MATHEMATICS

JEE-MAIN EXAMINATION - JUNE, 2022

25 June S - 01 Paper Solution

SECTION-A
Let a circle C touch the lines L, : 4x — 3y + K|

=0andL,:4x-3y+K,=0,K,K, e R. If
a line passing through the centre of the circle
C intersects L; at (-1, 2) and L, at (3, — 6), then
the equation of the circle C is

(A) (x = 2+ (y - 2)2 = 4
B)x+1)2+(y-22=4

O x-12+(y+2)2=16

D) x-12+((y-2)2=16

Ans. (C)

Sol.

A(-1,2)

B(3_6) -2

L :4x-3y+K; =0
L,:4x-3y+K,=0
now
-4-6+K, =0 = K; =10
12+18+K,=0 = K, =-30
= Tangent to the circle are

4x -3y +10=0

4x -3y -30=0

|10+30]|
Length of diameter 2r = T 5 = 8
= r=4

Now centre is mid point of A & B
x=1lL,y=-2

Equation of circle

(x — 12 + (y + 2)2 = 16 Ans.

Ans,

Sol.

Ans,

e°**sin x

dx ;
The Value Of '([(]_4—0032 X)(ecosx +e_cosx) 1S
equal to
2 2
T
A) — B —
(A) 4 (B) >
© = (D) =
4 2
©)
.’f e sin x «
+ (L+cos? x) (&% +e~) (1)

Use King's property

™

e~**sin x

I= —CoS X CoSX X
-[(1+ cos® x)(e” " +e™)

- (2)

On adding equation (1) and (2), we get

. /2 .
sinx sin x

= |——dx = 2 | ————d
2= ~(|;1+coszx - -!1+coszx

On putting cos x = t, we get

1
dt
I= -([1+t2 =

(tant) =

1
0

NG|

Let a, b and c be the length of sides of a triangle

a+b b+c c+a
7 8 9

are the radius of incircle and radius of
circumcircle of the triangle ABC, respectively,

ABC such that .Ifrand R

R
then the value of " is equal to

AE B) 2
*) 3 (8)
CE D) 1
© 3 (D)
Q



a+b b+c c+a

Sol. T "3 = 9 = A
a+b=7A,b+c=8Aa+c=9A
= a+b+c=12A
Now a =4A,b =3\, c = 5A
c2=b2 + a?
ZC =90°
A= 1absinC = 1ab
2 2
c 6A
E: C ><E = =X :—)(67\.2E
r 2sinC A Lab ab
4, Let f : N — R be a function such that
f(x+y)=2f(x)f(y) for natural numbers x and y.
If f(1) = 2, then the value of a for which
Zf( 512(220 _1)
holds, is
(A) 2 (B) 3
(©) 4 (D) 6
Ans. (C)
Sol. f:N>R, fx+y)=2fX)f(y) ...(1)

£ (1) = 2,

kZ_f(ow k) = 2f(cx)§f(k)

= 2f(a)(f(1)+f(2)+ ..... +f(10)) ..(2)

From (1)

f(2)=21f2(1) =23

f(3)=21£Q2) f(1) = 25

f (10) = 29 f10(1) = 219

f(a) =22-1; e N

from (2)

f k) _ 20-1 3,95 19
; (a+k) = 2(2 )(2+2 +25 4,42 )

512 20y . 22({2(2 3—1)j

Hence o =4

Let A be a 3 x 3 real matrix such that

A 8

If X = (x;, X,, X5)T and I is an identity matrix

4
of order 3, then the system (A - 2D)X = (%J

has

(A) no solution

(B) infinitely many solutions
(C) unique solution

(D) exactly two solutions

Ans. (B)

Sol.

