 ©1 © 5

3. Ifthe area bounded between x-axis and the graph of y = 6x — 3x2 between the ordinatesx=1and x = a
is 19 square units then 'a’ can take the value
(A)dor-2 (B) two values are in (2, 3) and one in (-1, 0)
(C) two valuesone in (3,4) and one in (-2,-1) (D) none of these
[MULTIPLE OBJECTIVE TYPE]

4.  Let T be the triangle with vertices (0, 0), (0, c?) and (c, ¢?) and let R be the region betweeny = cx and
y = x?where ¢ > 0 then

c? c?
(A)Area(R) = 3 (B) AreaofR = 3
Area(T) _ Area(T) _ 3

(C) Lim

i = (D) Lim
c—0* Area(R)

c»0* Area(R) 2
2

X
5. Supposef is defined fromR — [-1, 1] as f (x) = N where R is the set of real number. Then the
+

statement which does not hold is

(A) f ismany one onto

(B) f increases for x > 0 and decrease for x<0

(C) minimum value is not attained even though f is bounded

(D) the area included by the curve y = f(x) and the line y =1 is &t sq. units.

T
COS X 0<x<—

6. Consider f(x) = ( such that f is periodic with period =, then

E—X ESX<1t
2 2

2
(A) Therange of f is {O%J

(B) fis continuous for all real x, but not differentiable for some real x
(C) fis continuous for all real x

3
(D) The area bounded by y=f(x) and the X-axis from x=-nntoX=nmis 2n [1+ %J foragivenneN
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7. Which of the following statement(s) is/are True for the function
f (x) = (x=1)?(x—2) + 1 defined on [0, 2]?

5]
(A) Range of fis 57|

5 23
(B) The coordinates of the turning point of the graph of y = f(x) occur at (1, 1) and (5 EJ .

23
(C) The value of p for which the equation f (X) = p has 3 distinct solutions lies in interval (— J .

7
(D) The areaenclosed by y = f (x), thelinesx =0 and y = 1 as x varies fromQ0to 1 is ITE

8.  Ifany curve passing through (-2, 0) whose length of sub normal at any point is 4 unit, then -
(A) there are two possible such curves those touches each other

32
(B) area bounded by any possible curve and y-axis is 3
(C) there will be a unique such curve
(D) line x + 2 =0 is tangent to the curve
9. Letf(x)=2-|x—1| &g(x) = (x— 1) then -
7 7
(A) area bounded by f(x) & g(x) is 5 (B) area bounded by f(x) & g(x) is 3

5 5
(C) area bounded by f(x), g(x) & x-axisis — (D) area bounded by f(x), g(x) & x-axis is —=

3 6
10. The figure shows a horizontal line y = ¢ passing through (b, c) N

intersecting the curve y = 8x — 27x°. If the shaded areas are y=8x- 2(75(3(;)
equal, then

1 4

b== b=— >

(A) b=5 (B) b=¢

32 23
(C) e=> (D) c=%

11. If A, denotes area of the region bounded by the curves C, 1y = (x - 1)e¥, tangent to C at(1,0) &
y-axis and A, denotes the area of the region bounded by C, and co-ordinate axes in fourth quadrant,
then -

(A) A > A, (B) A, <A, (C)2A, +A,=2  (D)A, +2A,=4
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12,

13.

14.

15.

Differential Equation & Area Under the Curve

Area bounded by y =sec™ x,y =cot™ x and line x = 1 is given by-
15

(A) f (cot’1 x—sec! x) dx
1
nl4

(B) _[secxdx+ _[ cotxdx—% where sina. = cos’ol

/4
©) Jsecxdx+ J cotxdx—z+1 where sina., = cos’a.

1+«/_

(D)

H'—.N

(cot™ x—sec™ x)dx
Area bounded by the curve y = cotx, x = % andy =0 is-

(A :[ tan (Z—xjdx (B) ——Itan xdx (C) 1- Itan’l xdx (D) Ttanl xdx

If y = f(X) is the solution of equation ydx + dy = —exyzdy f(0) =1 and area bounded by the curve
y=f(x),y=¢€and x=1is A, then -

1
(A) curvey = f(x) is passing through (-2,e)  (B) curvey = f(x) is passing through (ng

2 2
(C)A=e_ﬁ+3 (D)A=e+ﬁ_3

The function f(x) = x13(x-1)

(A) has 2 inflection points.

