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JEE (Main) Syllabus :

Heights and Distances

MATHEMATICAL INDUCTION

Principle of Mathematical Induction and its simple applications.

SETS, RELATIONS

Sets and their representation; Union, intersection and complement of sets and their
algebraic properties; Power set; Relation, Types of relations, equivalence relations.




Heights and Distances

HEIGHT AND DISTANCE

Ex.1
Sol.

INTRODUCTION :
One of the important application of trigonometry is in finding the height and distance of the point which are

not directly measurable. This is done with the help of trigonometric ratios.

ANGLES OF ELEVATION AND DEPRESSION :

Let OP be a horizontal line in the vertical plane in which an object R is given and let OR be joined.

angle of depression

angle of elevation

Fig. (a) Fig. (b)

In Fig. (a), where the object R is above the horizontal line OP, the angle POR is called the angle of elevation
of the object R as seen from the point O. In Fig. (b) where the object R is below the horizontal line OP, the

angle POR is called the angle of depression of the object R as seen from the point O.
Remark :

Unless stated to the contrary, it is assumed that the height of the observer is neglected, and that the angles

of elevation are measured from the ground.

Find the angle of elevation of the sum when the length of shadow of a vertical pole is equal to its height.
Let height of the pole AB = h and

length of the shadow of the Pole (AC) = h B
AB h
- _n _ h
In AABC tan 0 AC h 1 =>tan0 =1
0
= tan 0 = tan 45° = 0 = 45° A h C

The shadow of the tower standing on a level ground is found to be 60 metres longer when the sun's altitude
is 30° than when it is 45°. The height of the tower is-

(1) 60 m (2) 30(+/3 -1)m (3) 604/3 m (4) 30(+/3 +1) m.

Sol.(4) AC = hcot 30° = \/3h

AB = h cot 45°=h

P
BC =AC-AB =h (+/3-1) = 60 = h (y/3-1)
h
45° 30°
60 603 +1)
h= = = A B 60 C
1~ 3.1 =30(B+ m



______________________________________________________________________________________________________________________________________________|

Ex.3 The angle of elevation of the tower observed from each of the three point A,B,C on the ground, forming a
triangle is the same angle o . If R is the circum - radius of the triangle ABC, then the height of the tower is -
(1) R sin o (2)R cos a. (3) R cot a (4)Rtan a

Sol.(4) The tower makes equal angles at the vertices of the triangle, therefore foot of the tower is at the circumcentre.

From A OCP, OP is perpendicular to OC.

Z0OCP =a

OP
so tan o= OA = OP=0Atan a

o
OP =Rtan a B C
A
3. SOME USEFUL RESULTS :
® Inatriangle ABC, h p
P b P )
sin9=E , cosO=H, tan@:E (= b B
® In any triangle ABC, A
a b c )
sinA sinB  sinC By sine rule] c
or cosine formula b
b? +c? -a’ a® +c?-b? aZ+b? —c?
ie cosA=-tC T8 po 2D -2 ° B a C
i.e. cos T ; cosB oac , cosC oab
® Inany triangle ABC A
if BD: DC =m : nand #BAD = o B
ZCAD = B and ZADC = 0, 0
then (m+n) cot 6 = m cot a - n cot f B m D n C
A
® In atriangle ABC, if DE | | AB
o AB_BC q
“» DETDC
® In a triangle the internal bisector of an angle divides the 4
opposite side in the ratio of the arms of the angle ng
_ BD_AB
" DC AC
B D C

® In an isosceles triangle the median is perpendicular to the base
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SOLVED EXAMPLES

Ex.1

A tower subtends an angle of 30° at a point on the same level as its foot, and at a second point h m
above the first, the depression of the foot of tower is 60°. The height of the tower is.
h

()hm (2) 3hm (3) V3 hm (4) 3 m

Sol.(4) Let OP be the tower of height x.,A the point on the same level as the foot O of the tower and B be the

Sol.

point h m above A (see Fig.) Then 2 AOB = 60°and £ PAO = 30°. From right-angled triangle AOP,
we have B
OA =x cot 30°
and from right-angled triangle OAB, we have
OA =h cot 60°
Therefore, from (1) and (2), we get
x cot 30° = h cot 60° p

1 1
= —h = =h
J3x 73 =X 3 |

30°

60° 30°
0 A

5
At a point on level ground, the angle of elevation of a vertical tower is found to be such that its tangent is R

On walking 192 metres towards the tower, the tangent of the angle of elevation is % . Find the height of the

tower.

Let AB be the tower and let the angle of elevation of its top at C be a.. Let D be a point at a distance of 192
metres from C such that the angle of elevation of the top of the tower at D be .

Let h be the height of the tower and AD = x,

5
It is given that tan a0 = 19 andtan = —.
In AABC, we have

5 h B

AB
tano = —= = tana =

AC 192+x 12 192+x
In AABD, we have

AB h 3 h h
tanB=Xﬁ :>tan[3=;:>Z:;

We have to find h. This means that we have to eliminate x from (i) and (ii).

o B
4h C—»192m<e— D > XA

From (ii), we have 3x = 4h = x = 3

Substituting this value of x in (i), we get

S b 592,40 10n
12 192+4h/3 — 37T

= 5(576 + 4h) = 36h = 2880 + 20h = 36h

= 16h=2880:>h=%§0=180

Hence, height of tower = 180 metres.



1
Ex.3 Let a be the solution of 1657°° 4+ 16°5°9 = 10 in (0, n/4). If the shadow of a vertical pole is ﬁ of its height,

then then the altitude of the sun is-

(1) o )

Y]
wle

Sol.  We have 16°"°9 116" ¢ = 10

. . 16 .
= 16570416170 =10 = x + ~ = 10, wherex = 165

= x=2,8 = 1610 =28 ii:%

P
— odsin®0 —92, 93
= 4sin’0=2, 3 h
2
= sin26=%, (g} :>6=%,% A 9" hA3 0
.
6

Let the altitude of the sun be 0. Then,

tan = % =tanb= /3 =0= % =0=2a
3
Ex.4 A vertical lamp-post of height 9 metres stands at the corner of a rectangular field. The angle of elevation of its

top from the farthest corner is 30°, while from another corner it is 45°. The area of the field is-

(1) 8172 m? (2) 94/2 m? (3) 81+/3 m? (4) 94/3 m?
Sol.  Let AP be the lamp-post of 9 m standing at corner A

of the rectangular field ABCD.

In A's BAP and CAP, we have

PA

. PA ., PA
tan4b5° = BA and tan30° = AC

= BA=9m and AC=9+/3 m

BC = AC?2-AB? = ,/243-81 = 162 =92 m

Hence, area of the field = AB xBC = 9 x9/2 m?= 812 m?
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Ex.5 A vertical tower stands on a horizontal plane and is surmounted by a vertical flag staff of height h. At a point

Sol.

Sol.

on the plane, the angle of elevation of the bottom and the top of the flag staff are o and B respectively. Prove

htana
that the height of tower is

tanf —tana -

Let AB be the tower and BC be the flag staff. Let O be a point on the plane containing the foot of the tower
such that the angles of elevation of the bottom B and top C of the flagstaff at O are a. and B respectively. Let
OA = x metres, AB = y metres and BC = h metres.

In AOAB, we have

oA x
cota =~ =cota= v
= x=ycota ...(0)
In AOAC, we have
X
t =
cotp y+h

=x=(y +h)cotp ...(ii)
Equating the values of x from (i) and (i), we get

A m— e

ycot a=(y + h) cot B 2l
= ycota—-ycotP =hcotp 0 X
= vy (cot oa—cot B)=hcotp
_ hcotp h/tanp ~  htana
~ cota—cotP 1 1  tanp-tana
tano  tanB

A spherical ball of diameter- subtends an angle a at the eye of an observer when the elevation of its centre

1
is B. Prove that the height of the centre of the ball is = & sin B cosec (%) .

2

O is the position of eye.
As is clear from figure, from AODC,

_h
OoC= sinf}
From AOAC,
g
sin = — % = 2

i3
2 C h/sinp

1. o
= h=§651nﬁ.cosec2.



CHECK YOUR GRASP EXERCISE-I

1.

The angle of elevation of the top of a tower from a
point 20 metre away from its base is 45°. Then
height of the tower is-

(1)10m  (220m  (3)40m (@) 203 m

At a point 15 metre away from the base of a 15
metre high house, the angle of elevation of the top
is-

(1) 45° (2) 30° (3) 60° (4) 90°

An aeroplane flying at a height 300 metre above
the ground passes vertically above another plane
at an instant when the angles of elevation of the
two planes from the same point on the ground are
60° and 45° respectively. Then the height of the
lower plane from the ground in metres is-

(1) 10043 (2) 100/+/3
(3) 50 (4) 150(+/3 +1).