D D
N P
oo T
N
o0
N
]

cp=1,¢c=1¢c=2

(1] [c+a, ] [-1
Al0|=|c,+a,|=|0
1 C, +2, 1

—2, az =

1] [a,+b, | [1
All|=]a,+b, |=|1
a,+b, 0

—1, a3 = —1

OoRr -

= b1=3,b2=2,b3=1
-2

- -1

= A= 1

= A-2I=

-4 3 1][x, ‘4
-1 .0 1||x,|=[1
Now. 173 1 o)X [1

—4x; +3x, +x3=4 ....(1)
-x;+x3=1 ... (2)
-X;+Xx,=1 ..(3)

(1) - [(2) + 3(3)]

0 =0 = infinite solutions



Ans,

Sol.

Let f : R — R be defined as f (x) = x3 + x = 5.
If g (x) is a function such that f (g(x)) = x,
V x € R, then g ' (63) is equal to

1 3
X 35 B) 45

43
© 45

(A)
fx)=x3+x-5

91
D) 5

f'x) =3x2+1 =
invertible
g (x) is inverse of f (x)

g(f(x))=x
g'(f(x)f'(x) =1
f(x) =63
x3+x-5=063
x=4

putx =4
g'(f(4)f'(4) =1
g'(63) x49 =1

increasing function

uJ Judl

=
=

{f(4) =49}

g'(63) = 75
Consider the following two propositions:
Pl : ~(p— ~q)

P2:(pa~ APV q)

If the proposition p — ((~p)V q) is evaluated
as FALSE, then:

(A) P1 is TRUE and P2 is FALSE
(B) P1 is FALSE and P2 is TRUE
(C) Both P1 and P2 are FALSE
(D) Both P1 and P2 are TRUE

Ans. (C)

Sol.

~po-q

]
=
]
lo
]
=
<
lo

p—>(~pva)
T

=i

pr~q

i e b

e

byl ey

B

F
T
F
F

—|—|
—|n[
——{
——[m

T[T T

p— (~pvQ) is F when p is true q is false
From table
P1 & P2 both are false

Ans,

Sol.

Ans,

Sol.

1 1 1 K
If 2 310 + 22_39 T 210_3 = 210_310 N then the

remainder when K is divided by 6 is

(A) 1 (B) 2
© 3 D)5
(D)

1 1 1 1 K
2,30 + 22,39 + 8. 38 Fot o0, 3 ~ o, 30
K=2"+28.34+27-32+ ... + 39

10
(g
= 2 :310 _210
3
2
Now, 310 — 210 = (35 — 25)(35 + 25)
= (211)(275)
=(B5x6+1)45x6+))
=6\ +5

Remainder is 5.

Let f (x) be a polynomial function such that
f(x)+ ' (x)+f"(X)=x5+ 64. Then, the value

of i %)

(A) =15 (B) - 60
(©) 60 (D) 15
(A)

Ltﬂzf'(l)(and f(1)=0)

x-lx —1

fx) + f'(x) + t""(x) = x> + 64

f'(x) + f"(x)+f"""(x) = 5x4

f"(x) + f"'(x) + fiv(x) = 20x3
f""(x) + fiV(x) + £Y(x) = 60x2

s Ev(x) - £'(x) = 60x2 — 20x3

= 120 - f"(1) = 40 = {"'(1) = 80

Also f(1) + (1) + /(1) = 65 = (1) =—15. Ans.



10.

Ans,

Sol.

(A)

(B)

©

(D)

11.

Let E, and E, be two events such that the

1
conditional probabilities P(EllEZ)ZE’

3 1
P(E, | El):Z and P(ElﬁE2)=§. Then:

(A) P(E,nE,)=P(E))-P(E,)
(B) P(E'.nE',)=P(E")-P(E,)
(C) P(E,NE",)=P(E,)-P(E,)
(D) P(E',nE,)=P(E,) P(E,)
(©)

11 1
P(E) - P(Ey) = o5 =5, *P(E NE,)
P(E,NE',)=1-P(E, UE,)
1-(P(E,)+P(E,)—P(E, NE,))

1 11 17
1— —t—— ==
6 4 8 24

51 5
P(E')P(E,))=—x—=—
( 1)(2) 6X4 oa
1

P(ElmElz)ZP(El)_P(ElmEz): 4

2
1 1
P(E 1mE2)=P(E2)_P(ElmE2)= g

0 -2
Let A = [2 0 } .If M and N are two matrices

10 oK 10

given by M = ZA and N =ZA2K’1 then
k=1 k=L

MNZ is

(A) a non-identity symmetric matrix
(B) a skew-symmetric matrix

(C) neither symmetric nor skew-symmetric
matrix

(D) an identify matrix

Ans. (A)

Sol.