(B) is strictly increasing for x > 1/4 and strictly decreasing for x < 1/4.
(C) isconcave down in (= 1/2, 0).

(D) Areaenclosed by the curve lying in the fourth quadrant is 9/28.

EXERCISE (S-1)

Find the area bounded on the right by the line x + y =2, on the left by the parabola y = x2 and below by the
X-axis.

Find the area of the region {(x,y) : 0<y<x?+1,0<y<x+1,0<x<2}.

Find the area of the region bounded by curves f(x) = (x — 4)?, g(x) = 16 — x? and the x-axis.

Afigure is bounded by the curvesy :‘\/E sin RTX‘ ,¥=0,x=2&x=4. At what angles to the positive

x-axis straight lines must be drawn through (4, 0) so that these lines partition the figure into three parts of
the same area.

Find the area bounded by the curvesy = \/m and y = x3— x. Also find the ratio in which the y-axis
divided this area.

If the area enclosed by the parabolas y =a—x2 and y = x?is 18+/2 sg. units. Find the value of ‘a.

The line 3x + 2y = 13 divides the area enclosed by the curve,

9x? + 4y?—18x—16y—11 = 0 into two parts. Find the ratio of the larger area to the smaller area.
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1
Consider two curvesC, 1y = ~ and C, :y=Inxonthe xy plane. Let D, denotes the region surrounded
by C,, C, and the line x = 1 and D, denotes the region surrounded by C,, C, and the line x = a. If
D, =D, Find the value of ‘a'.
Find the area enclosed between the curves : y = log, (x + €) , x = log, (1/y) & the x-axis.

For what value of 'a' is the area bounded by the curve y = a®x? + ax + 1 and the straight line y = 0,
X =0 &x=1the least ?

Find the positive value of 'a' for which the parabola y = x? + 1 bisects the area of the rectangle with vertices
(0,0), (3, 0), (0,a2+1)and (a, a%+1).

Compute the area of the curvilinear triangle bounded by the y-axis & the curve, y = tan X & y=(2/3)cosx.
Find the value of 'c' for which the area of the figure bounded by the curve, y = 8x? — x°, the straight lines
X =1 & x =c & the abscissa axis is equal to 16/3.

Find the area bounded by the curvey = X e_x2 , the x-axis, and the line x = ¢ where y(c) is maximum.

A polynomial function f (x) satisfies the condition f (x + 1) =f (x) + 2x + 1. Find f (x) if f (0) = 1. Find
also the equations of the pair of tangents from the origin on the curve y = f (x) and compute the area
enclosed by the curve and the pair of tangents.

The figure shows two regions in the first quadrant.

P(t, sin t2) Y 7 P(t, sin t2)
|
y < x Al
Oy t
A(t) is the area under the curve y = sin x? from 0 to t and B(t) is the area of the triangle with vertices O, P
and M(t, 0). Find Lim ﬂ
t—>0 B(t)

EXERCISE (S-2)

Compute the area of the region bounded by the curvesy=e. x. Inx &y = Inx/(e. x) where Ine=1.

Find the values of m (m > 0) for which the area bounded by the line y = mx + 2 and
X =2y —y2is, (i) 9/2 square units & (i) minimum. Also find the minimum area.

Let A, be the area bounded by the curve y = (tanx)" & the lines x =0, y = 0 & x = n/4. Prove that for
n>2,A +A ,=1/(n-1)&deducethat 1/(2n+2) <A <1/(2n-2).

Find the area bounded by the curve y = x e ; xy =0 and x = ¢ where c is the x-coordinate of the curve's
inflection point.

Consider the curve y = x" where n > 1 inthe 1%t quadrant. If the area bounded by the curve, the x-axis and
the tangent line to the graph of y = x" at the point (1, 1) is maximum then find the value of n.

mmme———————
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6.