If the elevation of the sun is 30° then the length of
the shadow cast by a tower of 150 metres height is-

(1) 75+/3m (2) 200+/3m
(3)1504/3m (4) None of these

From the top of the cliff 300 metres heigh, the top
of a tower was observed at an angle of depression
30° and from the foot of the tower the top of the
cliff was observed at an angle of elevation 45°. The
height of the tower is -

(1) 50(3 = /3 )m (2) 200 (3 - +/3 )m

(3) 100(3 - /3 )m (4) None of these

The angles of elevation of the top of a tower at the

top and the foot of a pole of height 10 m are 30°

and 60° respectively. The height of the tower is-
(1) 10 m (2)15m
(3) 20 m (4) None of these

A person, standing on the bank of a river, observes
that the angle subtended by a tree on the opposite
bank is 60°% when he retreates 20 m from the bank,
he finds the angle to be 30°. The height of the tree
and the breadth of the river are -

(2010 m; 10¥3 m
(4) None of these

(1) 103 m, 10 m
(3) 20 m, 30m

8.

10.

11.

12.

13.

14.

From the top of a light house 60 m high with its
base at sea level the angle of depression of a boat
is 15°. The distance of the boat from the light house
is-

J3-1 V3+1
(1) 60(\/§+1 m (2) 60 NeE m

J3+1
J3-1

J3-1
3) 30(\/§+1

The angle of elevation of the sun when the length
of the shadow of a pole is /3 times the height of

the pole will be-

(1) 30° (2) 60° (3) 90° (4) 45°

If the length of the shadow of a vertical pole on the
horizontal ground is equal to its height, find the angle
of elevation of the sun -

(1) 60° (2) 30° (3) 45° (4) 90°
The angle of elevation of the top of a tower from a
point 20m away from its base is 60°. The height of
the tower is -

(1) 10 m (220//3m (3)40m  (4) 204/3m
A flag staff on the top of the tower 80 meter high,

1
subtends an angle tan (5) at a point on the

ground 100 meters away from the foot of the tower.
Find the height of the flag-staff -

(1) 20 m (2030m (3)25m (4)35m

A person walking along a straight road observes
that a two points 1 km apart, the angles of eleva-
tion of a pole in front of him are 30°and 75°. The
height of the pole is -

(1) 250(v3+1)m (2) 250(v3-1)m

(3) 225(v2-1)m (4) 225(v2+1) m

An observer in a boat finds that the angle of
elevation of a tower standing on the top of a cliff is
60°and that of the top of cliff is 30°. If the height of
the tower be 60 meters, then the height of the cliff
is -

(1) 30 m

(3) 2043 m

(2) 60/3m
(4) None of these



15.

16.

17.

18.

19.

20.

21.

Heights and Distances

ABCD is a square plot. The angle of elevation of

the top of a pole standing at D from A and C is 30°

and that from B is 0, then tan 0 is equal to -

(1) V6 (2) 1//6

(3) V3/+2 (4) V2 /43

The angle of elevation of a ladder against a wall is

58° and the length of foot of the ladder is 9.6 m

from the wall. Then the length of the ladder is -
[cos 58° = 0.5299]

(1) 18.11m (2)16.11 m

(3)17.11 m (4)19.11 m

From the top of a tower, the angle of depression
of a point P on the ground is 30°. If the distance
of the point P from the tower be 24 meters then

height of the tower is.

(1) 12 m 2) gy3 m

(3) 2443 m (4) 1243 m

A tower subtends an angle of 30° at a point on the
same level as the foot of the tower. At a second
point, h metre above first, point the depression of
the foot of the tower is 60°, the horizontal distance
of the tower from the points is

(1) h cos 60° (2)(h/3) cot 30°

(3) (h/3) cot 60° (4) h cot 30°

From a point on the ground 100 m away from the
base of a building, the angle of elevation of the top
of the building is 60°. Which of the following is the
best approximation for the height of the building-
(1) 172 m (2) 173 m

(3) 174 m (4) 175 m

A kite is flying with the string inclined at 75°to the
horizon. If the length of the string is 25 m, the height
of the kite is-

(1)(25/2) (/3 -1) (2) (25/4) (\[3 +1)

(3) (25/4) (\/3 +1)? @) (25/4) (/6 +2)
If a flagstaff 6 metres high placed on the top of a

tower throws a shadow of 2+/3 metres along the

ground then the angle (in degrees) that the sun
makes with the ground is-
(1) 15°

(3) 60°

(2) 30°
(4) tan! 2\/5

22.

23.

24.

25.

26.

A 6-ft tall man finds that the angle of elevation of
the top of a 24-ft-high pillar and the angle of de-
pression of its base are complementary angles. The
distance of the man from the pillar is-

(1) 24/3 ft (2) 843 ft

(3) 64/3 ft (4) None of these

A flagstaff stands vertically on a pillar, the height of
the flagstaff being double the height of the pillar. A
man on the ground at a distance finds that both the
pillar and the flagstaff subtend equal angles at his
eyes. The ratio of the height of the pillar and the
distance of the man from the pillar is-

(1) J3:1 21:3

3)1:4/3 4) V3.2

The shadow of a tower of height (1 + /3 ) metre
standing on the ground is found to be 2 metre longer
when the sun's elevation is 30°, than when the sun's

elevation was -

(1) 30° (2) 45° (3) 60° (4) 75°

The angle of elevation of the top of an incomplete
vertical pillar at a horizontal distance of 50 m from
its base is 45°. If the angle of elevation of the top of
the complete pillar the same point is to be 60°
then the height of the incomplete pillar is to be
increased by-

(1) 50(v/3 -1) m (2) 50(v/3 +1) m

(3) 50 m (4) 2542 m.

A vertical tower stands on a declivity which is in-
clined at 15°to the horizon. From the foot of the
tower a man ascends the declivity for 80 feet and
then finds that tower subtends an angle of 30°. The
height of the tower is-

(1) 206 —/2)
(3) 406 ++2)

(2) 406 —/2)

(4) None of these



27.

28.

29.

30.

31.

AB is a vertical pole. The point A of pole AB is on
the level ground. C is the middle point of AB. P is a
point on the level ground. The portion BC substends
an angle B at P. If AP = n AB, then tan B is equal
to-

n n
W o1 @
n
Q) = (4) None of these
n“+1

The top of a hill observed from the top and bottom
of a building of height h is at angles of elevation p
and q respectively. The height of the hill is -

hcotq hcotp
cotq—cotp cotp —cotq
htanp
. (4) None of these
tanp —tanq

A and B are two points 30 m apart in a line on the
horizontal plane through the foot of a tower lying
on opposite sides of the tower. If the distance of the
top of the tower from A and B are 20 mand 15 m
respectively, the angle of elevation of the top of
the tower at A is-

(1) cos™(43/48) (2) sin"(43/48)

(3) cos™(29/36) (4) sin"1(29/36)

A vertical pole subtends an angle tan™'(1/2) at a
point P on the ground. The angle subtended by the
upper half of the pole at the point P is-

(1) tan"}(1/4) (2) tan"1(2/9)

(3) tan"}(1/8) (4) tan(2/3)

The angle of elevation of the top of a tower standing
on a horizontal plane from a point A is o. After
walking a distance d towards the foot of the tower,
the angle of elevation is found to be B. The height
of the tower is-

dsinasinfp dsinasin
sin(B — o) sin(o — B)

dsin(B - a) dsin(o. - )
sinasinf3 sinasin3

32.

33.

34.

35.

36.

The angle of elevation of the top of two vertical
towers as seen from the middle point of the line
joining the foot of the towers are 60° and 30°
respectively. The ratio of the height of the towers
is-

mz:1 (2) V3 :1

3)3:2 4)3:1

A person walking along a st. road towards a hill
observes at two points, distance /3 km, the angles

of elevation of the hill to be 30°and 60°. The height
of the hill is-

(1) 3 km @

\/§+1

8 =

km (4) /3 km

The length of the shadow of a vertical pole of height
h, thrown by the sun's rays at three different
moments are h, 2h and 3h. The sum of the angles
of elevation of the rays at these three moments is

equal to-

3
The upper 1 th portion of a vertical pole subtends

an an angle tan’lg at a point in the horizontal
plane through its foot and at a distance 40 m from
the foot. A possible height of the vertical pole is-
[AIEEE-2002]
(1) 80 m (2) 20 m
(3)40 m (4) 60 m
A person standing on the bank of a river observes
that the angle of elevation of the top of a tree on
the opposite bank of the river is 60° and when he
retires 40 meters away from the tree the angle of
elevation becomes 30°. The breadth of the river is-
[AIEEE-2004]
(1)20 m
(3)40m

(2) 30 m
(4) 60 m



37.

38.

39.

40.