12.

r=[5 ¢

0 -21[0 -2 -4 0
A2=|:2 O:||:2 O:|:|:O _4:|=—4I
A3 = — 4A

A% = (4T)(—4]) = (- 4)21
AS = (4RA, A6 = (—4)I

10
M= D AN A2 4 A4 4 4 A
k=1

=[4+ (42 + (4B + ... + (NI
= _ 4l

= M is symmetric matrix

10
N = ZA2H=A+A3+ ..... + A1
k=1

AL+ )+ 42+ o+ (- 4]
=\ =

= N2 is symmetric matrix

skew symmetric

= MNZ2 is non identity symmetric matrix

Let g : (0, ) - R be a differentiable function
such that

I

e’ +1 ef+1

X(cosx —sinx)  g(x)(e" +1—xex)j (X900

(€* +1)2

for all x > 0, where c is an arbitrary constant.
Then.

NG

(A) g is decreasing in [0, j

0,

NG

(B) g' is increasing in [0,

J
J

N a

(C) g + g' is increasing in

(D) g — ¢g' is increasing in 0,

[
[

N a

Ans. (D)



Sol.

I

X(cosx —sinx)  g(x)(e" +1—xex)jdx _xg(9) , .

e*+1 (e* +1)° e*+1

On differentiating both sides w.r.t. X, we get

X(cos x —sinx) N g(x)(e* +1—xe*
e*+1 (e* +1)?

(" +1)(9(x) +xg'(x)) —€" X g(X)
- G +1)2

(e* + I)x(cos x — sin X) + g (x) (ex + 1 — xeX)

= (" +D(9(x) +xg'(x)) —e* x-g(x)

= g ' (x) =cos X —sin X

= g(x) =sin X + cos x + C

g (x) is increasing in (0, w/4)
g"(x)=-sinx—-cos x<0

= g ' (x) is decreasing function
lethx)=gX)+g'x)=2cosx+C

=> h'"X=g'" X)+g"x®)=-2sinx<0
= h is decreasing

letd(x) =g x)—g' x)=2sinx+C

= ¢ X=g'®-g

= ¢ is increasing

"(x)=2cos x>0

Hence option D is correct.

13. Letf: R —>Rand g: R — R be two functions
defined by f (x) = log.(x2+ 1) —e* + 1 and
_ 2x
g(x)= o Then, for which of the
following range of a, the inequality
(o —1)? 5
fl9 =5 ]>T| 9|23 /| holds?
(A) 2, 3) B) (-2,-1D
O (1, 2) D) -1, D
Ans. (A)

Sol.

14.

Ans.

Sol.

f(x) =log.(x2+1)—ex+1

X —x
:>f'(x)=x2 +e" >0 VxeR

+1
= f is strictly increasing

1—2e%*

gx) = = eX — 2eX

=g ()= —(2"+e7)<0 VxeR

= g is decreasing

wor (o 53]
= o3l

2
(-1 5
3 3
=02-50+6<0

=S (a-2)(a-3)<0
= ae 23

Let d=a,i+a,j+a,k a>0,i=1,23bea
vector which makes equal angles with the
coordinates axes OX, OY and OZ. Also, let the

projection of @ on the vector 3i+ 4] be 7. Let
b be a vector obtained by rotating & with 90°.
If 3, band x-axis are coplanar, then projection

of a vector p on 3i+4] is equal to

(A) 7 B) V2
(©) 2 (D) 7
(B)

d=a,i+a,j+a,k

1 1 Ao oa
J+—kJ=— i+j+k

(f 7 Ee) = Bl

Now projection of 3 on b=7

A
—»