10.

11.

12.

13.

14.

Differential Equation & Area Under the Curve

Consider the two curvesy =1/x2 & y=1/[4 (x-1)].
()  Atwhat value of ‘a’ (a > 2) is the reciprocal of the area of the fig. bounded by the curves, the lines

X =2 &x=aequal to ‘a’ itself ?

@)  Atwhat value of ‘b’ (1 < b < 2) the area of the figure bounded by these curves, the lines x=b &
x=2equalto1-1/b.

X—-C

I
Show that the area bounded by the curve y = n
point of the curve is independent of the constant c.

, the x-axis and the vertical line through the maximum

. . . 1
For what value of 'a' is the area of the figure bounded by the lines, y = < y= % ,X=2&x=aequal
4

toln—=7?

75

1 1 1
For the curve f (x) = v , let two points on it are A (a, f(at)), B(—a,f[—aD (o> 0). Find the

minimum area bounded by the line segments OA, OB and f (x), where 'O’ is the origin.

Let 'c' be the constant number such that ¢ > 1. If the least area of the figure given by the line passing through
the point (1, ¢) with gradient 'm' and the parabolay = x? is 36 sq. units find the value of (c? + m?).

If f (x) is monotonic in (a, b) then prove that the area bounded by the ordinatesat x=a ; x=b ; y=1(x)

b
andy="f(c), ¢ € (a, b) is minimumwhen c = a%.
X3 2
Hence if the area bounded by the graph of f (x):? — X +a, the straight lines x =0, x = 2 and the x-axis

is minimum then find the value of 'a'.

Consider the two curves C, :y=1+cosx & C, :y=1+cos (x—a) for a € (0,7/2); x €[0, x]. Find
the value of o, for which the area of the figure bounded by the curves C;, C, & x = 0 is same as that of the
figure bounded by C,, y = 1 & x = . For this value of a, find the ratio in which the line y = 1 divides the
area of the figure by the curves C,, C, & x=m.

For what values of a € [0, 1] does the area of the figure bounded by the graph of the functiony = f (x) and
the straight lines x =0, x =1 & y = f(a) is at a minimum & for what values it is at a maximum if

f(x) =v1—x? . Find also the maximum & the minimum areas.

Let C, & C, be two curves passing through the origin as shown in the
figure. Acurve C is said to "bisect the area™ the region between C, & C,,, 2 o

if for each point P of C, the two shaded regions A & B shown in the figure C,
have equal areas. Determine the upper curve C,, given that the bisecting B
curve C has the equationy = x2 & that the lower curve C, has the equation

y=X?/2.
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. 1 .. .
The area of the region enclosed by the curvesy = x, x=¢e,y = X and the positive x-axis is:-

[AIEEE-2011]

3 5 1 . .
(1) 5 square units (2) 5 square units 3) 5 square units (4) 1 square units
The area bounded by the curves y? = 4x and x2=4y is :- [AIEEE-2011]
32 16 8
(1)0 @ 7 ® 5 @ 3

The area bounded between the parabolas x* =% and x2 = 9y, and the straight liney =2 is :

[AIEEE-2012]

(1) 102 (2) 2042 3) M @) &

The area (in square units) bounded by the curves y=+/x , 2y — x + 3 = 0, x-axis and lying in the

first quadrant is : [JEE (Main)-2013]
27

1)9 (2) 36 (3) 18 4) v

The area bounded by the curve y = In(x) and the linesy =0,y =1In (3) and x = 0 is equal to :
[JEE-Main (On line)-2013]

1)3In@R)-2 (23 (3)2 4 3In@3) +2

The area of the region (in sg. units), in the first quadrant, bounded by the parabola y = 9x* and the
linesx=0,y=1landy=4,1is:- [JEE-Main (On line)-2013]
Q)79 (2) 14/3 (3) 14/9 4) 713

The area under the curvey = |cos X —sin x|, 0 < x < g and above x-axis is :
[JEE-Main (On line)-2013]