Heights and Distances

A tower stands at the centre of a circular park. A
and B are two points on the boundary of the park
such that AB (=a) subtends an angle of 60°at the
foot of the tower, and the angle of elevation of the
top of the tower from A or B is 30°. The height of

the tower is- [AIEEE-2007]
(1) 2a/+/3 (2) 2a~/3
(3)a/+3 (4)a~/3

AB is a vertical pole with B at the ground level and
A at the top. A man finds that the angle of elevation
of the point A from a certain point C on the ground
is 60°. He moves away from the pole along the line
BC to a point D such that CD = 7 m. From D the
angle of elevation of the point A is 45°. Then the

height of the pole is- [AIEEE-2008]
73 1

(1) %Hm @) ?(\E +I)m
73 W31

(3) =(3-1m @S ma"

A man standing on a horizontal plane, observes the
angle of elevation of the top of a tower to be a.
After walking a distance equal to double the height
of the tower, the angle of elevation becomes 2a,
then o is-

T T T T
Wi @75 OGfF @3
ABCD is a trapezium such that AB and CD are
parallel and BC L CD. If ZADB = 0, BC = p and
CD = q, then AB is equal to  [JEE-MAINS-2013]
(p? + q?)sin®
p cosO + qsin6

p? + g% cosO

(1 ()

p cosO + gsin6

(p? + q?)sin®

2 2
(3) . P +q2
p“cosb+ q°sin6

(pcos® + gsin6)?

41.

42.

43.

44.

If the angles of elevation of the top of a tower from
three collinear points A, B and C, on a line leading
to the foot of the tower, are 30°, 45° and 60°
respectively, then the ratio, AB : BC, is :
[JEE(Main)-2015]

1 1:43 2 2:3

3)V/3:1 (4) J3:+/2

A man is walking towards a vertical pillar in a
straight path, at a uniform speed. At a certain point
A on the path, he observes that the angle of
elevation of the top of the pillar is 30°. After walking
for 10 minutes from A in the same direction, at a
point B, he observes that the angle of elevation of
the top of the pillar is 60°. Then the time taken (in
minutes) by him, form B to reach the pillar, is :
[JEE(Main)-2016]
(15 (2) 6 (3) 10 @) 20
Let a vertical tower AB have its end A on the level
ground. Let C be the mid-point of AB and P be a point
on the ground such that AP = 2AB. If ZBPC = B,

then tanp is equal to :- [JEE(Main)-2017]

9 7 4 @3

PQR is a triangular park with PQ = PR = 200 m.
A T.V. tower stands at the mid-point of QR. If the
angles of elevation of the top of the tower at P,Q
and R are respectively 45°, 30° and 30°, then the
[JEE(Main)-2018]

(4) 100

height of the tower (in m) is-

(1) 50 2) 10043 (3) 5042

Que. |1 2 3 4 5 6 7 8 9 10 11 12 13 14 | 15
Ans. 1 1 3 3 2 1 2 1 3 4 1 1 1 2
Que. [16 17 18 19 [ 20 [ 21 [ 22 [23 [ 24 |25 |26 [27 |28 [29 [ 30
Ans. |1 2 2 2 4 3 3 3 2 1 2 1 2 1 2
Que. [31 |32 |33 |34 |3 |36 |37 |38 |39 |40 | 41 |42 | 43 | 44

Ans. |1 4 1 1 3 1 3 2 2 1 3 1 4 4




PRINCIPLE OF MATHEMATICAL INDUCTION

10

THEOREM-I

If P(n) is a statement depending upon n, then to prove P(n) by induction, we procced as follows :

(i) Verify the validity of P(n) forn = 1

(i) Assume that P(n) is true for any positive integer m and then using it establish the validity of P(n) for
n=m+ 1.

Then P(n) is true for eachn e N
THEOREM-II

If P(n) is a statement depending upon n but begining with any positive integer k, then to prove P(n) by
Induction, we procced as follows :

(i) Verify the validity of P(n) for n = k.

(i) Assume that the P(n) is true for n = m > k.

Then using it estabish the validity of P(n) forn = m + 1.

Then P(n) is true for each n >k
SOME USEFUL RESULT BASED ON PRINCIPLE OF MATHEMATICAL INDUCTION :

For any natural number n

n(n+1)

i) 1+2+3+.... +n=3Xn=

n(n+1)(2n+1)

i) 12+22+3%°+....+n?=3n’= 6

r1(r1+1)}2

(i) 1°+2%+3%+...... +n3=2n3=(2r1)2={ 5

iv) 2+4+6+ ... +2n=32n =nn + 1)

v 1+3+5+ ... +(@2n-1)=2@n-1)=n?
vi) X"yt = (x—y) X"+ x" Py + xP0yE 4+ L + xy™2 + y*l)
Vi) X"+ gt = (x + y) &L =xTPy + xR 4L - xyt 2 4yt

(
(
(
(

when n is odd positive integer
IMPORTANT TIPS :

(i) Product of r successive integers is divisible by r!

(i) Forx =y, x"—y"is divisible by
@ x + vy, if nis even (b) x — v, if n is even or odd

(i) x" + y" is divisible by
x +y, If nis odd

(iv) For solving objective question related to natural numbers we find out the correct alternative by negative
examination of this principle. If the given statement is P(n), then by puttingn = 1, 2, 3 .... in P(n) we
decide the correct answer. We also use the above formulae established by this principle to find the sum of
n terms of a given series. For this we first express T _as a polynomial in n and then for finding S_, we put

T before each term of this polynomial and then use above results of Zn, ¥n?, Zn® etc.



Principles of Mathematical Induction

SOLVED EXAMPLES

Ex.1

Sol.

Ex.2.

Sol.

Use the principle of mathematical induction to show that 52! + 3n+2 271 divisible by 19 for all natural
numbers n.
Let P(n) = 521 4 3m+2 2071
Stepl:Forn=1
P(1) = 52+1 4 312 211
=125+ 27
= 152, which is divisible by 19.
Therefore, the result is true forn = 1.
Step II : Assume that the result is true for n = k, i.e. P(k) = 51 4+ 3k+2_ 2k1 5 divisible by 19.
= P(k) = 19r, where r is an integer.
StepIll : Forn=k+ 1
P(k + 1) = 52+l 4 kele2 Qkel-l
— §2k+3 4 3k+3 Ok
= 25.5%+1 3 3k+2 2 2k1
= 25.5% + 6.3k+2 21
Now 25.5%+1 + 6, 3k+22k1 = 25 (5%k+1 4 3k2 2k-1) _ 19 3k+2 2k
i.e. Pk + 1) = 25 P(k) — 19.3k+2 21
But we know that P(K) is divisible by 19. Also 19.3%+2-2"1is clearly divisible by 19.
Hence P(k + 1) is divisible by 19. This shows that the result is true for n = k + 1. Hence by the priciniple of
mathematical induction, the result is true for alln € N.

Use the principle of mathematical induction to showthat 1.3 +2.4 + ........ +n.(n+2) = %n(n +1)(2n+7).

1
LetPn): 1.3+ 2.4 +.....+n.(n+2) = gn(n + 1) (2n + 7)

Stepl:Forn=1

1

LHSof P(1) = 1.3=8= ~.1.2.9 =_.1(1+1)(2.1+7)=RHS of P(1)

o
o~

So P(1) is true
Step II : Now assume P(k) is true, for some natural number k, i.e
1

1.3+24+....+k(k+2)= 6

kk + 1) (2k + 7).

Now deduce P(k + 1).

[LHSof Pk+1)=1.3+2.4+...... +kk+2)+k+1). k+1+2)
= (LHS of P(k)) + (k + 1) (k + 3)

= (RHS of P(k)) + (k + 1) (k + 3), (by inductive assumption)

= Zk(k+1)(2k+7)+ (s 1)(k+3)

:%(k+1)(k(2k +7)+6(k+3))

=%(k+1)(2k2 +13k+18)
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= < (k+1)(k+2)(2k+9)

- (ke (k14 1)(2(k+1)+7)

= RHS of Pk + 1).
So Pk + 1) is true, if P(k) is true.
Hence by induction P(n) is true for all natural numbers n.
Ex.3 Use the principle of mathematical induction to show that for any positive integer number n, n® + 2n, is
divisible by 3.
Sol.  Statement P(n) is defined by n® + 2 n is divisible 3
Step 1 : We first show that P(1) is true. Let n = 1 and calculate n® + 2n
13+2(1)=3
Hence P(1) is true.
Step 2 : We now assume that P(k) is true k® + 2k is divisible by 3. is equivalent to
k3 + 2k = 3M, where M is a positive integer.
We now consider the algebraic expression (k + 1)* + 2(k + 1); expand it and group like terms.
k+12+2k+1)=k>+3k>+5k+3
= [k® + 2K] + [3k® + 3k + 3]
=3M+3k?®+k+1]=3M+k?>+k+ 1]
Hence (k + 1) + 2(k + 1) is also divisible by 3 and therefore statement P(k + 1) is true.
Ex.4 Provethat 3" >n?forn =1, n = 2 and use the mathematical induction to prove that 3" > n? for n, a positive
integer greater than 2.
Sol Statement P(n) is defined by

3" >n?