A =543 16. Ify=m;x+c;and y = myX + Cc,, m; # m, are

o two common tangents of circle x2 + y2 = 2 and
d=5(+j+k) parabola y2 = x, then the value of 8lm;m,| is
now b=5a(i+]j+K)+B() equal to
4520 (A) 34442 (B) 5162
= 25a(3) + 58 =0

(O) D
o 15a4B=0 = B=— 15 © —4+32 (D) 7+6+2
b=5a(-2i +]+k) Ans. (C)
o Sol. C;:x2+y2=2
i|-s1 o
1

= a==* ﬁ C,:y2=x
o~ 5 N 1
b=t—(-2i+]j+k) Let tangent to parabola be y = mx + —.

2 4m
Projection of [ on 3+ 4] is It is also a tangent of circle so distance from
L A A centre of circle (0, 0) will be /2 .
b-(3i+4j) 5(-6+4 ©.0 V2
e =42

5 NSRS
15. Let y = y(x) be the solution of the differential 1
equation (x + 1)y' —y = e¥(x + 1)2, with _4m_|_/; = 1=32m2+ 32m*
1 4 V1+m?
y(0) = 3 Then, the point x = — 3 for the curve
y =y®X)is: o ) by solving
(A) not a critical point
(B) a point of local minima
(C) a point of local maxima m2 = 3V2-4 . m?= £ (rejected)
(D) a point of inflection 8 8
Ans. (B)
Sol. (x + Ddy — y dx = e3*(x +
D2 m= ”58‘4
(x+1)dy —ydx e
e
(x+1) s0, 8 Imm,|l = 3./2 _4
d[ijze“ — y =e3X +C 17. Let Q be the mirror image of the point
x+1 x+1 3 P(1, 0, 1) with respect to the plane
1 3x S:x+y+z=>5.1If aline L passing through
0 = 3 3 (x+1)e )
3] = C=0 = y= 3 (1, -1, 1), parallel to the line PQ meets the
plane S at R, then QR? is equal to:
ﬂ:i((x+l)3eax+e3x)=33x (3x + 4) (A) 2 B) 5
dx 3 3
/\ <7 (D) 11
- t—— Ans. (B
-4/3 ®)
Clearly, x = _? is point of local minima




P(1,0,1)
b1IR

Sol.

(1,-1,-1,) Q(a, b, c)
Let parallel vector of L = p
mirror image of Q on given plane x+y+z=5
a-1 b-0 c-1 -2(2-5)

1 1 1 3
a=3,b=2,¢c=3
Q=(3, 2, 3)

bl|PQ

s0, b=(11,1)
Equation of line

ox-1 y+1 z+1

1 1 1

Let point R, (X +1L, A-1A —1)
lying on plane x +y + z = 5,
so, 3L —1=5
= A=2
Point Ris (3, 1, 1)
QR2 = 5 Ans.

18. If the solution curve y = y(x) of the differential
equation y2dx + (x2 — xy + y2)dy = 0, which
passes through the point (1, I) and intersects the
liney = \/5 X at the point (o, \/§ o), then value
of log,(/3 @) is equal to
) 3 ®)

3
© 3 D) %
12 6
Ans. (C)

Sol.

y2dx = xy dy = - (x2 + y2)dy

y(y dx — x dy) = - (x2 + y?) dy

—y(x dx — y dx) = — (x2 + y2)dy
2

xdy — ydx =£1+ y jﬂ

X X )y
Ay _ay
2
1+y—2 y
X
= tan_{%j =lny+C

(oc,\/goc) :>§=|n(\/§a)+%

i
In (\/§ (X) = E
t2
19. Letx=2t, Y =§ be a conic. Let S be the focus
and B be the point on the axis of the conic such
that SA 1L BA, where A is any point on the
conic. If k is the ordinate of the centroid of
ASAB, then |L'T1‘ K is equal to
| 4 L
T B) 73
o1 o 18
© 15 D) 75
Ans. (D)
B(0, )
Sol.

2
(Zt, t—j A
3

(0,3

parabola x2 = 12y
SA L SB



20.