(1) 22 (2) 242 +2 (3)0 (4)2\2 -2
Let f: [-2, 3] — [0, «) be a continuous function such that f (1-x) = f (x) for all x € [-2, 3].
If R is the numerical value of the area of the region bounded by y = f(x), x = -2, x = 3 and the axis

3
of xand R, = j x f(x)dx , then : [JEE-Main (On line)-2013]
2

(1) 2R= 3R, (Q R, =R, (3) 3R, = 2R, (4) R, = 2R,
The area of the region described by A = {(x,y) : x2+y2<landy?2<1-x}is:
[JEE(Main)-2014]

1) —+— @) 53 G353 4 5+3
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10. The area (in sq.units) of the region {(x, y) : y2>2xand X2 + y2<4x, x>0,y >0} is :-
[JEE(Main)-2016]

n 22 4 8 W2

Mo 5 @73 (®) -3 (@) n-"=

11. The area (in sq. units) of the region {(x,y}:x>0,x+y<3,x<4dyandy<1+ x}is:
[JEE(Main)-2017]

5 59 3 7
1) 3 @) ®) 7 4) 3
12. Let g(x) = cos x?, f(x) = /x and a, B (o < B) be the roots of the quadratic equation

18x2 — 9nx + w2 = 0. Then the area (in sg. units) bounded by the curve y = (gof) (x) and the lines

X=o,Xx=pandy=0is- [JEE(Main)-2018]
1 1 1 1
(1) 5(V3+1) (2) ;(V3-2) (3) ;(V2-1) (4) 5;(V3-1)
13. The area (in sg. units) bounded by the parabolay = x2 — 1, the tangent at the point (2, 3) to it and the
y-axisis : [JEE(Main)-2019]
14 56 8 32
1) 3 @) 3 ®) 3 4 3

14. Thearea of the region A=[(x,y):0<y<x|x/+1and ~1<x<1] insq. units, is : [JEE(Main)-2019]

2 1 4
(1) 5 @ 3 (3)2 @ 5
15. Thearea (in sg. units) of the region A={(x,y) e RxR|0<x<3,0<y<4, y<x2+3x}is:
[JEE(Main)-2019]

53 59 26
D5 Chry 3)8 Ok
16. The area (in sg. units) of the region bounded by the curvesy = 2*and y = |x + 1|, in the first quadrant
is : [JEE(Main)-2019]
E_ 1 1 3 3
(1) 2 logg2 (2) 2 (3) loge 2 +§ (4) >

17. If the area (in sq. units) of the region {(x, y) : Y2 <4x, x +y <1, x>0, y> O} is a2 +b, then
a—bisequalto: [JEE(Main)-2019]

@3 @ (36 @ -3
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1. Areaoftheregion bounded by the curvey=eXand linesx=0andy=eis [JEE 2009, 4]
e 1 e
(A)e-1 (B) [In(e+1-y)dy  (C) e~ [e*dx (D) [Iny dy
1 0 1
2. Comprehension (3 questions together) :
Consider the polynomial f(x) = 1 + 2x + 3x” + 4x’. Let s be the sum of all distinct real roots of
f(x) and let t = |s].
(i) The real number s lies in the interval
1 3 3 1 1
-—,0 -11, —— -, == 0, =
@ (-39 @13 o33 o
(i) The area bounded by the curve y = f(x) and the lines x =0, y = 0 and x = t, lies in the interval
59 e o2
(iii) The function f'(x) is
. . 1 . 1
(A) increasing in (—t, _Zj and decreasing in 2 t
N 1 . L 1
(B) decreasing in (—t, __j and increasing in (_Z’ t}
4
(C) increasing in (-, t)
(D) decreasing in (-t, t) [JEE 2010, 3+3+3]
3. (@) Let the straight line x = b divide the area enclosed by y = (1 - x)>, y = 0 and x = 0 into two
parts R, (0<x<b)d and R,(b<x<1) such that R, -R, :%. Then b equals
@ > ®) © 5 ©) :
4 2 3 4
(b) Let f:[-1,2] — [0,) be a continuous function such that f(x) = f(1-x) for all x € [-1,2].
2
Let R, = j xf(x)dx, and R, be the area of the region bounded by y = f(x), x=-1, x=2, and
-1
the x-axis. Then -
(A) R, = 2R, (B) R, = 3R, (C) 2R, = R, (D) 3R, = R,
[JEE 2011, 3+3]
4.  The area enclosed by the curve y = sinx + cosx and y = |cosx — sinx| over the interval {O, ﬂ IS
[JEE(Advanced) 2013, 2M]
(A) 4/2-1) (B) 2v/2(-/2-1) (C) 22 +1) (D) 2v2(\2+))
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T
X242