Step 1 : We first show that P(1) is true. Let n =1 and calculate 3! and 12 and compare them
31=3
12=1

3 is greater than 1 and hence P(1) is true.
Let us also show that P(2) is true.
32=9
22=14
Hence P(2) is also true.
Step 2 : We now assume that P(k) is true
3k> k?
Multiply both sides of the above inequality by 3.
3% 3k> 3" k?
The left side is equal to 3*1. For k > 2, we can write
k?>2kandk?®>1
We now combine the above inequalities by adding the left hand sides and the right hand sides of the two
inequalities.
2k?2>2k +1
We now add k? to both sides of the above inequality to obtain the inequality
3k2>k?+2k+ 1
Factor the right side we can write
3*%k? > (k + 1)

12



Ex.5.

Sol.

Principles of Mathematical Induction

If 3*3%> 3*k? and 3*k? > (k + 1)?then
3*3k>(k+1)?
Rewrite the left side as 35!
3kl > (k + 1)2

* Which proves that P(k + 1) is true.
Use mathematical induction to prove De Moiver's theorem
R (cos t + i sint)]" = R*(cosx nt + i sin nt) for n a positive integer.
Stepl:Forn=1
R (cos t + i sint)]! = RY(cos1.t +isin 1.t)
It can be easily be seen that the two sides are equal.
Step 2 : We now assume that the theorem is true for n = k, hence [R(cos t + isint)] = R¥cos kt + i sinkt)
Multiply both sides of the above equation by R(cos t + i sint)
[R (cost +isint)*R (cost + i sint) = R ¥(cos kt + i sinkt) R(cos t + i sint)
Rewrite the above as follows
R (cos t + i sint)]**! = Rk 1[(cos kt cost — sinkt sint) + i( sin kt cos t + cos kt sint)]
Trigonometric identities can be used to write the trigonometric expressions (cos kt cost — sinkt sint)
and (sin kt cos t + cos kt sint) as follows

(cos kt cost — sin kt sint) = cos(kt + t) = cos(k + 1)t

(sin kt cos t + cos kt sint) = sin(kt + t) = sin(k + 1) t
Substitute the above into the last equation to obtain.

R (cos t + i sint)]**! = R¥1[cos (k + 1) t + sin(k + 1)t]
It has been established that the theorem is true for n = 1 and that if it assumed true for n = k it is true for n
=k+ 1.
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CHECK YOUR GRASP EXERCISE-I

1.

Let P(n) : n? + n is an odd integer. It is seen that
truth of P(n) = the truth of P(n + 1). Therefore,
P(n) is true for all-

I)n>1 (2)n

B)n>2 (4) None of these

If n € N, then x?! + y?*1is divisible by-

I)x+y 2)x-y B)x%2+v? (4)x®+xy
If n e N, then 1172 + 122"+1is divisible by-
(1) 113 (2) 123
(3) 133 (4) None of these
If n € N, then 32 + 52"+lis a multiple of-
(1) 14 (2) 16 (3) 18 4) 20
For every positive integer
n n° 2n n
n, 7 + E + T m 1S
(1) an integer
(2) a rational number which is not an integer
(3) a negative real number
(4) an odd integer
e . 1 1 1
Sum of the infinite seriese 147 a7 + 710 + ...
equals-
(1)1/3 (2)3 314 @2
1 o, Y

Ifa = m; then [kz_; ak] is equal to-

n® n? r n

W @ O Wi
The sum of n terms of the series

12 23 34
2'2 2'2 22 -
13 + 13 +23 13 +23 +33 ....... 1S
1 n n+1 n+1
Dy @Yo O ni2

9.

10.

11.

12.

13.

14.

Foralln e N, 7%"—48n - 1 is divisible by-

(1) 25 (2) 26 (3)1234 (4) 2304
For all positive integral values of n, 32— 2n + 1 is
divisible by-

(1) 2 (2) 4 3) 8 4) 12

The smallest positive integer for which the
statement 31 < 4" holds is-

(11 (2) 2 (3) 3 4) 4

For positive integer n, 102> 81n when-
(I)n<5 2)n>5 (3)n=5 @)n>6
If P is a prime number then nP — n is divisible by p
when nis a

(1) natural number greater than 1

(2)

(3) even number
4)

(

A student was asked to prove a statement by

odd number
None of these

induction. He proved
(i) P(5) is true and

(i) Truth of P(n) = truth of p(n + 1), n e N

On the basis of this, he could conclude that P(n) is
true for
()noneN
(3)alln>5

(2)alln eN
(4) None of these

Que.

14

Ans.

N

= |0
[
'~
w
[
w
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Principles of Mathematical Induction

BRAIN TEASERS EXERCISE-II

1.

Que.

If x > -1, then the statement

Pn): (1 + x)" > 1 + nx is true for-

(1)alln e N (2)alln>1
(B)alln>1andx=0 (4) None of these

For every positive integral value of n, 3", > n®when-
I)n>2 2n>3 B)n=4 @)n<4
P(n) : 3%*2— 8n - 9 is divisible by 64, is true for-
(I)alln e NuU {0} @2n=>2,neN
B)neN,n>2 (4) None of these

If m, n are any two odd positive integer wih n < m,
then the largest positive integers which divides all
the numbers of the type m?— n?is-

14 (2)6 3)8 49
Foralln e N, cos0 cos20 cos40 ...... cos 2"~ 19 equals
to-

sin2"0 sin2"0

2"sin0 sin©

cos2"0 cos2"0

2" cos20 2"sin0
x(x*1—na"!) + a*n — 1) is divisible by (x — a)?*for-
I)n>1 2)n>2
(3)alln e N (4) None of these

For any odd integern > 1
n®—(n-183+.... + (1)1 1%is equal to-

(1) l(n +12(2n-1)

1
1 (2) 7(0-1?*@2n-1)

4

(3) %(n -1%@2n-1) @) %(n +1)2(2n-1)
If pand q are respectively. The sum and the sum of
squares of n successive integers beginning with a,
then nq — p?is-
(1) independent of a (2) independent of n
(3) dependent on a (4) None of these
The sum of first n terms of the given series

~ n(n+1)?
124+42224+324+42.424+524+26%+....is 5

when n is even. When n is odd, then sum will be-
[AIEEE-2004]

o e @5+ 1)
(3)n(n + 1) (4) None

10.

11.

12.

13.

LetSk)=1+3+5+...... +(2k-1)=3 + k2,

then which of the following is true ? [AIEEE-2004]

(1) S(1) is true (2) Stk) = Sk + 1)

(3)S(k) = Sk + 1)

(4) Principle of mathematical Induction can be used
to prove that formula

The sum of n terms of the series

l+(l+a)+(1+a+a?)+(1l+a+a?+ad)+.....,

is-

_n _al-a") _n _ afl-a’)
W ™y &

n_ - a(l+a") n_ a(l-a")
T i R A B T g

Statement :1 For every natural number n >2

1 1 1
AT et E > Jn
Statement -2 : For every natural number n > 2 |
n(n+1) <n+l.
(1) Statement -1 is false, Statement -2 is true
(2)
)

(3) Statement-1 is true, Statement-2 is true;

[AIEEE-2008]

Statement-1 is true, Statement-2 is false

Statement-2 is a correct explanation for
Statement—1

(4) Statement-1 is true, Statement-2 is true;

Statement-2 is not a correct explanation for
Statement—1

Statement - 1: For each natural number

n,(n + 1)7 = n7 -1 is divisible by 7.

Statement - 2: For each natural number n, n” —n

is divisible by 7. [AIEEE-2011]

(1) Statement-1 is false, statement-2 is true.

(2) Statement-1 is true, statement-2 is
true; Statement-2 is correct explanation
for statement-1.

(3) Statement-1 is true, statement-2 is
true; Statement-2 is not a correct explanation
for statement-1.

(4) Statement-1 is true, statement-2 is false.

Ans.
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SETS

SET : A set is a collection of well defined objects which are distinct from each other

Set are generally denoted by capital letters A, B, C, .... etc. and the elements of the set by a, b, ¢ ....
etc.

If a is an element of a set A, then we write a € A and say a belongs to A.

If a does not belong to A then we write a ¢ A,

Ex. The collection of first five prime natural numbers is a set containing the elements 2, 3, 5, 7, 11.

SOME IMPORTANT NUMBER SETS :

N = Set of all natural numbers
=11, 2, 3,4, ..}

W = Set of all whole numbers
=1{0,1, 2, 3, ....}

Z or I set of all integers
=1{..-3,-2,-1,0,1, 2, 3, ...}

Z* = Set of all +ve integers
=1{1,2,3, ...} =N.

Z~ = Set of all —ve integers
= (-1, -2,-3, ...}

Zy = The set of all non-zero integers.
= {x1, £2, 3, ...}

Q = The set of all rational numbers.
= {B:p,qel,qio}
q
R = the set of all real numbers.

R-Q = The set of all irrational numbers

eg. 2, J3, 5, ... m e, log2 etc. are all irrational numbers.