SO, Myg - My = — 1

5 [3)

(0-2t) (0-2t)
by solving

3g = 27t + t*
*T T

2
o+—+3
ordinate of centriod of ASAB =K = 3

L - 9+3a+t?
9

2 4
lim k — lim 1[9+t2+27§—+tJ _ 13
e o9 (t"-9) ) = 18
Let a circle C in complex plane pass tltrough
the points z; = 3 + 41, z, = 4 + 3i and z; = 5i.
If z(# z,) is a point on C such that the line
through z and z, is perpendicular to the line
through z, and z;, then arg(z) is equal to :

(A) tan‘l(iJ—n (B) tanliﬁj—n
5 7

(D) tan [%j -7

(C) tan™(3)-n

Ans. (B)

Sol.

C(0,5)
A@3,4)
B(4,3)
3-5 1

Slope of BC = —=—§

P(2)

o

Slope of AP =2

equation of AP : y — 4 = 2(x - 3)
= y=2x-1)

P lies on circle x2 + y2 = 25

= x2+Q2x-1)2=25

24
and y = ——

—
= X = 5

5

= arg (z) = tan'{%j—n

Ans.

Sol.

SECTION-B

Let C, denote the binomial coefficient of X' in
the expansion of (1 + x)10. If a, B € R.
C, +3.2C, + 5:3C5 + .... upto 10 terms

X 211
2" -1
then the value of a + B is equal to

(BONUS)

1+x)=C/+Cx+Cx*+ ... + C, x!0
Differentiating

10(1 + x)? =C, + 2Cx + 3C.x* + .... + 10C, x°
replace x — x?

10(1+x?)? = C, + 2Cx* + 3Cx* +....+ 10C, x'®
10-x(1+x%)°=C x+2C x’+ 3C x*+....+ 10C x"

Differentiating
10((1+ x?)%1+x9(1+ x2)82x)

=Cx+2C3x+3-5-Cx*+...+ 10 - 19C x'
putting x = 1
10(2°+18-2%)

=C, +32.C,+53C,+..+ 1910-C |
C,+32C+ ... + 19-10-C
=10-2°-10=100 - 2°

C C 11_
C0+&+&+ ..... +—9+—1°—2 1
2 3 11 11 11
T 7
10" term 11" term
1
CO+—1+& ..... +&=2 2
2 3 11 11

NOW 10029 B a.zll 211 _ 2
2P -1 11

Eqgn. of formy =k (2* - 1).

It has infinite solutions even if we take X,y € N.



2. The number of 3-digit odd numbers, whose sum
of digits is a multiple of 7, is

Ans. (63)
Sol. Xy z < odd number

z=1357,9
x+y+ z =7, 14, 21 [sum of digit multiple of 7]

X+y=64213,11,9,7,5, 20, 18, 16, 14, 12

109 pio9
x+y=6=(L)5), (2 4), 3, 3), 42,6, 1),
(6, 0)
—- TN.=6

X+y=4=(1,3), (2, 2), 3, 1), (4,0
— TN=4
X+y=2=(1,1), (2,0)
— TN.=2
X+y=13=(4,9), (5,8), (6,7), (7,6), (8,5),(9,4)
— TN. =6
X+y=11=(2,9), (3,8), (4,7), (5,6), (6,5),
(6.,5), (7,4), (8,3), (9,2)
— T.N. =8
Xx+y=9=(18),(27).(38).(45).(5.4),...(8.1) .(9,0)
— T.N.=9
5),(3,4),...(8, 1), (7.0)
— T.N.=7
x+y=5=(14),(23), (3, 2), (4,1),(5.0)
— TN.=5
X+Yy=20= Not possible
X+y=18=(9,9) S TN.=1
x+y=16:>(7,9),(8,8),(9,7)
— TN.=3
x+y=14:>(5,9),(6,8),(7,7),(8,6),(9,5)
— TN.=5
x+y=12:(3,9),(4,8),(5,7),(6,6)....(9,3)
— TN.=7

x+y=7=(18).(2,

3. Let 6 be the angle between the vectors 3 and b,

T T

where |§|=4, ‘B‘=3 96(4’ 3) Then

’ +4(§-6)2 is equal to _

(a-B)x(a+D)