6
Let F(x)= I 2 cos’ tdt forall x € Rand f:[o,ﬂ —[0,0) be acontinuous function. For ae[o,ﬂ,

if F'(a) + 2 is the area of the region bounded by x =0,y =0, y = f(X) and x = a, then f(0) is
[JEE 2015, 4M, -OM]

If the line x = o divides the area of region R = {(x, y) € R*: X’ <y < x, 0 <x < 1} into two equal

parts, then [JEE(Advanced)-2017, 3(-2)]
1
(A) 5 <a<l (B) o' +4a’-1=0
1 4 2
(C)O<0LSE (D) 20" —4a°+1=0

Let f : [0, ©) — R be a continuous function such that f(x) :1—2x+J.e“f(t)dt
0

for all x € [0, «). Then, which of the following statement(s) is (are) TRUE ?
(A) The curve y = f(x) passes through the point (1, 2) [JEE(Advanced)-2018, 4(-2)]
(B) The curve y = f(x) passes through the point (2, -1)

n—2

(C) The area of the region {(x, y) € [0, 1] x R : f(X)<y<~1-x*}is 4

n-1
4

A farmer F_has a land in the shape of a triangle with vertices at P(0, 0), Q(1, 1) and R(2, 0). From
this land, a neighbouring farmer F, takes away the region which lies between the side PQ and a

(D) The area of the region {(x, y) € [0, 1] x R : f(X)<y<+1-x*}is

curve of the form y = X"(n > 1). If the area of the region taken away by the farmer F, is exactly
30% of the area of APQR, then the value of n is [JEE(Advanced)-2018, 3(0)]
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ANSWER KEY
AREA UNDER THE CURVE

EXERCISE (O-1)

1. A 2. C 3. D 4, B 5. B 6. D 1. A 8. D 9. D
10. A
EXERCISE (O-2)

1. A 2. A 3. C 4. AC 5. ACD 6. AD
7. B.CD 8. AB,D 9. B,.C 10. B,C 11. B,C 12. AB
13. AB 14. AD 15. AB,CD
EXERCISE (S-1)
1. 5/6sq. units 2. 23/6sg.units 3. 64 4, n—tan? &;  —tan™ 43_‘5
T T
5. . nl 6. a=9 7. 3 +2 8. e 9.  2s(g.units
2 mn+l n—2
10. a=-3/4 1. 3 12. % - fn(?} s. units
1
13. C=-lor(8-17)" 4. S(-e'?)

15. fX)=x2+1,y=+2x; A= % sg. units  16. 2/3
EXERCISE (S-2)

1. (e?-5)desq.units 2. ()m=1, (iijm=o;A  =4/3 4, 1-3e2
5 J2+1 6. a=1+e?,b=1+e2 7. 112
2 (m-1) 2
= — (6-+21 = —
8. a=8org (6-+21) o. 5 10. 104 1. a=7
12. a=mn/3,ratio=2:4/3
13. a=1/2gives minima, A&j = 3\?2_ T.a=0 gives local maxima A(0) =1 — %;

a=1gives maximum value, A(1) = n/4
14. (16/9)x?
EXERCISE (JM)

1. 1 2. 3 3. 4 4. 1 5. 3 6. 3 7. 4 8. 4 9 1
10. 3 11. 1 12. 4 13. 3 14. 3 15. 2 16. 1 17. 3

EXERCISE (JA)
. B,C,D 2 ()C (DA (i)B 3 @B®C 4 B 5 3 6 AD
7. B.C 8 4
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