METHODS TO WRITE A SET :

(i) Roster Method : In this method a set is described by listing elements, separated by commas and
enclose then by curly brackets

Ex. The set of vowels of English Alphabet may be described as {a, e, i, o, u}

(ii) Set Builder From : In this case we write down a property or rule p Which gives us all the element

of the set
A = {x : P)}
Ex. A={x:xeNand x =2nforn e N}
ie. A=1{2 4,6, ..}
Ex. B={&:x¢ez
ie. B=1{0,1, 4,09, ..}

TYPES OF SETS :

Null set or Empty set : A set having no element in it is called an Empty set or a null set or void set
it is denoted by ¢ or { }

Ex. A=xeN:5b<x<6l=9¢

A set consisting of at least one element is called a non-empty set or a non-void set.

16



Ex.1
Ex.2

Set

. _____________________________________________________________________________________________________________________________________________________|]
Singleton : A set consisting of a single element is called a singleton set.
Ex. Then set {0}, is a singleton set
Finite Set : A set which has only finite number of elements is called a finite set.
Ex. A ={a, b, ¢}
Order of a finite set : The number of elements in a finite set is called the order of the set A and is
denoted O(A) or n(A). It is also called cardinal number of the set.

Ex. A=1{a b, c,d = nA =14
Infinite set : A set which has an infinite number of elements is called an infinite set.
Ex. A ={1, 2, 3, 4, ....} is an infinite set

Equal sets : Two sets A and B are said to be equal if every element of A is a member of B, and every
element of B is a member of A.
If sets A and B are equal. We write A = B and A and B are not equal then A = B

Ex. A=1{1,2,6,7 and B=1{6,1,2,71 = A=B

Equivalent sets : Two finite sets A and B are equivalent if their number of elements are same
ie. n(A) = n(B)

Ex. A=1{1,3,5 7, B=1{a b, c d

n(A) = 4 and n(B) = 4 = n(A) = n(B)

Note : Equal set always equivalent but equivalent sets may not be equal
Subsets : Let A and B be two sets if every element of A is an element B, then A is called a subset of
B if A is a subset of B. we write A c B
Example : A=1{1 23 4andB=1{1,2,3,4,5 6,77 =>AcB

The symbol "=" stands for "implies"
Proper subset : If A is a subset of B and A # B then A is a proper subset of B. and we write A < B
Note-1 : Every set is a subset of itself i.,e. A < A for all A
Note-2 : Empty set ¢ is a subset of every set
Note-3 : Clearly NcWcZcQcRcC
Note-4 : The total number of subsets of a finite set containing n elements is 2"
Universal set : A set consisting of all possible elements which occur in the discussion is called a Universal
set and is denoted by U
Note : All sets are contained in the universal set
Ex.If A=1{1, 2,3}, B=1{2,4,5,6},C=1{1,3,5, 7} then U = {1, 2, 3, 4, 5, 6, 7} can be taken
as the Universal set.
Power set : Let A be any set. The set of all subsets of A is called power set of A and is denoted by

P(A)
Let A = {1, 2} then P(A) = {¢, {1}, {2}, {1, 2}}
Let P(¢) = {9}

P(P(9) = {9, (o}

PP(P() = (o, {9}, Holl, {9, {o})

Note-1 : If A = ¢ then P(A) has one element
Note-2 : Power set of a given set is always non empty

Some Operation on Sets :

Union of two sets : A UB ={x:x € A or x € B}

eg. A=1{1,2,3, B=1{2, 3, 4 then AUB = {1, 2, 3, 4}
Intersection of two sets : A "B = {x : x € A and x € B}
eg. A=11,2 3,},B=1{2, 3,4} then AnB = {2, 3}
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(i) Difference of two sets : A-B ={x:x € Aand x ¢ B}
eg.A=1{1 2, 3}, B={2 3, 4} A-B ={1}
(iv) Complement of aset : A'={x:x ¢ Abutx e U =U-A
eg.U=1{1,2, ....,,10}, A=1{1, 2, 3,4, 5} then A' = {6, 7, 8, 9, 10}
(v) De-Morgan Laws : AUB) =A'nB'; AnB)=AUB
(vi) A-BuOQ=A-BnA-C; A-BnC)=A-BuUA-0
(vii) Distributive Laws : AUB "C)=AUB n(AUuC; AnBuUC =
(viii) Commutative Laws : A UB=BUA; AnB=BnA
(ix) Associative Laws : A UB) uC=Au B uUC(C,;
(

X) And=0;ANnU=A
Aud=A;AuvlU=U
xi) AnBcA;AnBcB
xii) AcAuB;BcAUB
xiii) AcB=AnB=A
Xiv) AcB=>AuUB=B

Disjoint Sets :

IF AnB = ¢ then A, B are disjoint.
={7,8, 9 then AnB =9
s A, A" are disjoint.

eg. if A=1{1,2, 3},B
Note : AnA' = ¢

Symmetric Difference of Sets :
AAB=A-B uB-A)

° (A) = A

) AcBoBcA

If A and B are any two sets, then
i) A-B=AnB
i) B-A=BnA
i) A-B=A<AnB=¢
ivv A-ByuB=AuUB
v A-BnB=2¢

(v

(A N B)

U (A nQ

AnNnB nC=AnBNnC

) (A-BuB-A)=(AuvUB)-(AnB)
Venn Diagrame :
U U U U %
A B A B A B A B
AUB AnB A-B B-A
Clearly A-B)uB-A UAUB =AUB
o 1O
A B
A (AAB)=(A-B) U (B-A) Disjoint Sets

Note : AnA' =9, AUA =U
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Set

SOME IMPORTANT RESULTS ON NUMBER OF ELEMENTS IN SETS :

Ex.

Sol.

If A, B and C are finite sets, and U be the finite universal set, then
(i) n(A v B) = n(A) + n(B) - n(A N B)

ii) n(A U B) = n(A) + n(B) & A, B are disjoint non-void sets.

A - B) = n(A) - n(A n B) i.e. n(A - B) + n(A n B) = n(A)

(
iv) n(A A B) = No. of elements which belong to exactly one of A or B
=n(A -B) v (B - A)
=n(A - B) + n(B - A) [+ (A - B) and (B — A) are disjoint]

= n(A) — n(A N B) + n(B) - n(A n B)
= n(A) + n(B) - 2n(A N B)
= n(A) + n(B) - 2n(A N B)
v) nAUuBUC =n(A) +nB) +nlC)—-nAnNB)-nBNnC)-nAnC +nAnBnC
(vi) Number of elements in exactly two of the sets A, B, C
=nAnNnB) +nBNnC +nlCnA-3nAnBnCQC
(vii) number of elements in exactly one of the sets A, B, C
=n(A) + nB) + n(C) - 2n(A " B) - 2n(B n C) = 2n(A n C) + 3n(A "B n Q)
(viii) n(A" U B) = n((A n B)) = nU) - n(A n B)
(ix) n(A' " B) = n(A U B)) = n(U) - n(A U B)
In a group of 1000 people, there are 750 who can speak Hindi and 400 who can speak Bengali. How
many can speak Hindi only ?How many can spak Bengali ? How many can spak both Hindi and Bengali?
Let A and B be the sets of persons who can speak Hindi and Bengali respectively.
then n(A n B) = 1000, n(A) = 750, n(B) = 400.
Number of persons whos can speak both Hindi and Bengali
=n(A N B) = n(A) + nB) - nA U B)
= 750 + 400 - 1000
Number of persons who can speak Hindi only = 150
= n(A - B) = n(A) - n(A n B) = 750 - 150 = 600
Number of persons Whos can speak Bengali only
= nB - A) = nB) - n(A n B) = 400 - 150 = 250
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SOLVED EXAMPLES

Ex.1 ThesetA=[x:xeR, x*=16and 2x = 6] equal-

1) ¢ (2) (14, 3, 4] 3) (3]
Sol.(1) x2=16 = x==+4

2x=6=>x=3

There is no value of x which satisfies both the above equations.

Thus, A=¢

Hence (1) is the correct answer

(4) 4]

Ex.2 letA={x:xeR, Ixl <1];B=[x:xeR, Ix-1| >1]and A UB =R -D, then the set D is-

D[x:1<x<2 2)[x:1<x<?2 B)[x:1<x<2]
Sol.(2) A=[x:xeR,-1<x<1]

B=[x:xeR:x-1<-1 or x-121]

=x:xeR:x<0 orx>2]

~AUB=R-D

whereD=[x:xeR,1<x<2]

Thus (2) is the correct answer.
Ex.3 If aN = {ax : x € N}, then the set 6N m 8N is equal to-

(1) 8N (2) 48N (3) 12N
Sol.(4) 6N = {6, 12, 18, 24, 30, ....}

8N = {8, 16, 24, 32, ....}

s BNN8N=1{24,48, ...} = 24N
Short cut Method
6N N 8N = 24N [24 is the L.C.M. of 6 and §]
Ex.4 IfP, Q and R subsets of a set A, then R x(P' U Q) =
(1) R xP)n (R xQ) (2) R xQ) n(R xP) (3) (R xP) U R xQ)

Sol.(1,2)
RxPuQ)=Rx[P)n(Q)]=RxPnQ)=RxP)n[R xQ)
Hence (1) is the correct answer.
Ex.5 If A ={x, y}, then the power set of A is-
(D) =, v} (2) 1, x, v} (3) {0, {x} {29}}
Sol.(4) Clearly P(A) = Power set of A
= set of all subsets of A
= {¢, {x}, {v}, {x, y}}
. (4) holds.
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(4) 24N

(4) none of these
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Set

CHECK YOUR GRASP

EXERCISE-I

1.