Ans. (576)

- 2
[axb-bxa +4a’’cos’ 0
-2
2‘ ax b‘ +4a°b’ cos” 0
4a*h’ sin” 0 + 4a°b’ cos® 0
4a’h* =4x16x9 =576
4. Let the abscissae of the two points P and Q be
the roots of 2x2 — rx + p = 0 and the ordinates
of P and Q be the roots of x2— sx —q =0. If
the equation of the circle described on PQ as
diameter is 2(x2 + y2) — 11x — 14y - 22 =0,

then 2r + s — 2q + p is equal to
Ans. (7)

Sol. 2x*-rx+p=0  x

<x

yz—sy—q=0<§1

Equation of the circle with PQ as diameter is
2(x2+y3) —rx —2sy +p-2q=0

on comparing with the given equation
r=11,s=7

p-2q=-22
L2r+8—-2q+p=22+7-22=7

5. The number of values of x in the interval

nin ) )
Z’T for which 14cosec?x — 2 sin?2x = 21

— 4 cos?x holds, is
Ans. (4)

14cosec’Xx — 2sin® X = 21— 4cos? X
=21-4(1-sin’x)

=17 + 4sin® X

14cosec’x —6sin® x =17

letsin®x =p



14 6p—17=14-6p’ =17p
p

6p> +17p—14=0

2 2
=-35— = sin>x=—
p 3 sin*x 3
2
= i = * [—
sin X \/;
2
3
\ 1
I"' ﬁ
SN 1
. A2
]2
3
Total 4 solutions
6. For a natural number n, let a, = 197 — 12n. Then,
3log — 0y
the value of 57a, 1S

Ans. (4)

Sol. a,=19"-12"

310L9 — 0y _ 31(199 -12° ) — (1910 _1210)
570t 570,

19°(31-19)-12°(31-12)
- 57a,

- 19°12-12°19
570,

) 12-19(198 —128)
- 57a,

=4

7. Let f : R - R be a function defined by

f(x)= 2(1—7J(2+X25) . If the function

g(X)=f(f (f(x)))+f(f(x)), the the greatest

integer less than or equal to g (1) is __
Ans. (2)

Sol. f(X)={2(1—X—:J(2+x25)F
f(x)=[(2-5%) (25 "

= (4 — x)50

f(f(x)= {4 - ((4 — x> )1/50 )50 JUSO =x

g (x) = F(F(F)))+F ()
=fx)+x

g()=f(1)+1=3"041

[g(D]=[3""+1]=2

8. Let the lines
L;: F=xr(i+2j+3K), 2eR

L,: T= (f+3]+ IA<)+u(?+]+5IA<); neR
intersect at the point S. If a plane ax + by — z
+ d = 0 passes through S and is parallel to both
the lines L; and L,, then the value of a + b +
d is equal to
Ans. (5)
Sol. Both the lines lie in the same
plane

equation of the plane

Xy z
1 2 3
1 15

=>Tx-2y-2=0
a+b+d=5

=0




Ans.

Sol.

Let A be a 3 x 3 matrix having entries from.
the set {-1, 0, 1}. The number of all such
matrices A having sum of all the entries equal
to 5, is

(414)

Case-l: 1 — 7 times

and — 1 — 2 times

number of possible matrix = % =36
Case-lI: 1 — 6 times,
—1 — 1 times
and 0 — 2 times
ot
number of possible matrix = 6121 = 252
Case-lIlI: 1 — 5 times,
and 0 — 4 times
ot
number of possible matrix = 5141 = 126

Hence total number of all such matrix A
=414

10. The greatest integer less than or equal to the
sum of first 100 terms of the sequence
15106
3'9' 2781 is equal to
Ans. (98)

oo 1.5,19 65

% 379 21 a1

1—g + 1—ﬂ + 1—E + 1—E ....100 terms
3 9 27 81