If A and B are two sets, then A n (A U B)'is equal

to-

1A (2B

(3) ¢ (4) none of these

If A is any set, then-

(I)AUA = 2AUA=U
BANnA=U (4) none of these

If A, B be any two sets, then (A U B)'is equal to-
(1)A'"UB (2)A'nB

3)AnB 4)AuUB

If A and B be any two sets, then (A n B)' is equal
to-

(HA'nB (2)A'UB (3)AnB @AUB
LetU=1{1,2,3,4,5,6,7,8,9,10}, A={1,2, 5},
B = {6, 7} then A " B'is-

(1) B (2 A 3 A (4) B.

If A and B are two sets, then A UB = A n Biff-
(I)AcB 2BcA

B3)A=B (4) none of these

Let A and B be two sets in the universal set. Then
A - B equals-

(1)AnB 20A'nB

B)AnB (4) none of these

Two sets A, B are disjoint iff-

()AuUB=4¢ 20AnB=¢
BAnB=9¢ (4) None of these
Which of the following is a null set ?

(1) {0}

2){x:x>00rx <0}
B){x:x*=4 or x=3}

@D {x:x*+1=0,x R}

If A =B, then A N B is equal to-

1A (2)B 3 A (4)B'

If A and B are any two sets, then A U (A N B) is
equal to-

(1) A (2)B (3) A' 4)B

17.

18.

20.

If A and B are not disjoint, then n(A U B) is equal

(1) n(A) + n(B)

(2) n(A) + n(B) - n(A N B)
(3) n(A) + n(B) + n(A N B)
(4) n(A).n(B)

IfA=1{2,4,5},B=1{7, 8,9} then n(A xB) is equal
to-

(16 2)9 3)3 40

Let A and B be two sets such that n(A) = 70,
n(B) = 60 and n(A U B) = 110. Then n(A " B) is

equal to-

(1) 240 (2) 20 (3) 100  (4) 120
Which set is the subset of all given sets ?
(1)1{1, 2, 3,4, ...} (2) {1}

(3) {0} @) {}

fQ = {x:x =l, where y € N} , then-
v

2
1)0eQ @1eQ B)2eQ ()3 €Q
A = {x : X # X} represents-

(1) {0} 2){} (3) {1} (4) {x}

Which of the following statements is true ?
(1)3<11, 3,5} (2)3 €11, 3,5}

(3) {3} €11, 3, 5} (4){3, 5} € {1, 3, 5}
Which of the following is a null set ?
(I)A={x:x>1landx < 1]

2 B={x:x+3=3}

3) C = {¢}

@4D={x:x>21landx<1}

P(A) = PB) =

() AcB (2)B<A
3)A=B (4) none of these

Que. |1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Ans. 2 2 2 2 3 1 3 4 1 1 2 2 2 4
Que. (16 17 18 19 20
Ans. |2 2 2 1 3
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EXERCISE-II

PREVIOUS YEAR QUESTIONS

1. If A, B, Cbe three sets suchthat AUB=AuUC | 9. fFA={x:x>-5x+6=0},B={2,4},C=1{4,5)},
and AnB=AnNC, then - [Roorkee 1991] then A x(B nC) is- [KeralaP.E.T. 2002]
(HA=B (2B=C (DA2, 4), 3, )}

BA=C @WA=B=C (2){4, 2), (4, 3)}
2.  Sets A and B have 3 and 6 elements respectively. (3){(2, 4), (3, 4), @, 4)}
What can be the minimum number of elements in @) {2, 2), (3, 3), @, 4), (5, 5)}
AuUB? [Roorkee 1991] | 19. A= {®,9): X2+ y?= 25} and
13 26 39 (4)18 B ={x, y) : x>+ 9y?= 144} then A N B contains-

3. In a college of 300 students, every student reads 5 (1) one point (2) three points
new spapers and every newspaper is read by 60 (3) two points (4) four points
students. The number of newspapers is- 11. Aclasshas 175 students. The following data shows

[T -1998] the number of students obtaining one or more
(1) at least 30 (2) at most 20 subjects. Mathematics 100; Physics 70; Chemistry
(3) exactly 25 (4) none of these 40; Mathematics and Physics 30; Mathematics and

4.  The set of intelligent students in 2;1[1&1?1\5'15.8:4998] CHemistry 28; Physicsland Chemitry 23;
(1) a null set Mathematics, Physics and Chemistry 18. How many
g; a ?iniletortl set students have offered Mathematics alone ?

(4) ioltn; :vislledefined collection 2 (2) 48 (3) 60 )22
5. The shaded region in the given figure is- 12. ThesetS: {1, 2, 3, ...., 12} is to be partitioned
into three sets A, B, C of equal size. Thus
A AuBUC=S AnB=BNnC=AnC=¢.The
number of ways to partition Sis- [AIEEE - 2007]
(1) 12!/3Y4))? (2)12!/31(31)*
C B (3)121/(41)3 (4) 121/(3!)*
13. If A, B and C are three sets such that
DANBUC) 20AuBnNC) ANnB=AnCand AUB =AU C, then :-
B)AnB-0) 4 A-BuUQ) [AIEEE- 2009]

6. Let n(U) = 700, n(A) = 200, n(B) = 300 and ()B=C 2 ANnB=9¢
n(A N B) = 100, then n(A' " B') = 3)A=B @A=C
(1) 400 (2) 600 (3) 300 (@) 200 14. Two sets A and B are as under

7. 1fA={1,2, 3,4, 5} then the number of proper A={@a b eRxR:la-5] <1and
subsets of A is- Ib-5l <1k
(1) 120 2) 30 (3) 31 @) 32 B={@,b) eRxR:4(a-6)2+9(b-52<36}. Then :-

8. Let A and B be two sets such that n(A) = 0.16, 1) AcB [AIEEE-2018]
n(B) = 0.14, n(A UB) = 0.25. Then n(A N B) is

(2) AN B = ¢ (an empty set)
equal to- [Jamia Milia Entrance Exam. 2001] (3) neither A < Bnor B A
(1)0.3 (2)0.5 @B cA
(3)0.05 (4) none of these
Que. |1 2 3 4 5 6 7 8 9 10 11 12 13 14
Ans. |2 2 3 14 14 3 3 3 1 14 3 3 1 1




Relation

RELATIONS

INTRODUCTION :

Sol.

Let A and B be two sets. Then a relation R from A to B is a subset of A xB.

thus, R is a relation from A to B < R c A xB.

Ex.IfA={1,2,3landB=1{a, b, c},thenR ={(1,b), (2, ¢, (1, a), (3, a)} being a subset of A xB, is a relation
from A to B. Here (1, b), (2, ¢), (1, a) and (3, a) € R, so we write 1 Rb, 2Rc, 1Ra and 3Ra. But (2, b) ¢ R, so

we write 2 K b

Total Number of Realtions : Let A and B be two non-empty finite sets consisting of m and n elements
respectively. Then A xB consists of mn ordered pairs. So, total number of subsets of A xB is 2™,

Domain and Range of a relation : Let R be a relation from a set A to a set B. Then the set of all first
components or coordinates of the ordered pairs belonging to R is called to domain of R, while the set of all
second components or coordinates of the ordered pairs in R is called the range of R.

Thus, Dom (R) = {a: (a, b) e R}

and, Range (R) = {b: (a, b) e R}
It is evident from the definition that the domain of a relation from A to B is a subset of A and its range is a
subset of B.
Ex.let A=1{1, 3,5, 7} and B = {2, 4, 6, 8} be two sets and let R be a relation from A to B defined by the
phrase "(x, y) € R < x > y". Under this relation R, we have

3R2, 5R2, 5R4, 7R2, 7R4 and 7R6
i,e. R=1{(3, 2), (5, 2), (5, 4),(7, 2),(7, 4), (7, 6)}

Dom (R) = {3, 5, 7} and Range R) = {2, 4, 6}

Inverse Relation : Let A, B be two sets and let R be a relation from a set A to a set B. Then the inverse of
R, denoted by R, is a relation from B to A and is defined by

R1={(b, a):(a, b) eR}
Clearly, (@a,b) eR < (b, a) eR!
Also, Dom(R) = Range(R™!) and Range (R) = Dom (R™?)
Let A be the set of first ten natural numbers and let R be a relation on A defined by (x, y) e R < x + 2y = 10,
ie. R={x,y):x €A yeAandx + 2y = 10}. Express R and R as sets of ordered pairs. Determine also (i)
domain of R and R (i) range of R and R

Zx,x,yeA

We have (x,y) eReox+2y=10y=

where A={1,2,3,4,5 6,7,8,9, 10}

10-1
2
This shows that 1 is not related to any element in A. Similarly we can observe. that 3, 5, 7, 9 and 10 are not

related to any element of A under the defined relation
Further we find that :

9
Now, x=1=y= =§§£A.

For x = 2, y=¥=4eA s (2,4 eR
Forx=4,y=%=3€A . 4,3)eR
Forx=6,y=%=2€A (6,2 eR
Forx=8,y=#=1eA 58,1 eR
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Thus, R ={(2, 4), (4, 3), (6, 2), (8, 1)}

= R1={4,2),(3,4),(2,06),(1,8)}

Clearly, Dom(R) = {2, 4, 6, 8} = Range(R™)
and, Range (R) = {4, 3, 2, 1} = Dom(R})

TYPES OF RELATIONS :

24

In this section we intend to define various types of relations on a given set A.

Void Relation : Let A be a set. Then ¢ = A x A and so it is a relation on A. This relation is called the void

or empty relation on A.

Universal Relation : Let A be aset. Then A x A c A x A and so it is a relation on A. This relation is called

the universal relation on A.

Identity Relation : Let A be a set. Then the relation I, = {(a, a) : a € A} on A is called the identity relation
on A.

In other words, a relation I, on A is called the identity relation if every element of A is related to itself only.
Ex. The relation I, = {(1, 1), (2, 2), (3, 3)} is the identity relation on set A = {1, 2, 3}. But relations R, = {(1,
1), (2, 2} and R, = {(1, 1), (2, 2), (3, 3), (1, 3)} are not identity relations on A, because (3, 3) ¢ R, and in R,

element 1 is related to elements 1 and 3.

Reflexive Relation : A relation R on a set A is said to be reflexive if every element of A is related to itself.
Thus, R on a set A is not reflexive if there exists an element A € A such that (a , a) ¢ R.

Ex.let A={1,2, 3} beaset. Then R ={(1, 1), (2, 2), (3, 3), (1, 3), (2, 1)} is a reflexive relation on A. But

R, =1{(1,1),(3, 3), (2, 1), (3, 2)} is not a reflexive relation on A, because 2 € A but (2, 2) ¢ R,.

Note : Every Identity relation is reflexive but every reflexive ralation is not identity.

Symmetric Relation : A relation R on a set A is said to be a symmetric relation iff

(@a,b) eR=(b,a) eRforalla,beA
i.,e. aRb=>bRaforalla, b, € A.
Ex. Let L be the set of all lines in a plane and let R be a relation defined on L by the rule (x,y) e R < x is
perpendicular to y. Then R is a symmetric relation on L, because L, L L, =L, L L,
ie. (L,L)eR=(,L)eR.
Ex.Let A={1, 2, 3, 4} and Let R, and R, be realtion on A given by R, = {(1, 3), (1, 4), (3, 1), (2, 2), (4, 1)}
and R,={(1, 1), (2, 2), (3, 3), (1, 3)}. Clearly, R, is a symmetric relation on A. However, R, is not so, because
(1,3) eR,but (3,1) ¢ R,

Transitive Relation : Let A be any set. A relation R on A is said to be a transitive relation iff
(@,b)eRand (b,c) e R=1(,c) eRforalla,b,cecA
ic.aRbandbRc=aRcforalla,b,cecA
Ex. On the set N of natural numbers, the relation R defined by x R y = x is less than vy is transitive, because
foranyx,y,zeN
x<yandy<z= x<z=>xRyandyRz=xRz
Ex. Let L be the set of all straight lines in a plane. Then the realtion 'is parallel to' on L is a transitive relation,
because fromany /., ¢, (. e L.

1720 73

01 yand £, Il 0, =0, 1 4,

Antisymmetric Relation : Let A be any set. A relation R on set A is said to be an antisymmetric relation iff
(@a,b)eRand (b,a) e R=>a=bforala,beA



Relation

Ex. Let R be a relation on the set N of natural numbers defined by
xRy« xdividesy forallx,y e N

This relation is an antisymmetric relation on N. Since for any two numbers a, b € N
albandbla=a=b ie.aRbandbRa=a=b

Equivalence Relation : A relation R on a set A is said to be an equivalence relation on A iff

(i) itis reflexivei.e. (a,a) e Rforalla e A

(ii) it is symmetrici.e. (a,b) e R = (b, a) e Rforalla,b e A

(i) it is transitive i.e. (a,b) e Rand (b, c) e R=1(a, c) e Rforalla, b, c € A.

Ex. Let R be a relation on the set of all lines in a plane defined by (7, /,) e R < line ¢, is parallel to line ¢,.
R is an equivalence relation.

Note : It is not neccessary that every relation which is symmetric and transitive is also reflexive.
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SOLVED EXAMPLES

Ex.1  Three relation R , R,and R, are defined on set A = {a, b, c} as follows :
(i) R, fa, a), (@, b), (a, c), (b, b), (b, 0), (c, a), (c, b), (c, o)} (i) R, {(@, b), (b, a), (a, c), (c, a)}
(iii) R,{(a, b), (b, ), (c, a)}
Find whether each of R, R, and R, is reflexive, symmetric and transitive.
Sol. (i) Reflexive : Clearly, (a, a), (b, b), (c, ) € R,. So, R, is reflexive on A.
Symmetric : We observe that (a, b) € R, but (b, a) ¢ R,. So, R, is not symmetric on A.
Transitive : We find that (b, ¢) € R, and (c, a) € R, but (b, a) ¢ R,. So, R is not transitive on A.

(ii) Reflexive : Since (a, a), (b, b) and (c, ¢) are not in R,. So, it is not a reflexive realtion on A.
Symmetric : We find that the ordered pairs obtained by interchanging the components of ordered pairs in
R,are also in R,. So, R,is a symmetric relation on A.

Transitive : Clearly (c, a) € R,and (a, b) € R, but (c, b) ¢ R,. So, it is not a transitive relation on R,
(iii) Reflexive : Since non of (a, a), (b, b) and (c, c) is an element of R,. So, R, is not reflexive on A.
Symmetric : Clearly, (b, c) € R,but (c, b) ¢ R, . so, is not symmetric on A.

Transitive : Clearly, (b, ¢) € Rjand (c, a) € R, but (b, a) ¢ R,. So, R, is not transitive on A.

Ex.2 Prove that therelation R on the set Z of all integers defined by
(x, y) € R < x -y is divisible by n
is an equivalence relation on Z.
Sol.  We observe the following properties
Reflexivity : For any a € N, we have
a-a=0=0xn=a-aisdivisible by n = (a, a) e R

Thus, (@, a) e Rforalla e Z

So, R is reflexive on Z

symmetry : Let (a, b) € R. Then,

(@, b) e R = (a —b) is divisible by n

= a-b=npforsomepeZ

= b-a=n(p)

= b -a is divisible by n [ peZ=-pe’

= (b,a) eR

Thus, (@,b) e R=(b,a) e Rforalla,b, €Z

So, R is symmetric on Z.

Transitivity : Let a, b, ¢ € Z such that (a, b) € R and (b, ¢) € R. Then,

(@, b) e R = (a—b) is divisible by n

= a—b=np forsome p € Z

(b, c) € R = (b —¢) is divisible by n

=b-c=nqforsomeqeZ

S (@a,b)eRand (b, c) eR

= a-b=npandb-c—-nq

= (@-b)+(b-c)=np+nqg
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Ex.3
Sol.

Relation

e
= a-c=n(p+q)

= a-cis divisible by n [ pgeZ=p+q=17]

= (a,c)eR

thus, (@, b) e Rand (b, c) e R=1(a, ¢) e Rforalla, b, c € Z. so, R is transitive realtion in Z.

Shw that the relation is congruent to' on the set of all triangles in a plane is an equivalence relation.

Let S be the set of all triangles in a plane and let R be the relation on S defined by (A, A,) € R < triangle A,
is congruent to triangle A,. We observe the following properties.

Reflexivity : For each triangle A € S, we have

A= A= (A A eRforall AeS = Ris reflexive on S

Symmetry : Let A, A, e Ssuch that (A, A)) e R. Then, (A, A) eR=A = A=A, =2 A= (A,,A)eR
So, R is symmetric on S

Transitivity : Let A, A,, A, € Ssuch that (A}, A)) e Rand (A,, A,) € R. Then,

(A, A) eRand (A, A) eR=A = Ajand A, = A, = A = A,=(A,A) R

So, R is transitive on S.

Hence, R being reflexive, symmetric and transitive, is an equivalence relation on S.
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CHECK YOUR GRASP EXERCISE-I

1.

28

If R is a relation from a finite set A having m
elements to a finite set B having n elements, then
the number of relations from A to B is-

(1) 2mn (2)2™-1 (3)2mn 4)m"
Intheset A =11, 2, 3, 4, 5}, arelation R is defined
by R ={(x,y) | X,y € Aand x <y}. Then R is-
(1) Reflexive
(3) Transitive

(2) Symmetric

(4) None of these
For real numbers x and vy, we write
xRy & x—y+ /2 is an irrational number. Then

the relation R is-

(1) Reflexive (2) Symmetric
(3) Transitive (4) none of these
LetX={1,2,3,4}and Y ={1, 3, 5, 7, 9}. Which

of the following is relations from X to Y-

MR, ={x,y) ly=2+x,xeX,yeY}

2 R,=11,1),(2,1), (3, 3),4,3), (5, 5}

B R,=1(1, 1), (1, 3), (3, 5), (3, 7), (5, 7)}
@R,=11,3),(2,5),(2,4),(7,9)

Let L denote the set of all straight lines in a plane.
Let a relation R be defined by a R B < o L B,
a, p e L. Then R is-
(1) Reflexive

(3) Transitive

(2) Symmetric

(4) none of these

Let R be a relation defined in the set of real numbers
byaRb<«< 1+ ab>0. ThenRis-

(1) Equivalence relation  (2) Transitive
(3) Symmetric (4) Anti-symmetric
Which one of the following relations on R is
equivalence relation-
xRye Ixl =lyl @)xRyeoxzy
B)xRyexly
Two points P and Q in a plane are related if
OP = OQ, where O is a fixed point. This relation

is-

@ xRyeox<y

(1) Reflexive but not symmetric

(2) Symmetric but not transitive

(3) An equivalence relation

(4) none of these

The relation R defined in A = {1, 2, 3} bya Rb if
la?—b?| <5. Which of the following is false-
DR={(1,1),(2, 2),(, 3),(2,1),(1, 2),(2,3),3, 2
2 R1'=R

3) Domain of R = {1, 2, 3}

4) Range of R = {5}

_— e~~~

10.

11.

12.

13.

14.

15.

16.

Let a relation R is the set N of natural numbers be
defined as (x, y) € Rif and only if x2— 4xy + 3y?=0
for all x, y € N. The relation R is-

(1) Reflexive

(2) Symmetric

(3) Transitive

(4) An equivalence relation

Let A=1{2, 3,4, 5 and let R = {(2, 2), (3, 3),
4,4),(5,5),(2,3),(3,2),(3,5), 5, 3)} be a relation
in A. Then R is-

(1) Reflexive and transitive

(2) Reflexive and symmetric

(3) Reflexive and antisymmetric

(4) none of these

IfA=1{2,3}and B ={1, 2}, then A xB is equal to-
M2, 1), 2, 2),3,1),(3, 2}

2)1(1, 2), (1, 3), (2, 2), (2, 3)}

312, 1), (3, 2)}

@11, 2), (2, 3)

Let R be a relation over the set N x N and it is
defined by (@, b)R(c,d) =>a+d=b +c. ThenR
is-

(1) Reflexive only

(2) Symmetric only

(3) Transitive only

(4) An equivalence relation

Let N denote the set of all natural numbers and R
be the relation on N x N defined by (a, b) R (c, d) if
ad (b + ¢) = bc(a + d), then R is-

(1) Symmetric only

(2) Reflexive only

(3) Transitive only

(4) An equivalence relation

IfA={1,2, 3},B={1, 4,6, 9} andR is a relation
from A to B defined by 'x is greater than y'. Then
range of R is-

(1){1, 4, 6, 9} (2) {4, 6, 9}

(3) {1} (4) none of these

Let L be the set of all straight lines in the Euclidean
plane. Two lines ¢, and ¢, are said to be related by
the relation R if 7, is parallel to /,. Then the relation
R is-

(1) Reflexive
(3) Transitive

(2) Symmetric
(4) Equivalence



17.

18.

19.

20.

21.

22.

Relation

A and B are two sets having 3 and 4 elements
respectively and having 2 elements in common.
The number of relations which can be defined from
Ato B is-

(1) 25 (2) 21°-1

(3)212-1 4) 212

Forn, m € N, n| m means that n is a factor of m,
the relation | is-

(1) reflexive and symmetric

(2) transitive and symmetric

(3) reflexive, transitive and symmetric

(4) reflexive, transitive and not symmetric
Let R = {[x, v): X,y € A, x + vy = 5} where
A={1, 2, 3,4, 5} then

(1) R is not reflexive, symmetric and not transitive
(2) R is an equivalence relation

(3) R is reflexive, symmetric but not transitive

(4) R is not reflexive, not symmetric but transitive
Let R be a relation on a set A such that R = R™!
then R is-

(1) reflexive

(2) symmetric

(3) transitive

(4) none of these

Let x, y € | and suppose that a relation R on I is
defined by x R y if and only if x <y then

(1) R is partial order ralation

(2) R is an equivalence relation

(3) R is reflexive and symmetric

(4) R is symmetric and transitive

Let R be a relation from a set A to a set B, then-
()R=AuUB 2 R=AnNnB

(B)Rc A xB@)R cB xA

23.

24.

25.

26.

27.

28.

Given the relation R = = {(1, 2), (2, 3)} on the set A
= {1, 2, 3}, the minimum number of ordered pairs
which when added to R make it an equivalence
relation is-

(1)5 (2)6 (3)7 4)8
LetP={(x,y) | xX*+y?=1,x,y € R} Then P is-
(1) reflexive (2) symmetric
(3) transitive (4) anti-symmetric

Let X be a family of sets and R be a relation on X
defined by 'A is disjoint from B'. Then R is-

(1) reflexive (2) symmetric
(3) anti-symmetric (4) transitive

In order that a relation R defined in a non-empty
set A is an equivalence relation, it is sufficient that R
(1) is reflexive

(2) is symmetric

(3) is transitive

(4) possesses all the above three properties

If R is an equivalence relation in a set A, then R is-
(1) reflexive but not symmetric

(2) symmetric but not transitive

(3) an equivalence relation

(4) none of these

Let A = {p, g, r}. Which of the following is an
equivalence relation in A ?

(DR, ={(p, a), (@, 1), (p, 1), (p, P}

(2)R,={r,q) (r, p), (r, 1), (q, P}

B)Ry;=1(p, p) (q, q), (r, 1), (p, Q)}

(4)

4) none of these

Que. |1 2 3 4 5 6 7 8 9 10 11 12 13 14 | 15
Ans. 3 1 1 2 3 1 3 4 1 2 1 4 4 3
Que. (16 17 18 19 120 |21 | 22 |23 |24 |25 |26 |27 |28
Ans. |4 4 4 1 2 1 3 3 2 2 4 3 4
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PREVIOUS YEAR QUESTIONS

Let R = {(1, 3), (4, 2), (2, 4), (2, 3), (3, 1)} be a
releation on the set A = {1, 2, 3, 4}. The relation
R is- [AIEEE - 2004]
(1) transitive (2) not symmetric
(3) reflexive (4) a function

Let R = {(3, 3), (6, 6), (9, 9), (12, 12), (6, 12),
(3, 9), (3, 12), (3, 6)} be relation on the set
A =1{3,6,9, 12). The relation is- [AIEEE - 2005]
(1) rflexive and transitive only

(2
(3

(4) reflexive and symmetric only

reflexive only
an equilvalence relation

)
)
)
)

Let W denote the words in the English dictionary.
Define the relation R by : R = {(x, y) e W x W the
words x and y have at least one letter in common}.
Then R is- [AIEEE - 2006)
(1) reflexive, symmetric and not transitive

(2) reflexive, symmetric and transitive

(3) reflexive, not symmetric and transtive

@)

4) not reflexive, symmetric and transitive

EXERCISE-II

Consider the following relations :-
R ={,y) | %, yare real numbers and x = wy for
some rational number w} ;

m

S={

o ) | m, n, p and q are integers such that

Q o

n, q # 0 and gm = pn}.

Then : [AIEEE - 2010]

(1) R is an equivalence relation but S is not an
equivalence relation

(2) Neither R nor S is an equivalence relation

(3) S is an equivalence relation but R is not an
equivalence relation

(4) R and S both are equivalence relations

Let R be the set of real numbers. [AIEEE - 2011]

Statement-1:

A ={x, vy e R xR :y—xisan integer} is an

equivalence relation on R.

Statement-2:

B = {(x, y)e R XR : x = ay for some rational number

o} is an equivalence relation on R.

(1) Statement-1 is true, Statement-2 is false.

(2) Statement-1 is false, Statement-2 is true

(3) Statement-1 is true, Statement-2 is true;
Statement-2 is a correct explanation for
Statement-1

(4) Statement-1 is true, Statement-2 is true;
Statement-2 is not a correct explanation for
Statement-1.

Que.

—
N
w
N
a1

Ans.
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